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pw= pYi

|]N CqO=at |=yx=oDUO

|]N CqO=at |=yx=oDUO w =yT} QD=t 1�1

s}kDUt \N l} xrO=at u}= Q=Owtv "OwW|t xO}t=v |]N -xrO=at l} x+ 3y = 9 CQwY x@ |=xrO=at
%s} Q}o|t Q_vQO =Q Q} R |]N xrO=at wO x=oDUO "CU= x� y -xLiY QO

x+ 3y = 9
�2x+ y = �4

xm O}O u=wD|t |v} Ro}=H =@ "s}�wo|t ?=wH l} Ovvm jOY xrO=at wO Qy QO xm y w x GwR wO Qy x@
QO |=x]kv |y=oDUO u}vJ l} |=Q@ ?=wH l} "OW=@|t x=oDUO u}= ?=wH l} y = 2 'x = 3
CU= umtt xm =Q |Dr=L xU Q} R |=yp=Ft "O};|t OwHw x@ xrO=at Q=Owtv wO |kqD pLt R= xm CU= xLiY
?=wH l} xm |v=tR %R= OvDQ=@a Cq=L u}= "OyO|t V}=tv 'OyO MQ CqO=at R= |}=yx=oDUO u}vJ |=Q@

"OvQ=O OwHw ?=wH |O=} R O=OaD =} w '?=wH I}y 'OQix@ QYLvt
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2 |]N CqO=at |=yx=oDUO 1 pYi

x+ 3y = 9 �2x+ y = �4

(3; 2)

1�1pmW

�2x+ y = 3
�4x+ 2y = 3

2�1pmW

4x� 2y = 6
6x� 3y = 9

3�1pmW
OQi@ QYLvt ?=wH ?=wH I}y ?=wH OvJ
x+ 3y = 9 �2x+ y = 3 4x� 2y = 6

�2x+ y = �4 �4x+ 2y = 2 6x� 3y = 9
`]k =Q Qo}Om} (3; 2) QO \w]N

"Ovvm|t "Ov=|R=wt \w]N "OvQ=Owtv l} |=Q=O xrO=at wO Qy
w x = 3 'OQix@ QYLvt ?=wH

"CU= y = 2 "OvQ=Ov l =QDW= -x]kv ?=wH l} Q=Owtv |wQ x]kv Qy
"CU=

"OQ=Ov OwHw ?=wH I}y "CU= O=} R =y?=wH O=OaD
"CU= |]N CqO=at R= |QDoQR@ |=yx=oDUO |UQQ@ pYi u}= QO u=t|rY= hOy

sQi x@ x1; x2; x3; : : : ; xn Q}eDt n R= |]N |xrO=at l}

a1x1 + a2x2 + a3x3 + � � �+ anxn = b

3 R= x=oDUO l} R= |=xvwtv Q} R p=Ft "Ov=|k}kL O=Oa= b w an ': : : 'a2 'a1 ?}=Q[ u; QO xm OW=@|t
"CU= |]N |xrO=at

x1 + x2 + x3 = 2
2x1 + 3x2 + x3 = 3
x1 � x2 � 2x3 = �6

|]=kv R}v =y?=wH "CU= |Oa@ xU |=[i QO |=xLiY =@ Q_=vDt Q}eDt xU ?ULQ@ |]N |xrO=at Qy
"OvQ=O Q=Qk xLiY xU Qy |wQ xm OvDUy

'OQi@ QYLvt ?=wH l} %OQ=O OwHw Cr=L xU 'xrO=at wO x=oDUO Ovv=ty R}v ?=wH OwHw OQwt QO
"CU= xOW xO=O V}=tv Cq=L u}= R= ẁv OvJ 4�1 pmW QO "?=wH I}y =} w ?=wH |O=} R O=OaD
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|]N CqO=at |=yx=oDUO w =yT} QD=t 1�1 3

4�1 pmW

xrO=at Qy "OW Oy=wN QDxO}J}B CqO=at R= |y=oDUO u}vJ |UOvy Q}@aD 'OwW xOwRi= =yQ}eDt O=OaD xJQy
|=y=[i |t=tD Q@ xm OvDUy |]=kv R}v =y?=wH "OQ=O Q=Qk |QDoQR@ |=[i QO xm CU= =[i l} Qov=}=tv
|=yVwQ x@ u}ty |=Q@ "OQ=Ov OwHw ,qta =y?=wH QwYD |=Q@ |=|UOvy Q}@aD "OvQ=O Q=Qk xOW xOv=Wv
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4 |]N CqO=at |=yx=oDUO 1 pYi

VwQ u=wva CLD |]N CqO=at |=yx=oDUO pL |=Q@ =Q |WwQ 3�1 VN@ QO "s} wW|t pUwDt |Q@H
"OQm s}y=wN |iQat uOQH � Tw=o |iPL

s}y=wN 'OvQ=O ?=wH l} =yvD xm |DqO=at |=yx=oDUO |=Q@ =Q VwQ u}= OQ@ Q=m |ovwoJ VN@ u}= QO
|}=yx=oDUO u}vJ u}=Q@=v@ "OvwQ|t Q=m x@ Q=Qm x@ OvQ=O OQi@ QYLvt ?=wH l} =yvD xm |}=yx=oDUO "O}O
ZQi V}B R= 'Ovm|t h}YwD CqO=at x=oDUO l} xm |D}akwt Q]=Nx@ ?re= "Ov@r]|t =Q |Y=N xHwD
l} QO xm O}O s}y=wN 'p=Ft |=Q@ &CU= OQi@ QYLvt ?=wH l} |=Q=O CqO=at x=oDUO l} xm OwW|t
VwQ "OvwW|t =O}B |]N CqO=at x=oDUO u}vJ l} pL j} Q] R= =yu=} QH COW |m} QDmr= xm@W
x@ =Q VwQ u}= |Oa@ VN@ QO "OW=@|t Q}oQO CqO=at R= =yQ}eDt hPL =@ ,=@DQt uOQH � Tw=o |iPL

"O=O s}y=wN xaUwD |QD|rm |]N CqO=at |=yx=oDUO
xO=iDU= T} QD=t s=v x@ O=Oa= R= |r}]DUt |=yx}=Q; R= |]N CqO=at |=yx=oDUO uOQm h}YwD |=Q@

"OQm s}y=wN

=yx}=Q; QO `k=w O=Oa= "O=Oa= R= |r}]DUt |=x}=Q; R= CU= CQ=@a T} QD=t l} "h} QaD 1�1�1
"OvwW|t xO}t=v T} QD=t x}=QO

%O}vm xHwD Q} R |=yT} QD=t x@ p=Ft |=Q@ "OvyO|t V}=tv nQR@ hwQL =@ =Q =yT} QD=t ,qwtat

A =

"2 4 �3
7 0 �1

#
; B =

2664 7 1
0 5
�8 3

3775 ; C =

26644 5 0
0 �2 7
6 1 �1

3775
=yuwDU w T} QD=t |q=@ R= =yQ]U "Ov=xOW p}mWD |}=yuwDU w =yQ]U R= =yT} QD=t "=yuwDU w =yQ]U

"OW=@|t uwDU xU w Q]U wO |=Q=O Q} R T} QD=t "OvwW|t |Q=PoxQ=tW AJ CtU R="2 4 �3
7 0 �1

#
%R= OvDQ=@a =yQ]Uh

2 4 �3
i

1 Q]U

h
7 0 �1

i
2 Q]U

%R= OvDQ=@a =yuwDU266427
3775

1 uwDU

266440
3775

2 uwDU

2664�3
�1

3775
3 uwDU
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|]N CqO=at |=yx=oDUO w =yT} QD=t 1�1 5

w =yQ]U hPL R= xOt; CUO x@ x}=Q; l} 'ZwQit T} QD=t l} R= T} QD=tQ} R l} "=yT} QD=tQ} R
|=yT} QD=t "O} Q}o@ Q_vQO =Q Q} R QO AT} QD=t 'xvwtv |=Q@ "OW=@|t T} QD=t u; R= |YNWt |=yuwDU

"OvDUy A |=yT} QD=tQ} R R w 'Q 'P

A =

26643 �1 5
2 0 6
4 2 1

3775
AT} QD=t

P =

26643 �1
2 0
4 2

3775 Q =

2664�1
0
2

3775 R =

"3 5
4 1

#
A |=yT} QD=tQ} R

"OwW|t u}}aD T} QD=t |=yuwDU w =yQ]U O=OaD uOQm XNWt =@ T} QD=t l} |xR=Ov= " ẁv w xR=Ov=
OOa w =yQ]U O=OaD pw= OOa &Ovt=v|t 2� 3 T} QD=t l} =Q uwDU xU w Q]U wO =@ |U} QD=t 'p=Ft |=Q@
l} =Q T} QD=t 'OvW=@ Q@=Q@ sy =@ =yuwDU O=OaD w =yQ]U O=OaD xm |v=tR "Ovm|t u=}@ =Q =yuwDU O=OaD swO
|U} QD=t "OwW|t xO}t=v |Q]U T} QD=t 'OQ=O Q]U l} =yvD xm |U} QD=t "Ovt=v|t |a@ Qt T} QD=t

"OQ=O s=v |vwDU T} QD=t l} OW=@ xDW=O uwDU l} =yvD xm

"O}vm xHwD xOW xO=O |=y ẁv w =yxR=Ov= =@ Q} R |=yT} QD=t x@ "p=Ft
" 3 1 4
�1 0 2

#
2� 3 T} QD=t

2664 1 9 2
0 5 �4
�1 3 0

3775
3� 3 |a@ Qt T} QD=t

h
1 �1 3 8

i
1� 4 |Q]U T} QD=t

26644
2
5

3775
3� 1 |vwDU T} QD=t

XNWt xDiQo Q=Qk u; QO QYva u; xm |vwDU w Q]U uDW=O =@ T} QD=t l} QO x}=QO l} u=mt "u=mt
%O} Q}o@ Q_vQO =Q Q} R T} QD=t p=Ft |=Q@ "OwW|t"1 �2 9

0 7 5
#

xm |=x}=QO "OQ=O Q=Qk (1; 2) u=mt QO x}=QO u}= s}�wo|t "CU= xDiQo Q=Qk 2 uwDU '1 Q]U QO �2 x}=QO
=Q OQ=O Q=Qk u; QO QYva xm |Q]U =OD@= O=OQ=Qk x@=v@ xm O}vm xHwD "CU= 5 'OQ=O Q=Qk (2; 3) u=mt QO

"=Q uwDU TBU w s} Qw;|t

w (2; 2) '(1; 1) |=yu=mt QO 1 Q]k =@ |a@ Qt |U} QD=t '|v=ty T} QD=t l} "|v=ty |=yT} QD=t
"s}yO|t u=Wv In O=tv =@ =Q n� n |v=ty T} QD=t "OW=@|t =y=H -x}k@ QO QiY w xQ}e w (3; 3)
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"OvDUy |v=ty Q} R |=yT} QD=t "p=Ft

I2 =

"1 0
0 1

#
I3 =

26641 0 0
0 1 0
0 0 1

3775
|=yx=oDUO h}YwD |=Q@ =yT} QD=t R= "s}yO|t xt=O= =Q |]N CqO=at |=yx=oDUO |wQ EL@ lv}=
%OvQ=O OwHw syt T} QD=t wO |]N CqO=at x=oDUO Qy =@ x]@=Q QO "s}vm|t xO=iDU= |]N CqO=at
x=Qty x@ '?}=Q[ "Ovt=v|t x=oDUO ?}=Q[ T} QD=t =Q u; xm OyO|t |U} QD=t p}mWD =yQ}eDt ?}=Q[

"OyO|t x=oDUO xOwRi= T} QD=t s=v x@ |U} QD=t p}mWD 'C@=F CqtH
"O} Qw; CUO x@ =Q Q} R |]N CqO=at x=oDUO |xOwRi= T} QD=t w ?}=Q[ T} QD=t "p=Ft
x1 + x2 + x3 = 2

2x1 + 3x2 + x3 = 3
x1 � x2 � 2x3 = �6

26641 1 1
2 3 1
1 �1 �2

3775
?}=Q[ T} QD=t

26641 1 1 2
2 3 1 3
1 �1 �2 �6

3775
xOwRi= T} QD=t

=Q x=oDUO ,qt=m xOwRi= T} QD=t "CU= xOwRi= T} QD=t R= T} QD=tQ} R l} ?}=Q[ T} QD=t xm O}vm xHwD
"Ovm|t h}YwD

x=oDUO x@ =Q |]N CqO=at x=oDUO l} Ovv=wD|t OvwW|t xO}t=v |D=tOkt Cq}O@D xm |Dq}O@D
=@ |]N CqO=at |=yx=oDUO pL |=Q@ Cq}O@D u}= "Ovvm p}O@D u=Um} ?=wH =@ |Qo}O |]N CqO=at
Cq}O@D =@ xm CU= QDxO=U |}=yT} QD=t ?ULQ@ uOQm Q=m pta QO "OvwW|t xOQ@ Q=m x@ =yQ}eDt hPL
|=yQ}eDt uDWwv x@ |R=}v xrLQt Qy QO "Ov};|t CUO x@ |D=tOkt |Q]U p=ta= s=v x@ pO=at |]N
h}YwD |}=yT} QD=t u}vJ ?ULQ@ =yxv=}=Q =@ ?re= |]N CqO=at |=yx=oDUO "OW=@|tv x3'x2'x1

"OvW=@|t Q} R KQW x@ Cq}O@D u}= "OvQ}PB|t s=Hv= w

|D=tOkt |Q]U p=ta= |D=tOkt Cq}O@D
T} QD=t l} Q]U wO Z} waD "1 xrO=at wO Z} waD "1

C@=F OOa l} QO Q]U l} |=yx}=QO ?Q[ "2
QiY=v

OOa l} QO xrO=at l} hQ] wO ?Q[ "2
QiY=v C@=F

x@ Q]U l} |=yx}=QO R= |@ Q[t uOwRi= "3
Qo}O Q]U Q_=vDt |=yx}=QO Qo}O -xrO=at x@ xrO=at l} R= |@ Q[t uOwRi= "3
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xrO=at l} ?Q[ 'OQ=Po|tv QF= ?=wH |wQ CqO=at ?}DQD =Q} R Ovvm|t ^iL =Q =y?=wH |D=tOkt Cq}O@D
l} u}iQ] x@ |w=Ut Q=Okt l} `tH w 'Ovm|tv O=H}= |w=UD l} QO |Q}}eD 'QiY=v C@=F OOa l} QO

"OyO|t CUO x@ |w=UD l} R}v |w=UD

'OvDUy u=Um} |=y?=wH |=Q=O =Pr w 'OvwW|t |D=tOkt Cq}O@D x@ \w@ Qt xm |DqO=at |=yx=oDUO
"s} Q@|t Q=m x@ RQ=sy CqO=at |=yx=oDUO uO=O u=Wv |=Q@ =Q � O=tv "OvwW|t xO}t=v RQ=sy |=yx=oDUO
Qy xm =Hv; R= "OwW|t xO=iDU= =yQ}eDt hPL |=Q@ |D=tOkt Cq}O@D R= uOQH �Tw=o |iPL VwQ QO
"s} Q}o Q=m x@ =Q VwQ u}= s}v=wD|t 'OW=@|t x}rw= x=oDUO =@ u=Um} ?=wH |=Q=O O}OH CqO=at x=oDUO
"OQm s}y=wN x_Lqt Q} R p=Ft QO x@=WDt T} QD=t w CqO=at uOQ@ Q=m x@ =@ =Q uOQH� Tw=o |iPL VwQ
"Ovm CkO 'OvOQo|t hPL AJ uwDU CqO=at QO =yQ}eDt u; QO xm |rwY= VwQ x@ CU}=@|t xOvv=wN
u}at |=yu=mt QO QiY uOQm O=H}= =@ CU=Q uwDU |=yT} QD=t ?ULQ@ xvwoJ xm OwW x_Lqt u=tRsy

"s}vm|t xO=iDU= xOt; CUO x@ T} QD=t R= Oa@ x@ u; R= w OQ}o|t s=Hv=

"O}vm pL =Q Q} R |]N CqO=at x=oDUO "p=Ft

x1 + x2 + x3 = 2
2x1 + 3x2 + x3 = 3
x1 � x2 � 2x3 = �6

"pL
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x@=WDt T} QD=t VwQ |=xrO=at VwQ
%x@=WDt T} QD=t %|}=OD@= x=oDUO26641 1 1 2

2 3 1 3
1 �1 �2 �6

3775 x1 + x2 + x3 = 2
2x1 + 3x2 + x3 = 3
x1 � x2 � 2x3 = �6

%O}vm O=H}= 1 uwDU QO QiY %O}vm hPL =Q swU w swO CqO=at R= x1
�

R2 + (�2)R1
R3 + (�1)R1

26641 1 1 2
0 1 �1 �1
0 �2 �3 �8

3775 � x1 + x2 + x3 = 2
Eq2 + (�2)Eq1 x2 � x3 = �1
Eq3 + (�1)Eq1 �2x2 � 3x3 = �8

%O}vm O=H}= 2 uwDU wO ?U=vt |=yQiY %O}vm hPL =Q swU w pw= CqO=at R= x2
�

R1 + (�1)R2
R3 + (2)R2

26641 0 2 3
0 1 �1 �1
0 0 �5 �10

3775 � x1 + 2x8 = 3
Eq1 + (�1)Eq2 x2 � x3 = �1
Eq3 + (2)Eq2 �5x3 = �10

%O}vm 1 =Q (3; 3) QYva %O}vm 1 =Q swU |xrO=at QO x3 ?} Q[
�

(� 1
5 )R3

26641 0 2 3
0 1 �1 �1
0 0 1 2

3775 � x1 + 2x3 = 3
x2 � x3 = �1

(� 1
5 )Eq3 x3 = 2

%O}vm O=H}= QiY 3 uwDU QO %O}vm hPL swO w pw= CqO=at R= =Q x3
�

R1 + (�2)R3
R2 +R3

26641 0 0 �1
0 1 0 1
0 0 1 2

3775 � x1 = �1
Eq1 + (�2)Eq3 x2 = 1
Eq2 + Eq3 x3 = 2

%CU= Q} R x=oDUO =@ Q_=vDt T} QD=t u}= %R= CU= CQ=@a ?=wH
x1 = �1
x2 = 1
x3 = 2

x1 = �1; x2 = 1; x3 = 2

%R= CU= CQ=@a ?=wH
x1 = �1; x2 = 1; x3 = 2

"CU= |Oa@ �xU |=[i QO xLiY l} Qou=}=tv p=Ft u}= QO |}=OD@= CqO=at R= l} Qy '|UOvy Q_v R=
`]k =Q Qo}Oty x]kv l} QO xLiY xU u}= xm CU=vat u}= x@ OQ=O OwHw OQi@ QYLvt ?=wH l} xm u}=
VwQ u}= R= |Qo}O p=Ft "OyO|t u=Wv =Q lQDWt |x]kv u}= |=yxir-wt (�1; 1; 2) ?=wH "Ovvm|t

"O} Q}o@ O=} |@ wN x@ =Q VwQ u}= =D s} Qw;|t
%O}vm pL =Q Q} R |]N CqO=at x=oDUO "p=Ft

x1 � 2x2 + 4x3 = 12
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2x1 � x2 + 5x3 = 18
�x1 + 3x2 � 3x2 = �8

u}=� "O}}=tv xO=iDU= uwDU u}rw= QO QiY O=H}= |=Q@ Q]U u}rw= R= w O}vm ẁQW xOwRi= T} QD=t =@ "pL
�"OW=@|t CqO=at u}twU w u}twO R= x1 hPL |=Q@ xrO=at u}rw= |xO=iDU= =@ Q_=vDt Q=m2664 1 �2 4 12

2 �1 5 18
�1 3 �3 �8

3775 �
R2 + (�2)R1
R3 +R1

26641 �2 4 12
0 3 �3 �6
0 1 1 4

3775
QO x2 ?} Q[ p}O@D =@ Q_=vDt pta u}=� "O}�=tv 1 =Q (3; 3) QYva =D O}vm ?Q[ 13 QO =Q 2 Q]U 'TBU

�"CU= 1 x@ swO |xrO=at

�
( 13 )R2

26641 �2 4 12
0 1 �1 �2
0 1 1 4

3775
x2 hPL |=Q@ swO |xrO=at |Q}oQ=m x@ =@ Q_=vDt pta u}=� "O}vm O=H}= QiY Q} R CQwY x@ swO uwDU QO

�"CU= swU w pw= CqO=at R=

�
R1 + (�2)R2
R3 + (�1)R2

26641 0 2 8
0 1 �1 �2
0 0 2 6

3775
�"CU= 1 x@ swU -xrO=at QO x3 ?} Q[ p}O@D =@ Q_=vDt pta u}=� "O}vm ?Q[ 12 QO =Q 3 Q]U

�
( 12 )R3

26641 0 2 8
0 1 �1 �2
0 0 1 3

3775
R= x3 hPL |=Q@ swU -xrO=at |Q}oQ=m x@ =@ Q_=vDt pta u}=� "O}vm O=H}= QiY swU uwDU QO 'QN; QO

�"CU= swO w pw= CqO=at
�

R1 + (�2)R3
R2 +R3

26641 0 0 2
0 1 0 1
0 0 1 3

3775
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%CU= Q} R x=oDUO =@ Q_=vDt T} QD=t u}=

x1 = 2
x2 = 1

x3 = 3

"x1 = 2; x2 = 1; x3 = 3 R= CU= CQ=@a ?=wH
w 1 O=Oa= uOQm O=H}= =@ =yT} QD=t ltm x@ |]N CqO=at x=oDUO pL |=Q@ uOQH � Tw=o VwQ
O=H}= uwDU x@ uwDU |rwY= VwQ l} x@ O=Oa= u}= "CU= Q}oQO =yT} QD=t R= |v}at |=yu=mt QO 0
VwQ QO |wQW}B Qw_vt x@ '|=xrLQt QO =Q Q]U wO CU= sRq |y=o xm OyO|t u=Wv Q} R p=Ft "OvwW|t

"OQm Zwa sy =@ 'jwi
%O}vm pL =Q Q} R x=oDUO "p=Ft

4x1 + 8x2 � 12x3 = 44
3x1 + 6x2 � 8x3 = 32
�2x1 � x2 = �7

R= xOwRi= T} QD=t QO xm OwW xHwD� "s} wQ|t V}B Q} R CQwY x@ w xOQm ẁQW xOwRi= T} QD=t =@ "pL
"�s}vm|t xO=iDU= 'OQ=Ov OwHw xm swU xrO=at QO x3 Q}eDt ?} Q[ u=wva x@ QiY2664 4 8 �12 44

3 6 �8 32
�2 �1 0 �7

3775 �
( 14 )R1

2664 1 2 �3 11
3 6 �8 32
�2 �1 0 �7

3775
�

R2 + (�3)R1
R3 + 2R1

26641 2 �3 11
0 0 1 �1
0 3 �6 15

3775
uOQw; CUO x@ |=Q@ "s}yO xt=O= s}v=wD@ =D s} Q=O R=}v (2; 2) u=mt QO QiY=v |QYva x@ xrLQt u}= QO

"s} wQ|t V}B TBU w xOQm Zwa �QD?ka Q]U l}� swU Q]U =@ =Q swO Q]U '|QYva u}vJ

�
R2 ! R3

26641 2 �3 11
0 3 �6 15
0 0 1 �1

3775 �
( 13 )R2

26641 2 �3 11
0 1 �2 5
0 0 1 �1

3775
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�
R1 + (�2)R2

26641 0 1 1
0 1 �2 5
0 0 1 �1

3775 �
R1 + (�1)R3
R2 + 2R3

26641 0 0 2
0 1 0 3
0 0 1 �1

3775
"x1 = 2; x2 = 3; x3 = �1 %R= CU= CQ=@a ?=wH

OQi@ QYLvt ?=wHl} |=Q=O xm pwyHt n xrO=at n x=oDUOl} pL |=Q@ =Q uOQH � Tw=o VwQ uwvm =
R= |vwDU T} QD=t l} w A ?}=Q[ T} QD=t l} R= xOwRi= T} QD=t "s}vm|t u=}@ xYqN Qw] x@ 'CU=
C=}rta R= "s}vm|t xO=iDU= T} QD=t u}= V}=tv |=Q@ [A : B] O=tv R= "O};|t OwHw@ B C@=F CqtH
p}O@D [In : X] sQi x@ T} QD=t l} x@ 'uwDU x@ uwDU =Q T} QD=t u}= G} QOD x@ =D O}vm xO=iDU= |Q]U

"CU= |v=ty n� n T} QD=t In u; QO xm 'O}vm

[A : B] � : : : � [In : X]

T} QD=t "Ovt=v|t |}=OD@= xOwRi= T} QD=t |xDi=} p}wLD |v=mrB sQi =Q [In : X] |QN; T} QD=t u}=
?=wH X QY=va xH}Dv QO "CU= C@=F CqtH |vwDU T} QD=t X w In |QN; CqO=at x=oDUO ?}=Q[
In x@ A T} QD=t '[In : X] x@ [A : B] p}O@D u}L QO xm O}vm x_Lqt "OvDUy x=oDUO OQi@ QYLvt

u}=Q@=v@ "Ovm|t Q}}eD
'CU= OQi@ QYLvt ?=wH |=Q=O xm OW=@ pwyHt n xrO=at n x=oDUO l} ?}=Q[ T} QD=t A Qo =�

"�CU= |Q]U RQ=sy In =@A x=ov;
CqO=at x=oDUO x=ov; 'OW=@v p}O@D p@=k [In : X] pmW x@ |U} QD=t x@ [A : B] VwQ u}= x@ Qo =
C@LY QDW}@ |}=yx=oDUO u}vJ u}= |xQ=@ QO |Oa@ VN@ QO "CW=O Oy=wNv OQi@ QYLvt ?=wH l}

"OQm s}y=wN

QDW}@ |=yx=oDUO
`@ Qt T} QD=t |=Q=O |oty xm '|]N CqO=at x=oDUO R= |O=OaD pL =@ x]@=Q QO |YNWt |=yOQ@ Q=m

%R= OvDQ=@a =yx=oDUO O}vm ZQi "OQ=O OwHw OvDUy A u=Um} ?}=Q[

[A : B1]; [A : B2]; : : : ; [A : Bk]:
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s}v=O@ s}y=wN|t xm 'OvW=@ |W}=tR; |=yxO=O 'p=Ft |=Q@ 'CU= umtt Bk ': : : 'B2 'B1 C@=F CqtH
xm Ovm|t ?=H}= C}a[w ,=@r=e #CU}J 'OvW=@ xOW |H}=Dv u}vJ x@ QHvt CU= umtt xm |}=y?=wH
Qw] x@ x=oDUO Qy w OwW s=Hv= uOQH � Tw=o VwQ x=oDUO Qy |=Q@ Qo = "OvW=@ OQi@ QYLvt =y?=wH
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ẁQW =@ uwDU x@ uwDU '1 wQW}B Qy u}}=B w q=@ QO QiY TBU w 1 |=ywQW}B uOQm O=H}= =@ Q=m u}=

"CU= s=Hv= p@=k uwDU u}rw= R=

www.iedoc.ir



20 |]N CqO=at |=yx=oDUO 1 pYi

"OyO|t =Q ?=wH x=oDUO u}= "O}U} wv@ =Q xDi=} p} wLD |v=mrB sQi =@ Q_=vDt CqO=at x=oDUO �3
CU= syt K}LY ?=wH uOQw; CUO x@ =yvD xv 's}vm|t O}m =D sD} Qwor= u}= Q@ uOW Qy=t C}ty= Q@
w =y`tH O=OaD� sD} Qwor= u}= |}=Q=m Q@ 'p=Ft |=Q@ "CU= syt R}v ?=wH uOQw; CUO@ VwQ xmr@
CqO=at |=yx=oDUO pL |=Q@ Ovv=wD|t xm =ysD} Qwor= Qo}O =@ u; |xU}=kt w �xDiQ Q=m x@ |=y?Q[

"Ow@ s}y=wN Ovtxkqa 'OvwW xDiQo Q=m x@ |]N

"O} Q@ Q=m x@ Q} R T} QD=t xDi=} p} wLD |v=mrB sQi uDi=} |=Q@ =Q uOQH � Tw=o |iPL VwQ "p=Ft26640 0 2 �2 2
3 3 �3 9 12
4 4 �2 11 12

3775
x@ QiY=v uwDU u}rw= |q=@ QO QiY=v |x}=QO l} =D O}vm Zwa =Q =yQ]U 'CU= sRq Qo = "1 xrLQt "pL

"OwW|t xO}t=v xvW=B QiY=v QYva u}= "O}; CUO

�
R1 �! R2

2664 3 3 �3 9 12
0 0 2 �2 2
4 4 �2 11 12

3775
"O}vm O=H}= 1xvW=B QO xvW=B Q]U ?Q[ =@ xvW=B u=mt QO 1 l} "2 xrLQt

�
( 13 )R1

26641 1 �1 3 4
0 0 2 �2 2
4 4 �2 11 12

3775
T} QD=t Qo}O |=yQ]U x@ xvW=B Q]U R= |@U=vt ?Q[t `tH =@ xvW=B uwDU Qo}O |=y=H QO "3 xrLQt

"O}vm O=H}= QiY

�
R3 + (�4)R1

26641 1 �1 3 4
0 0 2 �2 2
0 0 2 �1 �4

3775
xOv=t}k=@ |=yT} QD=tQ} R |=Q@ =Q 2 w 1 pL=Qt "O}v=WwB@ =Q u; |q=@ |=yQ]U s=tD w xvW=B Q]U "4 xrLQt
=Q Q=m O}UQ@ xDi=} p} wLD |v=mrB sQi x@ xm |}=H =D "O}vm Q=QmD T} QD=t pm |=Q@ =Q 3 |xrLQt "O}vm Q=QmD

www.iedoc.ir



uOQH � Tw=o |iPL VwQ 3�1 21

"O}vm Q=QmD26641 1 �1 3 4
0 0 2 �2 2
0 0 2 �1 �4

3775
T} QD=tQ} R QiY=v uwDU u}rw=

=

26641 1 �1 3 4
0 0 2 �2 2
0 0 2 �1 �4

3775
�

( 12 )R2

26641 1 �1 3 4
0 0 1 �1 1
0 0 2 �1 �4

3775
�

R1 +R2
R3 + (�2)R2

26641 1 0 2 5
0 0 1 �1 1
0 0 0 1 �6

3775
�

R1 + (�2)R3
R2 +R3

26641 1 0 0 17
0 0 1 0 �5
0 0 0 1 �6

3775
"CU= xOW xO=O T} QD=t xDi=} p} wLD |v=mrB sQi T} QD=t u}=
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3775
%R= CU= CQ=@a Q_=vDt CqO=at x=oDUO "s}O}UQ xDi=} p} wLD |v=mrB T} QD=t x@

x1 + 3x2 = 4
x2 + 2x3 = 1

CqO=at R= |y=oDUO u}= "Ovvm jOY CqO=at u}= QO xm OvQ=O OwHw x3 w x2 'x1 |=Q@ |Q=}U@ Q}O=kt
-xrO=at wQW}B Q}eDt x2 w s}t=v|t pw= |=xrO=at wQW}B Q}eDt =Q x1 "OQ=O |Q=}U@ |=y?=wH xm CU=
xOv=t}k=@ |=yQ}eDt ?ULQ@ =Q xrO=at Qy QO wQW}B |=yQ}eDt 'Q=}U@ |=y?=wH u}= u=}@ |=Q@ "OW=@|t swO

%CW=O s}y=wN CQwY u}= QO "s}U} wv|t

x1 = �3x3 + 4
x2 = �2x3 + 1

%R= CU= CQ=@a x=oDUO |twta ?=wH "OW=@ r x=wNrO Q=Okt x3 s}vm|t ZQi

x1 = �3r + 4; x2 = �2r + 1; x3 = r

=@ "s}t=v|t QDt=Q=B l} =Q r "O};|t CUO x@ |Q=}U@ |=y?=wH |k}kL O=Oa= |xawtHt QO r Q}}eD=@
%p=Ft |=Q@ "O};|t CUO x@ |YNWt |=y?=wH r x@ hrDNt Q}O=kt uO=O

' x1 = 1; x2 = �1; x3 = 1 s} Q=O r = 1 |=R=x@
"x1 = 10; x2 = 5; x3 = �2 s} Q=O r = 2 |=R=x@

"O}vm pL =Q Q} R CqO=at x=oDUO "3 p=Ft
2x1 � 4x2 + 12x3 � 10x4 = 58
�x1 + 2x2 � 3x3 + 2x4 = �14
2x1 � 4x2 + 9x3 � 6x4 = 44
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%s} Q=O "s}vm|t ẁQW xOwRi= T} QD=t =@ "pL2664 2 �4 12 �10 58
�1 2 �3 2 �14
2 �4 9 �6 44

3775 �
( 1

2 )R1

2664 1 �2 6 �5 29
�1 2 �3 2 �14
2 �4 9 �6 44

3775
�

R2 +R1
R3 + (�2)R1

26641 �2 6 �5 29
0 0 3 �3 15
0 0 �3 4 �14

3775 �
( 1

3 )R2

26641 �2 6 �5 29
0 0 1 �1 5
0 0 �3 4 �14

3775
�

R1 + (�6)R2
R3 + (3)R2

26641 �2 0 1 �1
0 0 1 �1 5
0 0 0 1 1

3775 �
R1 + (�1)R3
R2 +R3

26641 �2 0 0 �2
0 0 1 0 6
0 0 0 1 1

3775
%R= CU= CQ=@a Q_=vDt CqO=at x=oDUO "s}O}UQ xDi=} p} wLD |v=mrB T} QD=t x@

x1 � 2x2 = �2
x3 = 6

x4 = 1

s} Q=O "s}U} wv|t xOv=t}k=@ |=yQ}eDt ?ULQ@ =Q wQW}B |=yQ}eDt 'Qo}O Q=@ "CU= O=} R Q=}U@ =y?=wH O=OaD

x1 = 2x2 � 2; x3 = 6; x4 = 1

%R= CU= CQ=@a |twta ?=wH "s} Q}o|t r x=wNrO Q=Okt =Q x2

x1 = 2r � 2; x2 = r; x3 = 6; x4 = 1

"O} Qw; CUO x@ r x@ hrDNt Q}O=kt uO=O =@ O}v=wD|t =Q =y?=wH

"O}vm pL =Q Q} R CqO=at x=oDUO "OyO|t u=Wv '|=xrLQt QO =Q =yQ]U Z} waD swRr Q} R p=Ft "4 p=Ft

x1 + 2x2 � x3 + 3x4 + x5 = 2
2x1 + 4x2x3 + 6x4 + 3x5 = 6
�x1 � 2x2 + x3 � x4 + 3x5 = 4
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%CW=O s}y=wN uOQH � Tw=o sD} Qwor= uOQ@ Q=m x@ =@2664 1 2 �1 3 1 2
2 4 �2 6 3 6
�1 �2 1 �1 3 4

3775 �=
R2 + (�2)R1
R3 +R1

26641 2 �1 3 1 2
0 0 0 0 1 2
0 0 0 2 4 6

3775
�=

R2 ! R3

26641 2 �1 3 1 2
0 0 0 2 4 6
0 0 0 0 1 2

3775 �=
( 1

2 )R2

26641 2 �1 3 1 2
0 0 0 1 2 3
0 0 0 0 1 2

3775
�=

R1 + (�3)R2

26641 2 �1 0 �5 �7
0 0 0 1 2 3
0 0 0 0 1 2

3775 �=
R1 + 5R3

R2 + (�2)R3

26641 2 �1 0 0 3
0 0 0 1 0 �1
0 0 0 0 1 2

3775
%R= CU= CU= CQ=@a Q_=vDt CqO=at x=oDUO "s}O}UQ xDi=} p} wLD |v=mrB T} QD=t x@

x1 + 2x2 � x3 = 3
x4 = �1

x5 = 2
%s} Qw;|t CUO x@ xOv=t}k=@ |=yQ}eDt ?ULQ@ =Q wQW}B |=yQ}eDt

x1 = �2x2 + x3 + 3; x4 = �1; x5 = 2
R= CU= CQ=@a |rm ?=wH "s} Q}o|t Q_vQO x3 w x2 |=Q@ ?}DQD x@ =Q s w r x=wNrO Q}O=kt

x1 = �2r + s+ 3; x2 = r; x3 = r; x4 = �1; x5 = 2
"O}vm pL =Q Q} R x=oDUO "OQ=Ov |@=wH I}y xm OQm O}y=wN x_Lqt =Q |y=oDUO p=Ft u}= QO "5 p=Ft

x1 � x2 + 2x3 = 3
2x1 � 2x2 + 5x3 = 4
x1 + 2x2 � x3 = �3

2x2 + 2x3 = 1
%s} Q=O "s}vm|t ẁQW xOwRi= T} QD=t =@ "pL2666664

1 �1 2 3
2 �2 5 4
1 2 �1 �3
0 2 2 1

3777775
�=

R2 + (�2)R1
R3 + (�1)R1

2666664
1 �1 2 3
0 0 1 �2
0 3 �3 �6
0 2 2 1

3777775
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�=
R2 ! R3

2666664
1 �1 2 3
0 3 �3 �6
0 0 1 �2
0 2 2 1

3777775
�=

( 13 )R2

2666664
1 �1 2 3
0 1 �1 �2
0 0 1 �2
0 2 2 1

3777775

�
R1 +R2

R4 + (�2)R2

2666664
1 0 1 1
0 1 �1 �2
0 0 1 �2
0 0 4 5

3777775
�

R1 + (�1)R3
R2 +R3

R4 + (�4)R3

2666664
1 0 0 3
0 1 0 �4
0 0 1 �2
0 0 0 13

3777775
�

( 113 )R4

2666664
1 0 0 3
0 1 0 �4
0 0 1 �2
0 0 0 1

3777775
1 |q=@ QO =Q |}=yQiY CU}=@|t Rwvy &CU= xOt=}v QO xDi=} p} wLD |v=mrB pmW x@ Rwvy T} QD=t u}=
x@ T} QD=t l} QiY=v Q]U u} QN; xm |v=tR '|D}a[w u}vJ QO 'p=L Qy x@ "s}�=tv O=H}= QN; Q]U QO
-xrO=at Qo = =Q} R "OQ=Ov ?=wH x=oDUO "CU}v OvwQ |xt=O= x@ |R=}v Qo}O 'OW=@|t (0 0 : : : 0 1) sQi

%CW=O s}y=wN s}U} wv@ =Q T} QD=t QN; Q]U =@ Q_=vDt

0x1 + 0x2 + 0x3 = 1

"OQ=Ov ?=wH CqO=at x=oDUO u}=Q@=v@ "OW=@|tv Q=QkQ@ x3 w x2 'x1 Q}O=kt R= l} I}y |=R= x@ xrO=at u}=
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|]N CqO=at uoty |=yx=oDUO 4�1
x=oDUO l} Q} R x=oDUO "OvW=@ QiY C@=F CqtH |t=tD x=oQy s}t=v uoty =Q |]N CqO=at x=oDUO l}

"CU= uoty |]N CqO=at
x1 + 2x2 � 5x3 = 0

�2x1 � 3x2 + 6x3 = 0

u}vJ xm CU= K[=w "CU= x=oDUO u}= R= ?=wH l} x3 = 0 w x2 = 0 'x1 = 0 xm O}�=tv x_Lqt
"O=O s}taD uoty CqO=at x=oDUO Qy x@ Q} R CQwY x@ u=wD|t =Q |=xH}Dv

?=wH |=Q=O xQ=w t y xQ } e D t n uo t y |]N CqO= a t x= o DUO l } "x }[ k 1�4�1
"Ovt=v|t |y}O@ ?=wH =Q ?=wH u}= "OW=@|t x1 = 0; x2 = 0; : : : ; xn = 0

� Tw=o |iPL VwQ x@ =Q q=@ x=oDUO "OW=@ |Qo}O |=y?=wH |=Q=O q=@ x=oDUO s}vm ZQi p=L
"s}vm|t pL u=OQH" 1 2 �5 0

�2 �3 6 0
# �
R2 + 2R1

"1 2 �5 0
0 1 �4 0

#
�

R1 + (�2)R2
"1 0 3 0
0 1 �4 0

#
%O};|t CUO x@ Q} R x=oDUO 'xDi=} p} wLD |v=mrB T} QD=t u}= R=

x1 + 3x3 = 0
x2 � 4x3 = 0

%s} Q=O "s}vm|t u=}@ xOv=t}k=@ |=yQ}eDt ?ULQ@ =Q wQW}B |=yQ}eDt
x1 = �3x3

x2 = 4x3

'CU= Q=}U@ |=y?=wH |=Q=O x=oDUO xm OwW|t x_Lqt CQwY u}= QO 'x3 = r s}vm ZQi
x1 = �3r; x2 = 4r; x3 = r
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"O};|t CUO x@ r = 0 uO=O Q=Qk =@ x3 = 0 'x2 = 0 'x1 = 0 ?=wH xm s}vm|t x_Lqt
QDW}@ CqO=at O=OaD R= u; |=yQ}eDt O=OaD xm |]N CqO=at R= uoty x=oDUO Qy |xOwRi= T} QD=t
QiY QN; uwDU w V}=yQ]U R= =yuwDU O=OaD u; QO xm OW Oy=wN |=xDi=} p} wLD |v=mrB sQi |=Q=O 'CU=
xm 'Ow@ Oy=wN |Q=}U@ |=y?=wH |=Q=O 'Q_vOQwt pw= x=oDUO xH}Dv QO w 'Q_=vDt CqO=at x=oDUO "CU=

"s}�=tv|t u=}@ Q} R |x}[k QO =Q ?r=]t u}= "OW=@|t |y}O@ ?=wH =yv; R= |m}

CqO=at R= QDW}@ V}=yQ}eDt O=OaD xm |]N CqO=at R= uoty x=oDUO l} "x}[k 2�4�1
"CU= ?=wH |Q=}U@ O=OaD |=Q=O 'CU=

uOQH � Tw=o |iPL VwQ x@ |]N CqO=at |=yx=oDUO pL x@ `H=Q =Q u=tEL@ 'VN@ u}= QO
VwQ u; x@ xm OQ=O OwHw |]N CqO=at |=yx=oDUO pL |=Q@ |Qo}O hwQat |iPL VwQ "s}=xOQm pt=m
"OQm s}y=wN xU}=kt =Hv; QO =Q VwQ wO u}= w s}vm|t |iQat 1�9 VN@ QO =Q VwQ u}= "Ov} wo|t |Uw=o

=yu} QtD |xawtHt 5�1
u}= x@ |U} QD=t Qo = "CU= xDi=} p} wLD |v=mrB sQi x@ Q} R |=yT} QD=t R= l}t=Om xm O}vm XNWt �1

"O} Qw=}@ =Q u; p}rO 'CU}v sQi"1 2 0 4
0 0 1 7

#
�?

"1 0 2
0 1 3

#
�hr="1 4 0 5

0 0 2 9
#

�O
"1 2 5 6
0 1 3 �7

#
�G26641 5 0

0 0 1
0 0 0

3775 �w
26641 0 0
0 1 0
0 0 1

3775 �x26641 0 0 3 2
0 2 0 6 1
0 0 1 2 3

3775 �K
26641 0 0 4
0 1 0 5
0 0 1 9

3775 �R26641 0 3 0
0 1 6 0
0 0 0 1

3775 �\

u}= x@ |U} QD=t Qo = "CU= xDi=} p} wLD |v=mrB sQi x@ Q} R |=yT} QD=t R= l}t=Om xm O}vm XNWt �2
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"O} Qw=}@ =Q u; p}rO 'CU}v sQi26641 2 0 0
0 0 1 0 6
0 0 0 1 5

3775 �?
26641 0 3 �2
0 0 1 8
0 1 4 9

3775 �hr=2666664
1 0 4 2 6
0 1 2 3 4
0 0 0 1 2
0 0 0 0 1

3777775 �O

2666664
1 5 0 2 0
0 0 1 9 0
0 0 0 0 1
0 0 0 0 0

3777775 �G

2666664
1 0 4 0 0
0 1 2 0 0
0 0 0 1 0
0 0 0 0 1

3777775 �w

2666664
1 0 2 0 3
0 0 0 0 0
0 1 2 0 7
0 0 0 1 3

3777775 �x

26640 0 1 0 4
0 0 0 1 5
0 1 0 0 3

3775 �K
26641 0 0 5 3
0 0 1 0 3
0 1 2 3 7

3775 �R26641 5 �3 0 7
0 0 0 1 4
0 0 0 0 0

3775 �\

|]N CqO=at x=oDUO l} |xOwRi= T} QD=t R= xDi=} p} wLD |v=mrB sQi Q} R |=yT} QD=t R= l} Qy �3
"O} Qw; CUO x@ CqO=at x=oDUO R= l} Qy |=Q@ �OwHw CQwY QO� =Q ?=wH "CU=26641 0 �3 4

0 1 2 8
0 0 0 0

3775 �?
26641 0 0 2
0 1 0 4
0 0 1 �3

3775 �hr=26641 0 5 0
0 1 �7 0
0 0 0 1

3775 �O
26641 3 0 6
0 0 1 �2
0 0 0 0

3775 �G26641 3 0 0 2
0 0 1 0 4
0 0 0 1 5

3775 �w
26641 0 0 5 3
0 1 0 6 �2
0 0 1 2 �4

3775 �x

|]N CqO=at x=oDUO l} |xOwRi= T} QD=t R= xDi=} p} wLD |v=mrB sQi Q} R |=yT} QD=t R= l} Qy �4
%O} Qw; CUO x@ CqO=at x=oDUO R= l} Qy |=Q@ �OwHw CQwY QO� =Q ?=wH "CU=
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26641 �3 2 0 4
0 0 0 1 �7
0 0 0 0 0

3775 �?
26641 0 2 4 1
0 1 �3 5 �6
0 0 0 0 0

3775 �hr=26641 0 2 0 3 6
0 1 5 0 4 7
0 0 0 1 9 �3

3775 �O
26641 �2 0 3 0 4
0 0 1 2 0 9
0 0 0 0 1 8

3775 �G

|iPL VwQ uOQ@ Q=m x@ =@ �u=mt= CQwY QO� =Q Q} R |rwyHt xU xrO=at xU |=yx=oDUO R= l} Qy �5
"O}vm pL uOQH � Tw=o

x1 + 4x2 + 3x3 = 1 (hr=)
2x1 + 8x2 + 11x3 = 7
x1 + 6x2 + 7x3 = 3

x1 + 2x2 + 4x3 = 15 (?)

2x1 + 4x2 + 9x3 = 33
x1 + 3x2 + 5x3 = 20

x1 + x2 + x3 = 7 (G)

2x1 + 3x2 + x3 = 18
�x1 + x2 � 3x3 = 1

x1 + 4x2 + x3 = 2 (O)
x1 + 2x2 � x3 = 0
2x1 + 6x2 = 3

x1 � x2 + x3 = 3 (y)
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2x1 � x2 + 4x3 = 7
3x1 � 5x2 � x3 = 7

3x1 � 3x2 + 9x3 = 24 (w)
2x1 � 2x2 + 7x3 = 17
�x1 + 2x2 � 4x3 = �11

|iPL VwQ uOQ@ Q=m x@ =@ �u=mt= CQwY QO� =Q Q} R |rwyHt xU xrO=at xU |=yx=oDUO R= l} Qy �6
"O}vm pL uOQH � Tw=o

3x1 + 6x2 � 3x3 = 6 (hr=)
�2x1 � 4x2 � 3x3 = �1

3x1 + 6x2 � 2x3 = 10

x1 + 2x2 + x3 = 7 (?)

x1 + 2x2 + 2x3 = 11
2x1 + 4x2 + 3x3 = 18

x1 + 2x2 � x3 = 3 (G)

2x1 + 4x2 � 2x3 = 6
3x1 + 6x2 + 2x3 = �1

x1 + 2x2 + 3x3 = 8 (O)
3x1 + 7x2 + 9x3 = 26
2x1 + 6x3 = 11
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x2 + 2x3 = 5 (y)

x1 + 2x2 + 5x3 = 13
x1 + 2x3 = 4

x1 + 2x2 + 8x3 = 7 (w)
2x1 + 4x2 + 16x3 = 14

x2 + 3x3 = 4

�u=mt= CQwY QO� uOQH �Tw=o |iPL VwQ uOQ@ Q=m x@ =@ =Q Q} R CqO=at |=yx=oDUO R= l} Qy �7
"O}�=tv pL

x1 + x2 � 3x3 = 10 (hr=)
�3x1 � 2x2 + 4x3 = �24

2x1 � 6x2 � 14x3 = 38 (?)

�3x1 + 7x2 + 15x3 = �37

x1 + 2x2 � x3 � x4 = 0 (G)

x1 + 2x2 + x4 = 4
�x1 � 2x2 + 2x3 + 4x4 = 5

x1 + 2x2 + 4x4 = 0 (O)
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�2x1 � 4x2 + 3x3 � 2x4 = 0
�uoty x=oDUO l}�

x2 � 3x3 + x4 = 0 (w)
x1 + x2 � x3 + 4x4 = 0

�2x1 � 2x2 + 2x3 � 8x4 = 0
�uoty x=oDUO l}�

�u=mt= CQwY QO� uOQH � Tw=o |iPL VwQ uOQ@ Q=m x@ =@ =Q Q} R CqO=at |=yx=oDUO R= l} Qy �8
"O}�=tv pL

x1 + x2 + x3 � x4 = �3 (hr=)
2x1 + 3x2 + x3 � 5x4 = �9
x1 + 3x2 � x3 � 6x4 = �7

�x1 � x2 � x3 = 1

x2 + 2x3 = 7 (?)

x1 � 2x2 � 6x3 = �18
�x1 � x2 � 2x3 = �5

2x1 � 5x2 � 15x3 = �46

2x1 � 4x2 + 16x3 � 14x4 = 10 (G)

�x1 + 5x2 � 17x3 + 19x4 = �2
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x1 � 3x2 + 11x3 � 11x4 = 4
3x1 � 4x2 + 18x3 � 14x4 = 17

x1 � x2 + 2x3 = 7 (O)
2x1 � 2x2 + 2x3 � 4x4 = 12
�x1 + x2 � x3 + 2x4 = �4

�3x1 + x2 � 8x3 � 10x4 = �29

x1 + 6x2 � x3 � 4x4 = 0 (y)

�2x1 � 12x2 + 5x3 + 17x4 = 0
3x1 + 18x2 � x3 � 6x4 = 0

�uoty x=oDUO l}�

4x1 + 8x2 � 12x3 = 28 (w)
�x1 � 2x2 + 3x3 = �7
�3x1 � 6x2 + 9x3 = �21

x1 + 2x2 = 1

x1 + x2 = 2 (R)
2x1 + 3x2 = 3
x1 + 3x2 = 0
x1 + 2x2 = 1

www.iedoc.ir



34 |]N CqO=at |=yx=oDUO 1 pYi

"O} R=U@ |}=yp=Ft Q} R OQ=wt R= l} Qy QO �9
|@=wH I}y |=Q=O xm CqO=at O=OaD R= QDW}@ |=yQ}eDt O=OaD =@ |]N CqO=at x=oDUO l} �hr=

"OW=@v
OQi@ QYLvt ?=wH |=Q=O xm =yQ}eDt O=OaD R= QDW}@ CqO=at O=OaD =@ |]N CqO=at x=oDUO l} �?

"OW=@
|}=y?=wH `=wv= w |rwyHt wO xrO=at wO |=yx=oDUO |=yT} QD=t |xDi=} p} wLD |v=mrB |=ysQi �10
CU= umtt xm CU= |QY=va Qov=}=tv �� "OQm |Ov@xDUO Q} R CQwY x@ u=wD|t =Q OQ=O OwHw xm

"�OvW=@ QiY=v"1 0 �
0 1 �

# "1 � 0
0 0 1

# "1 � �
0 0 0

#
OQi@ QYLvt ?=wH ?=wH uwO@ Q=}U@ |=y?=wH

OQ=wt |=Q@ =Q OQ=O OwHw xm |}=y?=wH `=wv= w =yT} QD=t -xDi=} p} wLD |v=mrB |=ysQi 'x@=Wt Qw] x@
"O}vm |Ov@xDUO Q} R

|rwyHt wO xrO=at xU |=yx=oDUO �hr=
|rwyHt xU xrO=at xU |=yx=oDUO ?

|=Q=O T} QD=t u}= xm |Qw] x@ O}�=tv XNWt
"
a b

c d

#
T} QD=t |=Q@ d w c 'b 'a |wQ =Q |]}=QW �11

%OW=@ Q} R CQwY x@ xDi=} p} wLD |v=mrB sQi
"
"1 0
0 0

#
�?

"1 0
0 1

#
�hr=

%O} Q}o@ Q_vQO =Q Q} R uoty |]N CqO=at x=oDUO �12

ax+ by = 0
cx+ dy = 0

Q=Okt Qy |=Q@ y = ky0 'x = kx0 O}yO u=Wv 'OW=@ ?=wH l} y = y0 'x = x0 Qo = �hr=
"CU= ?=wH l} R}v k C@=F

' x = x0 + x1 O}yO u=Wv 'OvW=@ ?=wH wO y = y1 'x = x1 w y = y0 'x = x0 Qo = �?
"OW=@|t ?=wH l} R}v y = y0 + y1
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|]N CqO=at R= uoty x=oDUO |=Q@ ?=wH l} y = 0 'x = 0 O}yO u=Wv �13

ax+ by = 0
cx+ dy = 0

"ad� bc 6= 0 Qo = =yvD w Qo = CU= ?=wH =yvD ?=wH u}= O}vm C@=F "CU=
QO xm O} Q}o@ Q_vQO =Q [A : B2] w [A : B1] |xOwRi= |=yT} QD=t =@ |]N CqO=at x=oDUO wO �14

"OW=@|t A '3� 3 u=Um} T} QD=t 'x=oDUO wO Qy ?}=Q[ T} QD=t u;
|=y?=wH |=Q=O [A : B2] w OW=@ xDW=O OQi@ QYLvt ?=wH l} [A : B1] xm OQ=O u=mt= =}; �hr=

#OW=@ Q=}U@
|@=wH I}y |=Q=O [A : B2] w OW=@ xDW=O OQi@ QYLvt ?=wH l} [A : B1] xm OQ=O u=mt= =}; �?

#OW=@v
xDW=Ov |@=wH I}y [A : B2] w OW=@ |Q=}U@ |=y?=wH |=Q=O [A : B1] xm OQ=O u=mt= =}; �G

#OW=@
T} QD=t l} |wQ uOQH � Tw=o |iPL VwQ uOQ@ Q=m x@ =@ =Q |]N CqO=at R= Q} R |=yx=oDUO �15

"O}vm pL 'Ov=u=Um} ?}=Q[ T} QD=t l} =@ x=oDUO wO Qov=}=tv xm nQR@ |xOwRi=
�hr=

x1 + x2 + 5x3 = b1

x1 + 2x2 + 8x3 = b2

2x1 + 4x2 + 16x3 = b3

"?}DQD x@ '
26643
2
4

3775 w
2664 2

5
10

3775 |=R=x@
2664b1b2
b3

3775 |=Q@

�?

x1 + 2x2 + 4x3 = b1

x1 + x2 + 2x3 = b2
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2x1 + 3x2 + 6x3 = b3

"?}DQD x@ '
2664 5

3
11

3775 w
2664 8

5
13

3775 |=R=x@
2664b1b2
b3

3775 |=Q@

|v=mrB sQi "O}vm =O}B =Q u; |xDi=}p} wLD |v=mrB sQi "O}U} wv@ |iO=YD Qw] x@ 3� 3 T} QD=t l} �16
"�O}vm Qmi xUOvy x@ %|}=tvy=Q� "O}yO K}[wD =Q u}= $CU= I3 |v=ty T} QD=t ,q=tDL= xDi=}p} wLD
p=tDL= =Q |=xDi=} p} wLD |v=mrB sQi ẁv xJ 'O}U} wv@ |iO=YD Qw] x@ =Q 3� 4 T} QD=t l} Qo = �17

#=QJ w O}; CUO x@ xm O}yO|t
x=Dwm O=Oa= |=yDv= xm |v=tR 'C}OwOLt u}= "Ovvm ptL Ovv=wD|t =Q s=kQ= R= |y=vDt O=OaD =yvD =yxv=}=Q �18
Ovv=wD|t =yxv=}=Q 'j=iD= u}= Q]=N x@ "OwW|t 1uOQm OQo |=y=]N s=v x@ |}=]N ?Hwt 'OwW|t
OQo |=y=]N u}vJ xmCU= |}=ysD} Qwor= |xaUwD |=Q@ C=k}kLD R= |Q=}U@ "OvyO@ =Q |DUQO=v G}=Dv
CU}=@|t 'OvDUy |}=ysD} Qwor= u}vJ x@ Ovtxkqa xm |v=oOvv=wN� "Ov=UQ@ OwN pk=OL x@ =Q uOQm
T} QD=t l} |xDi=}p} wLD |v=mrB sQi uOQm XNWt |=Q@ xv=}=Q l} "�Ov}=tv xar=]t =Q 2�9 VN@
OQ=O p=tDL= Q} R OQ=wt R= l} s=Om "CU= xOW xDiQo Q=m x@ |]N CqO=at x=oDUO l} R= xOwRi=

#OyO MQ
"CU}v OwHwt |@=wH xm |r=L QO OyO|t x�=Q= x=oDUO |=Q@ ?=wH l} xv=}=Q �hr=

"OQ=O OwHw ?=wH l} xm |r=L QO OQ=Ov OwHw |@=wH O} wo|t xv=}=Q �?

l}i=QD u=} QH w '|m} QDmr= |=yxm@W 'Curve Fitting 6�1
w 'O=YDk= sra 'l}vwQDmr= |UOvyt p}@k R= |awvDt |=yxv}tR u}vJ QO |]N CqO=at |=yx=oDUO

"O=O s}y=wN Q=Qk EL@ OQwt xv}tR OvJ QO =Q u; R= |}=yOQ@ Q=m uwvm = "OvwW|t xO=iDU= l}i=QD p}rLD

x@ \=kv R= |=xawtHt "OyO|t MQ swra R= |irDNt |=yxN=W QO Q} R |xr=UtCurve Fitting

"CU= ZwQit Q} R CQwY x@ =yxO=O CQwY
(x1; y1); (x2; y2); : : : ; (xn; yn)

1) round-o�
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"OvwW|t xO}t=v x}=B \=kv 'x |=yxir-wt "Ovm Qw@a \=kv u}= R= VQ=Owtv xm s}@=}@ |=xrtHOvJ CU}=@|t
|xHQO R= OQi@ QYLvt |=xrtHOvJ l} x=ov; 'OvW=@ =RHt wOx@ wO xty x}=B \=kv Qo = xm O=O u=Wv u=wD|t

�QDtm =}� n� 1

y = a0 + a1x+ � � �+ an�2xn�2 + an�1xn�1

"O}v}@@ =Q 5�1 pmW "CU= j}@]D p@=k \=kv u}= x@

5�1 pmW

|xrO=at QO \=kv |Q=Po}=H =@ Ov=xOW Qy=_ |=xrtHOvJ QO xm an�1 w an�2 ': : :'a1 'a0 ?}=Q[
?ULQ@ =Q |=xrtHOvJ ,=@r=e� "Ov};|t CUO x@ |]N CqO=at x=oDUO l} pL TBU w |=xrtHOvJ
CqO=at x=oDUO ?}=Q[ T} QD=t |=yuwDU "Ov}; CUO x@ ?}=Q[ u}= =D s}U} wv|t x |OwaY |=yv=wD
uDi=} =@ =Q Q=m OvwQ uwvm = "�OQm s}y=wN EL@ ,=Oa@ xQ=@ u}= QO xm Ovvm|t C}a@D =Q X=N sD} Qwor= l}

"O=O s}y=wN u=Wv xOW xO=O x]kv xU R= |=xawtHt |=Q@ '|tyU l} '2 |xHQO R= |=xrtHOvJ l}

w (2; 3) '(1; 6) \=kv R= VQ=Owtv xm O}vm u}}aD u=vJ =Q 2 |xHQO R= |=xrtHOvJ xrO=at "1 p=Ft
"OQPo@ (3; 2)

2 |xHQO R= |=xrtHOvJ l} s}y=wN|t w xOW xO=O x]kv xU p=Ft u}= QO xm s}vm|t x_Lqt "pL
|=xrtHOvJ s}vm ZQi "s}@=}@ �xOW xO=O \=kv O=OaD R= QDtm |m}�

y = a0 + a1x+ a2x2
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"OQm s}y=wN xO=iDU= a2 w a1 'a0 CqwyHt u}}aD |=Q@ x]kv xU u}= R= w xOW xO=O x]kv xU =t x@ "OW=@
|Q=Po}=H =@

x1 = 1; y = 6; x = 2; y = 3; x = 3; y = 2

"O};|t CUO x@ Q} R a2 w a1 'a0 pwyHt xU =@ xrO=at xU x=oDUO '|=xrtHOvJ QO ?}DQD x@

a0 + a1 + a2 = 6
a0 + 2a1 + 4a2 = 3
a0 + 3a1 + 9a2 = 2

"s}vm|t pL a2 w a1 'a0 ?ULQ@ uOQH � Tw=o |iPL VwQ x@ =Q x=oDUO u}=

26641 1 1 6
1 2 4 3
1 3 9 2

3775 �
R2 + (�1)R1
R3 + (�1)R1

26641 1 1 6
0 1 3 �3
0 2 8 �4

3775
�

R1 + (�1)R2
R3 + (�1)R2

26641 0 �2 9
0 1 3 �3
0 0 2 2

3775
�

( 12 )R3

26641 0 �2 9
0 1 3 �3
0 0 1 1

3775
�

R1 + 2R3
R2 + (�3)R3

26641 0 0 11
0 1 0 �6
0 0 1 1

3775
R= CU= CQ=@a OQPo|t \=kv u}= R= xm |tyU "O};|t CUO x@ a2 = 1 'a1 = �6 'a0 = 11 =Hv; R=

"O}v}@@ =Q �6�1 pmW� "y = 11� 6x+ x2
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6�1 pmW

|m} QDmr= xm@W p}rLD 7�1
|m} QDmr= |=yxm@W C=@=aWv= R= xm |}=yu=} QH COW uOQm XNWt |=Q@ |]N CqO=at |=yx=oDUO
=t 'xOW pY=L x=oW}=tR; QO xOt; pta x@ C=k}kLD T=U=Q@ xm 'Q} R uwv=k wO "OwW|t xO=iDU= OQPo|t

"Ovvm|t OwtvyQ CqO=at x@ =Q

hyWQ}m u}v=wk

"OvQPo@ u; R= CU}=@|t OvwW|t OQ=w p=YD= l} x@ xm C=v=} QH s=tD "Cq=YD= �1

l} h=Q]= QO CyH Qy QO �Ctw=kt Qov=}=tv R 'u=} QH Qov=}=tv I� IR C=Q=@a ẁtHt "=yQ}Ut �2
"CU= CyH u; QO Q}Ut QO pm S=Drw =@ |w=Ut xDU@ Q}Ut

xm@W u}= R= xN=W Qy R= xm =Q |D=v=} QH COW "O} Q}o@ Q_vQO =Q 7�1 pmW |m} QDmr= xm@W "2 p=Ft
"s}vm|t u}}aD =Q OQPo|t
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7�1 pmW
x@ jQ@ |UOvyt QO Q} R O=OQ=Qk "OvW=@|t Crw 16 w Crw 8 �Ov=xOW xO=O u=Wv ��j =@ xm � =y|QD=@ "pL

"OwQ|t Q=m
"OvDUy sy= �2 =D wO w sy=�4 |m} 'sy= �1 |m} xm �OwW|t xO=O u=Wv =@ xm � =yCtw=kt Q=Okt ��j

"CU= u; |HwQN Q@=Q@ |QD=@ Qy x@ |OwQw u=} QH
Cq=YD= x@ hyWQ}m u}v=wk "OvW=@ I3 w I2 'I1 q=@ Q=Ot QO hrDNt C=@=aWv= QO =yu=} QH s}vm ZQi
Q}Ut xU "OvQ=O OwHw D w B \=kv |=ys=v x@ p=YD= wO Q=Ot u}= QO "Ovvm|t xQ=W= xDU@ |=yQ}Ut w
Q=m x@ =yQ}Ut w Cq=YD= |=Q@ =Q u}v=wk "OvQ=O OwHw ABCDA w CBDA 'ABDA |=ys=v x@ xDU@

"s} Q}o|t
Cq=YD=

I1 + I2 = I3 %B p=YD=
I3 = I1 + I2 %D p=YD=

"Ovvm|t jOY OQivt |]N xrO=at l} QO xrO=at wO u}=

I1 + I2 � I3 = 0

=yQ}Ut

2I1 + 1I3 + 2I1 = 8 : ABDAQ}Ut
4I2 + 1I3 = 16 : CBDCQ}Ut
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s}y=wN I3 w I2 'I1 pwyHt xU w |]N xrO=at xU R= x=oDUO l} "OW=@|tv ABCDA Q}Ut x@ |R=}v
"Ot=Hv=|t CU= QN; |xrO=at wO R= |@}mQD xm xrO=at l} x@ ABCDA Q}Ut `k=w QO "CW=O

%O@=}|t p} wLD pwyHt xU w xrO=at xU R= Q} R x=oDUO pL x@ xr=Ut

I1 + I2 � I3 = 0
4I1 + I3 = 8

4I2 + I3 = 16

%s} Qw;|t CUO x@ 'uOQH � Tw=o VwQ |iPL uOQ@ Q=m x@ =@ =Q VwQ u}=26641 1 �1 0
4 0 1 8
0 4 1 16

3775 �
R2 + (�4)R1

26641 1 �1 0
0 �4 5 8
0 4 1 16

3775
�

(� 14 )R2

26641 1 �1 0
0 1 � 54 �2
0 4 1 16

3775 �
R1 + (�1)R2
R3 + (�4)R2

26641 0 14 2
0 1 � 54 �2
0 0 6 24

3775
�

( 16 )R3

26641 0 14 2
0 1 � 54 �2
0 0 1 4

3775 �
R1� 14R3
R2 + 54R3

26641 0 0 1
0 1 0 3
0 0 1 4

3775
xm Qw] u=ty =y?=wH "CU= QBt; u; OL=w xm 'I3 = 4 w I2 = 3 'I1 = 1 R= Ov=CQ=@a =yu=} QH COW

"OvOQi@ QYLvt 's}DW=O Q=_Dv= p@k R=
u}}aD =Q OQPo|t 8�1 pmW QO |m} QDmr= |xm@W hrDNt C=@=aWv= R= xm |}=yu=} QH COW "3 p=Ft

"O}vm
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8�1 pmW
"pL

Cq=YD=

I1 + I2 = I3 : Bp=YD=
I3 = I1 + I2 : Dp=YD=

"I1 + I2 � I3 = 0 %s} Q=O =Hv; R=
=yQ}Ut

1I1 + 2I3 = 12 : ABCDA Q}Ut
1I1 + 2(�I2) = 12 + (�16) : ABDA Q}Ut

?=aWv= pw] QO u=} QH COW "s}=xOQm ?=NDv= =Q QN; Q}Ut QwO x@ ABDA CyH xm s}vm|t x_Lqt
%s} Q=O I3 w I2 'I1 pwyHt xU =@ xrO=at xU uwvm = "OW=@|t �16 S=Drw =@ w �I2 Q@=Q@ CyH u}= QO BD

I1 + I2 � I3 = 0
I1 + 2I3 = 0
I1 � 2I2 = �4

"sy= I3 = 5 w I2 = 3 'I1 = 2 s} Qw;|t CUO x@ 'CqO=at u}= pL =@
u=} QH COW u}}aD &OvQ=O Q=mwQU |O=} R u=} QH |=yQ=Ot w =yCtw=kt =@ |m} QDmr= |=yxm@W 'pta QO

"OOQo|tQ@ xv=}=Q \UwD@ |oQR@ CqO=at |=yx=oDUO pL x@ C=@=aWv= R= =QPo

l}i=QD u=} QH 8�1
QO "Ovm|t =i}= jQ@ |UOvyt QO |tyt Vkv xm@W p}rLD 'OW xQ=W= xDWPo EL=@t QO xm Qw] u=ty
p}@k R= 'CU= xOW `k=w O}it |Qo}O O=} R |=yxv}tR QO xm@W p}rLD |=yQ=R@= w s}y=it 'Q}N= |=yp=U
|=xO=H xm@W l} R= l}i=QD u=} QH R= Q} R p}rLD "pkv w ptL |=yx=oDUO |xar=]t w C=aq]= x} Q_v
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pta QO =Q O=} R Q=}U@ |=y?=wH =@ |]N CqO=at |=yx=oDUO |}=Q=m |ovwoJ 'OwN Gw= x]kv u=tR QO
"OyO|t u=Wv

'u=QyD QyW RmQt QO |=x}L=v u}= "CU= xOW xO=O u=Wv |=xvwtv |=xO=H xm@W l} 9�1 pmW QO
"OvW=@|t 'OvyO|t u=Wv =Q l}i=QD CmQL CyH xm |}=yu=m}B =@ w xiQ] l} xty =yv=@=}N "OW=@|t
"OvwW|t |Q}oxR=Ov= (vph) Ca=U Qy QO x}rkv p}=Uw ?ULQ@ xm@W GQ=N w pN=O QO l}i=QD u=} QH
4 w K@Y 9 =D K@Y 7 'xDiy \Uw QO l}i=QD x]kv Gw= T=U=Q@ 'CU= xOW xO=O u=Wv Q} R QO xm |r=mW=
Qy_R=Oa@ l}i=QD u=} QH |=Q@ pm u=} QH QO |OYQO 2 V}=Ri= l} "CU= xOW xO=O Qy_R=Oa@ 6 =D Qy]R=Oa@

"s} R=U|t =Q OQ@ Q=m x@ xm@W u}= p}rLD |=Q@ u=wD@ xm |[=} Q pOt l} "CiQ}PB CU}=@|t =Q xatH

-

�

�

?

6
���6N200vph 400vph

400vph 200vph

100vph

100vph

600vph800vph

100vph

800vph

F

E

D

x4

x3

A

B

C

x1

x2

x5

x6

x7

|QwytH"M

u=H}=@ QP;"M

|v}tNs=t="M

u}]Uri"M QYa}rw"M

u=QyD QyW RmQt %9�1 pmW
"OW=@ 9�1 pmW =@ j@=]t x7 ': : :'x1 hrDNt |=yxN=W pw] QO |m}i=QD C=v=} QH s}vm|t ZQi

"OOQo p=ta= Q} R |m}i=QD uwv=k s}vm ZQi
Q} R |]N CqO=at x=oDUO "OvwW GQ=N p=YD= u; R= CU}=@|t p=YD= l} x@ |m}i=QD |OwQw |t=tD

%CW=O s}y=wN =Q
"x1 + x5 = l}i=QD GwQN "400 + 200 = l}i=QD OwQw %A p=YD=

"x1 + x5 = 600 u}=Q@=v@
"x2 + 100 = l}i=QD GwQN "x1 + x6 = l}i=QD OwQw %B p=YD=

"x1 + x6 = x2 + 100 u}=Q@=v@
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= yQ } e D t CQwY x @ ? U= v t sQ i x @ G D v t CqO= a t u D Ww v w p= Y D= Q y |=Q @ 'x t=O= = @
"O };| t C UO x @ Q } R |]N CqO= a t x= o D UO 'C U=Q Ct U QO = yC @= F w AJ Ct U QO

x1 +x5 = 600 A p=YD=
x1 �x2 +x6 = 100 B p=YD=

x2 �x7 = 500 C p=YD=
�x3 +x7 = 200D p=YD=
�x3 +x4 +x6 = 800 E p=YD=

x4 +x5 = 600 F p=YD=
s}vm|t x_Lqt "OwW|t xDiQo Q=m x@ CqO=at x=oDUO u}= pL |=Q@ uOQH � Tw=o |iPL VwQ
p}rkD =Q C=@U=Lt Q=Okt |O=} R OL QO =yQiY u}= "CU= QiY |O=} R O=OaD |w=L xOwRi= T} QD=t xm
xOvv=wN x@ u} QtD CQwY x@ =Q u; |x@U=Lt |xwLv w s}yO|t x�=Q= =Q xDi=} p} wLD |v=mrB sQi "OvyO|t
|=yx=oDUO w 's}=xO=O V}=tv =Hv}= QO xm CU= |R}J u; R= QDoQR@ Q=}U@ =yxm@W 'pta QO "s}vm|t Q=Po =w
=yxv=}=Q \UwD |}=yx=oDUO u}vJ "s}=xOQm h}YwD =Q =yu; xm CU= u; R= QDoQR@ |r}N R}v |]N CqO=at
"OvW=@|t QiY |O=} R O=OaD pt=W |}=yx=oDUO u}vJ |x}rm xOwRi= |=yT} QD=t p=L Qy x@ "OvwW|t pL
CqO=at |=yx=oDUO u}vJ pL |=Q@ Ot;Q=m |=ysD} Qwor= uOQm QDxDiQW}B CtU x@ C=k}kLD R= |Q=}U@
CQwY x@ jwi x=oDUO xDi=} p} wLD |v=mrB sQi w xOwRi= T} QD=t "OwQ|t V}B |WN@ QF= Qw] x@ xOvm =QB

%OvW=@|t Q} R266666666664

1 0 0 0 1 0 0 600
1 �1 0 0 0 1 0 100
0 1 0 0 0 0 �1 500
0 0 �1 0 0 0 1 200
0 0 �1 1 0 1 0 800
0 0 0 1 1 0 0 600

377777777775
� : : : �

266666666664

1 0 0 0 0 1 �1 600
0 1 0 0 0 0 �1 500
0 0 1 0 0 0 �1 �200
0 0 0 1 0 1 �1 600
0 0 0 0 1 �1 1 0
0 0 0 0 0 0 0 0

377777777775
%R= CU= CQ=@a xDi=} p} wLD |v=mrB sQi u}= =@ Q_=vDt CqO=at x=oDUO

www.iedoc.ir



l}i=QD u=} QH 8�1 45

x1 +x6 �x7 = 600
x2 �x7 = 500
x3 �x7 = �200
x4 +x6 �x7 = 600
x5 �x6 +x7 = 0

's} Qw;|t CUO x@ 'xOv=t |k=@ |=yQ}eDt ?ULQ@ wQW}B Q}eDt Qy u=}@ =@
x1 = �x6 + x7 + 600
x2 = x7 + 500
x3 = x7 � 200
x4 = �x6 + x7 + 600
x5 = x6 � x7

|m}i=QD u=} QH |O=} R O=OaD "CU= ?=wH |O=} R O=OaD |=Q=O CqO=at x=oDUO 'CiQ|t Q=_Dv= xm Qw] u=ty
"OQ=O OwHw 'umtt

pw] QO s}y=wN|t xm O}vm ZQi "s} Q@|t Q=m x@ C=aq]= x@ uO}UQ |=Q@ =Q |[=} Q pOt u}= uwvm =
u=mt= OL =D xm CU= |Dr=L '?wr]t Cr=L "s}�=tv =QH= u}]Uri u=@=}N w QYa}rw u}@ |v}tN s=t= u=@=}N
|xr}Uw x@ hrDNt C=@=aWv= pw] QO =yu=} QH "s}W=@ xDW=O u=@=}N u}= pw] QO |tm |m}i=QD u=} QH
|v}tN s=t= u=@=}N pw] QO umtt u=} QH st}v|t "OvW=@|t pQDvm p@=k Cq=YD= QO |}=tvy=Q |=yd=QJ
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"Ow@ Ovy=wN uQ=kDt =yT} QD=t u}= s=tD
Qw] x@ =t w OvwQ|t Q=m x@ C=}[=} Q QO pw=ODt Qw] x@ |i=m w sRq \QW w Qo ==yvDwQo = xQ=Ro w Kq]Y=
ZQi "OvyO|t |v=Um} |vat C=Lq]Y= u}= "OQm s}y=wN xO=iDU= =yv; R= CtUk u}= QO QQmt w pw=ODt
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xO}t=v Tma xQ=Ro '|twO xQ=Ro q �! p u}vJty w p �! q s}U} wv|t "OvDUy CQ=@a q w p O}vm
"CU= ?r]t u}= Qov=}@ Q} R p=Ft 'q |=Q@ CU= |i=m w sRq p =} q Qo ==yvDwQo = p s}�wo|t =t "OwW|t

Qo ==yvDwQo = CU= uQ=kDt AB ?Q[ x=ov; OvW=@ xR=Ov=sy w uQ=kDt |=yT} QD=t B w A Qo = �3 p=Ft
"AB = BA

"s}yO|t u=Wv =Q u; =t xm CU= VN@ wO pt=W �Qo = =yvD w Qo =� xr�Ut Qy
"AB = BA x=ov; OW=@ uQ=kDt AB Qo = �hr=
"CU= uQ=kDt AB x=ov; AB = BA Qo = �?
% x=ov; OW=@ uQ=kDt AB s}vm ZQi �hr= C=@F=

AB = (AB)t uQ=kDt T} QD=t h} QaD R= xO=iDU= =@
= BtAt ?Q[ xO=yv=QD R= xO=iDU= =@
= BA "OvW=@|t uQ=kDt |=yT} QD=t A w B uwJ

%x=ov; AB = BA s}vm ZQi �? C=@F=
(AB)t = (BA)t ?Q[ xO=yv=QD R= xO=iDU= =@

= AtBt ?Q[ xO=yv=QD R= xO=iDU= =@
= AB "OvDUy uQ=kDt |=yT} QD=t A w B uwJ

CU= uQ=kDt AB ?Q[ 'B w A xR=Ov=sy uQ=kDt T} QD=t wO |=Q@ u}=Q@=v@ "OW=@|t uQ=kDt AB u}=Q@=v@
|=Q@ |i=m w sRq \QW 'A w B xR=Ov=sy w uQ=kDt T} QD=t wO |=Q@ xm u}= =} "AB = BA Qo ==yvDwQo =

"AB = BA xm CU= u}= OW=@ uQ=kDt AB ?Q[ xm u}=
T} QD=t 1�*O+Q� QF= xm OW=@|t |a@ Qt |=yT} QD=t x@ \w@ Qt xm s}vm|t |iQat =Q |OOa =Hv}= QO =t

"OQ=O s=v

u=Wv tr(A) =@ A T} QD=t �OQ� QF= CU= |a@ Qt T} QD=t l} A O}vm ZQi %h} QaD 4�8�2
n � n T} QD=t l} A Qo = u}=Q@=v@ "OW=@|t A |rY= Q]k |wQ |=yx}=QO ẁtHt Q@=Q@ w OwW|t xO=O

"OW=@
tr(A) = a11 + a22 + � � �+ ann

1) trace
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"O}vm u}}aD =Q A =

26644 1 �2
2 �5 6
7 3 0

3775T} QD=t �trace� QF= �4 p=Ft

%s} Q=O %pL
tr(A) = 4 + (�5) + 0 = �1

p@=k X=wN |=Q=O OOa u}= xm u}= p}rO x@ "OQ=O u; OQ@ Q=m w T} QD=t -x} Q_v QO |tyt Vkv T} QD=t QF=
l}v=mt w s=a C@Uv '|Q=t; l}v=mt Ovv=t |}=yxDWQ QO OOa u}= "CU= |@=} RQ= p@=k CU= |yHwD

"OwW|t xO=iDU= |twDv=wm
'T} QD=t Qr=mU= ?Q[ 'T} QD=t `tH p=ta= =@ |=x]@=Q xJ (trace) QF= xm OyO|t u=Wv Q} R -x}[k

"OQ=O xO=yv=QD w T} QD=t ?Q[

'OW=@ Qr=mU= OOa l} c w T} QD=t wO B w A s}vm ZQi "�QF= X=wN� x}[k 5�8�2
%OW=@ =QH= p@=k Q} R p=ta= xm OW=@ |Qw] =yT} QD=t |=yxR=Ov= s}vm ZQi

tr(A+B) = tr(A) + tr(B) �1
tr(AB) = tr(BA) �2

tr(cA) = c tr(A) �3
tr(At) = tr(A) �4

|rY= Q]k |=yx}=QO s}vm ZQi "B QF= -xi=[= x@ A QF= =@ CU= Q@=Q@ (A + B) QF= xm s}yO|t u=Wv
%OW=@ Q} R CQwY x@ A+B

(a11 + b11); (a22; b22); : : : ; (ann + bnn)

%s} Q=O x=ov;

tr(A+B) = (a11 + b11) + (a22 + b22) + � � �+ (ann + bnn)

= (a11 + a22 + � � �+ ann) + (b11 + b22 + � � �+ bnn)

= tr(A) + tr(B)
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\rDNt O=Oa= |=yx}=QO =@ =yT} QD=t 9�2
"OW=@|t Q} R sQi x@ \rDNt OOa l} "OW=@ \rDNt O=Oa= CU= umtt T} QD=t l} |=yx}=QO

z = a+ bi

"Ov} wo z |twywt CtUk =Q b w |k}kL CtUk =Q a "i =
p�1 w OvDUy |k}kL O=Oa= b w a u; QO xm

%CU= jO=Y =yv; |=Q@ Q} R u}v=wk "OvW=@ \rDNt O=Oa= z2 = c+ di w z1 = a+ bi O}vm ZQi
z1 = z2Qo = \ki w Qo = a = c w b = d %|w=UD

z1 + z2 = (a+ c) + (b+ d)i %`tH
z1 � z2 = (a� c) + (b� d)i %j} QiD

%?Q[

z1z2 = (a+ bi)(c+ di) = a(c+ di) + bi(c+ di)

= ac+ adi+ bci+ bdi2

= ac+ bdi2 + (ad+ cb)i

= (ac� bd) + (ad+ cd)i

"OwW|t h} QaD �z = a� bi CQwY x@ z = a+ bi \rDNt OOa GwORt
�z1 w z1z2 'z1 + z2 w z2 = 1� 2i w z1 = 2 + 3i "O} Q}o@ Q_vQO =Q Q} R \rDNt OOa wO �5 p=Ft

"O}vm x@U=Lt =Q

z1 + z2 = (2 + 3i) + (1� 2i)
= (2 + 1) + (3� 2)i = 3 + i

z1z2 = (2 + 3i)(1� 2i) = 2(1� 2i) + 3i(1� 2i)
= 2� 4i+ 3i� 6i2

= 8� i
�z1 = 2� 3i
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Qo}Om} =@ |k}kL O=Oa= |=yx}=QO =@ =yT} QD=t u}v=wk x}@W OvDUy \rDNt O=Oa= |=Q=O xm |}=yT} QD=t
"OvOQo|t j} QiD w ?Q[ `tH

2B w 2A w A+B "B =

" 3 2i
1� i 2 + 3i

#
w A =

"2 + i 3� 2i
4 5i

#
O}vm ZQi �6 p=Ft

"O}vm x@U=Lt =Q
%s} Q=O %pL

A+B =

"2 + i 3� 2i
4 5i

#
+

" 3 2i
1 + i 2 + 3i

#
�
"2 + i+ 3 3 + 2i+ 2i
4 + 1 + i 5i+ 2 + 3i

#
=

"5 + i 3
5 + i 2 + 8i

#

2A = 2
"2 + i 3 + 2i

4 5i
#

=

"4 + 2i 6� 4i
8 10i

#
AB =

"2 + i 3� 2i
4 5i

#" 3 2i
1 + i 2 + 3i

#
=

"
(2 + i)3 + (3� 2i)(1 + i) (2 + i)(2i) + (3� 2i)(2 + 3i)

(4)(3) + (5i)(1 + i) 4(2i) + (5i)(2 + 3i)
#

=

"11 + 4i 10 + 9i
7 + 5i �15 + 18i

#
pY=L A T} QD=t |=yx}=QO R= l} Qy uOQm GwORt =@ xm OwW|t xO=O u=Wv �A =@ A T} QD=t GwORt

%OwW|t xDWwv w h} QaD Q} R CQwY x@ A T} QD=t GwORt xO=yv=QD u}vJty "OwW|t

A� = �At

%u}=Q@=v@ OW=@ A =

"2 + 3i 1� 4i
6 7i

#
Qo = p=Ft |=Q@

�A =

"2� 3i 1 + 4i
6 �7i

#
; A� = �At =

"2� 3i 6
1 + 4i �7i

#
"CU= |D}tQy Q} R T} QD=t p=Ft u=wva x@ "C = C� x=oQy Ov} wo |D}tQy =Q C |a@ Qt T} QD=t

C =

" 2 3� 4i
3 + 4i 6

#
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%=Q} R

�C =

" 2 3 + 4i
3 + 4i 6

#
C� = �Ct =

" 2 3 + 4i
3 + 4i 6

#
= C

|=yT} QD=t R= QDtyt |D}tQy |=yT} QD=t OvDUy \rDNt O=Oa= |=yx}=QO |=Q=O xm |}=yT} QD=t |=Q@
Q} R x}[k QO =Q =y|oS} w u}= "CU= xO=yv=QD |r@k |=y|oS} w x}@W GwORt xO=yv=QD |=y|oS} w "CU= uQ=kDt

"OW=@|t xOvv=wN -xOya x@ =yu} QtD C=@F= "s}vm|t CU}r

O=Oa= R= |}=yx}=QO =@ |}=yT} QD=t B w A Qo = �GwORt xO=yv=QD X=wN� x}[k 1�9�2
s} Q=O x=ov; OW=@ \rDNt OOa l} z w \rDNt

(A+B)� = A� +B� `tH R= GwORt xO=yv=QD �1
(zA)� = �zA� Qr=mU= ?Q[ R= GwORt xO=yv=QD �2

(AB)� = B�A� ?Q[ pY=L R= GwORt xO=yv=QD �3
"(A�)� = A �4

"s}yO x}=Q= |Q@H T} QD=t R= |@ wN OQ@ Q=m xm CU= u; Ckw uwvm =

|U=vW u=DU=@ QO =yxawtHt w =y|QU 15� 2�
"CU= =yv; u=tR w M} Q=D ?}DQD x=o}=H QO |Qvy Q=F; w =yv=mt OvDUy wQ@ wQ u; =@ u=U=vWu=DU=@ xm |=xr�Ut
R=e; C=aq]= s} wkD w s_v w ?}DQD s=v x@ QD}B QOv}ri |=k; \UwD 19 uQk QO |U=vWu=DU=@ R= xN=W u}=
"OQw; pta x@ =Q |D=ar=]t Ow@ u=DU=@ QYt QO xm p=wy w Tq=@ '=O=o =v |=yx=ot=Q; OQwt QO |QD}B "OW
Oq}t R= p@k p=U 2500 =D Oq}t R= p@k 6009 p=U R= =yQ@k s=tD xm OyO|t u=Wv Q}N= |v@ Qm C=aq]=�
=yv; R= s=Om Qy |=Q@ w OQm xO=iDU= =yv; x@ uO}WN@ s_v |=Q@ Q@k 900 C=aq]= R= |QD}B �CU= xDiQo Q=Qk

"OQm =O}B p=iU R= xO=iDU= =@ =Q |YNWt |v=tR -xQwO
xOt; CUO x@ p=iU w =ym =N xOW s=Hv= C=Q}}eD w =yQ@k -xawtHt |U=U= -xr�Ut x@ |r=tH= |y=ov
XNWt u=tR l} QO u=Um} C=} wDLt Q@k wO xm OQ=O OwHw |U=vW u=DU=@ QO ZQi l} "CN=Ov= s}y=wN
\w@ Qt C=aq]= xm OwW|t Ea=@ xOW xDN=U |[=} Q pOt "OW=@|t QDmJwm |O=a OL R= xm OQ=O OwHw
x@ =Q AT} QD=t "s}vm|t =O}B =Q u=DU=@ |=yQ@k s_v u}=Q@=v@ w OyO Q=Qk =t Q=}DN= QO =Q =yQ@k C=} wDLt x@

www.iedoc.ir



=yT} QD=t 2 pYi 91

=yQ@k "Ovm|t h}YwD =Q =yQ@k p=iU |wDLt xm OW=@|t 0 =} 1 u; |=yxir-wt s=tD xm s} R=U|t Q} R -xvwo
%s}vm|t h} QaD xvwo u}= =Q A T} QD=t: : : w 3 w 2 w 1 =Q =yr=iU ẁv w: : : w 3 w 2 w 1 =Q

aij =

8>><>>:1 OW=@ j p=iU ẁv pt=W A Q@k Qo =
0 OW=@v j p=iU ẁv pt=W A Q@k Qo =

Q} R p=Ft p=L "OW=@|t Cw=iDt w hrDNt |=yQ@k l =N w p=iU -xQ=@ QO C=aq]= s=tD pt=W AT} QD=t
`=wv= |O=OaD |w=Ut G = AAt T} QD=t R= gij -xir-wt "OyO|t =t x@ AT} QD=t OQwt QO =Q C=aq]= u}=
u}at u=tR l} QO j Q@k w i Q@k u} QDm}ORv gij u} QDoQR@ u}=Q@=v@ "OW=@|t j w i Q@k wO Qy |=Q@ G}=Q |r=iU
%s}vm|t |UQQ@ =Q xH}Dv u}= "OUQ@ =yQ@k ?}DQD x@ Ov=wD|t T=vWu=DU=@ 'G |=yx}=QO u=LDt= =@ "OW=@|t

gij = G R= j uwDU w i Q]U QO OwHwt x}=QO
= �A R= i Q]U� � �At R= j uwDU�

= [ai1ai2 : : : ain]

2666664
aj1
aj2
...

ajn

3777775
= ai1aj1 + ai2aj2 + � � �+ ainajn

wO Qy ajz w aiz Qo = "Ow@ Oy=wN l} aizajz xrtH p=Ft |=Q@ "Ow@ Oy=wN 0 =} 1 `tH u}= R= xrtH Qy
2 ẁv p=iU Qo = Ow@ Ovy=wN QiY w OvDUy Q_vOQwt |=yQ@k j w i OW=@ G}=Q 2 ẁv p=iU Qo = "OvW=@ l}
w i =yQ@k |=Q@ G}=Q p=iU |=yxvwtv O=OaD �gij CQ=@a QO =ym} O=OaD u}=Q@=v@ "OW=@v G}=Q j w i |=yQ@k R=
hwQ_ |t}OkD w |@}DQD C=aq]= -xQ=@ QO |D=aq]= nwr=v; VwQ wO x@ P = AtA T} QD=t "OW=@|t j

"OwW|t |yDvt |r=iU
=yv; u} QDm}ORv "OW=@|t xOt; O}OB |=yr=iU -xvwtv 2 QO =yQ@k OOa u} QDoQR@ xm CU= u}= Q@ ZQi
xOt; CUO x@ p=iU R= |}=yxvwtv u; |=yQ@k O=OaD xm P = AtA T} QD=t R= pij -xir-wt "CU= |N} Q=D
|=yxir-wt u=LDt= =@ OvDUy u=tR QO j w i '|r=iU |=yxvwtv u} QDm}ORv "OW=@|t s=j w s=i |=yxir-wt R=
|=yT} QD=t xm O=O u=Wv u=wD|t |[=} Q Qw] x@ "s}UQ@ |N} Q=D |r=iU ?}DQD l} x@ s}v=wD|t P
P xm |t=ovy |m} R}i Q_v R= u=wD|t u; Q@ xwqa "OvDUy uQ=kDt |=yT} QD=t P = AtA wG = AAt

j@=]D -xOvyO u=Wv ẁ[wt u}= xm �O}v}@@ =Q Q} R u} QtD� OwW woDio w EL@ OvDUy uQ=kDt |=yT} QD=t G w
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C=aq]= u}= |t=tD xm OyO|t u=Wv uQ=kD w |ovy=ty u}= "OW=@|t EL@ u}= =@ |[=} Q |ovy=ty w
|=yx}=QO uwQ=w ,qt=m |rY= Q]k Q} R QO C=aq]= "OvDUy =yT} QD=t u}= |rY= Q]k |}q=@ |=yx}=QO pt=W

"CU= Qo}O
pt=W xm p=iU 3 -xOvyO u=Wv AT} QD=t O}vm ZQi "s}yO|t K}[wD p=Ft l} =@ =Q VwQ u}= uwvm =

"CU= 'OW=@|t Q@k 4

A =

2666664
1 0 1
1 0 0
0 1 1
0 1 0

3777775
pw= Q]U xOvR=U |=yx}=QO� "OQ=O CrqO CU= p=iU ẁv 3 pt=W xm 1 Q@k Q@ a13 = 1 p=Ft |=Q@ u}=Q@=v@
"CU}v swU uwDU pO=at swO Q]U xm Ovm|t CrqO xDmv u}= Q@ a23 = 0 �Ovm|t CrqO swU uwDU w

G = AAt =

2666664
1 0 1
1 0 0
0 1 1
0 1 0

3777775
26641 1 0
0 0 1
1 0 0

3775 =

2666664
2 1 1 0
1 1 0 0
1 0 2 1
0 0 1 1

3777775
"CU= u; Q} R |=yx}=QO pO=at |rY= Q]k |}q=@ |=yx}=QO C=aq]= 'OW=@ uQ=kDt ,qt=m G xm CU= |QwQ[

"s}vm|t |UQQ@ l}D=tDU}U CQwY x@ =Q |rY= Q]k |q=@ |=yx}=QO
g12 = 1 "CU= l} swO uwDU w pw= Q]U lQDWt skQ
g13 = 1 "CU= l} swU uwDU w pw= Q]U lQDWt skQ

g14 = 0 "CU= QiY sQ=yJ uwDU w pw= Q]U lQDWt skQ
g23 = 0 "CU= QiY swU uwDU w swO Q]U lQDWt skQ

g24 = 0 "CU= QiY sQ=yJ uwDU w swO Q]U lQDWt skQ
g34 = 1 "CU= l} sQ=yJ uwDU w swU Q]U lQDWt skQ

w pw= Q]U ?}mQD =@ Q=Owtv s}vm|t ZQi "Ov=xDUw}B sy x@ C=kw= QFm = swO uwDU w pw= Q]U lQDWt skQ
"1� 2 "OwW ẁQW swO

pw= Q]U =@ swU Q]U u}=Q@=v@ g23 = 0 xm |v=tR g13 = 1 s}vm|t xi=[= Q=Owtv u}= x@ swU Q]U TBU
3� 1� 2 "OwW|tv ?}mQD swO Q]U =@ =t= OwW|t ?}mQD

=@ sQ=yJ Q]U "g24 = 0 w g14 = 0 xm g34 = 1 "s}vm|t xi=[= Q=Owtv x@ =Q sQ=yJ Q]U s=Hv=QU
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%s} Q=O �OvDU}v l}ORv Qo}Om} x@� "OwW|tv ?}mQD 2 w 1 Q]U =@ OwW|t ?}mQD swU Q]U

4� 3� 1� 2

%OQ=O OwHw u=mt= wO "O} wo|tv =t x@ =Q Q=Owtv u}= sUQ VwQ C=}[=} Q
4 �! 3 �! 1 �! 2 w 4 � 3 � 1 � 2

=Q =yQ]U |N} Q=D CtOk u}=Q@=v@ "Ovy=o ; xOt; Q]U hQ] wO QO xm Qo}O `@=vt R= ,qwtat u=U=vW u=DU=@
|@Uv C}ty= w =yuwDU w =yQ]U |N} Q=D CtOk -xQ=@ QO |D=aq]= pt=W P w G |=yT} QD=t OvDUv=O|t

"OvW=@|t sy =@ =yv; |=[a=
x@ =Q C=aq]= =} OvwW xQ}NP |v=U; x@ Ovv=wD|tv C=aq]= w OvW=@|t nQR@ ,qw=ODt =yT} QD=t u}=
|[=} Q |=ym}vmD "OW=@|t 900 � 900 'G T} QD=t "OvyO|t Q=Owtv |q=@ CtUk QO sy@t CQwY
=QH= =yQDw}Bt=m QO =yWwQ u}= uwvm = 'CU= xDi=} xaUwD =yT} QD=t u}= R= C=aq]= G=QNDU= |=Q@ X=N
w CqmWt |[a@� ẁ[wt =@ Ovv=wD|t OvQ=O |QDW}@ -xkqa ẁ[wt u}= x@ xm |}=yxOvv=wN "OvwW|t
CU= |Oq}t 1969 p=U QO |U=vWu=DU=@ |=}vO 'p=Qvm "G O} w}O QF= xm �|Q=t; |U=vWu=DU=@ QO =yWwQ
xOQDUo CQwY x@ x} Q_v u}= "O=O s}y=wN xaUwD =Q =yT} QD=t |Q@H -x} Q_v VN@ u}= QO "Ovvm xaH=Qt
|Q=t; |=yC}atH VN@ w |[=} Q |=yrOt =@ \=@DQ= QO =yT} QD=t R= O}=@ =t "CU= |[=} Q C}r=ai QO
C}@Uv x} Q_v QO xQO=t w xUOvy u=}t \=@DQ= h}YwD |=Q@ T} QD=t xrO=at R= u}DWv= CQ@r; "s}�=tv xO=iDU=

%OQm xO=iDU= Vt=a
T = R� 1

2rG
l} G w "CU= Qr=mU= l} r 'T} QD=t l} R 'CU= xUOvy -xOvyO u=Wv xm T} QD=t l} T u; QO xm
|twta -x} Q_v "OvDUy uQ=kDt 4 � 4 |=yT} QD=t s=tD "Ovm|t h}YwD =Q =yVv=Qo xm CU= T} QD=t
nQ@uUy QvQw s=v x@ |v=tr; u=Om} R}i "CU= |Wv=Qo u=O}t u}}aD |=Q@ T} QD=t CqO=at pL pt=W C}@Uv
=yT} QD=t -x} Q_v "OQm Ci=} QO =Q p@ wv -xR}=H xm OQm xO=iDU= |twDv=wm l}v=mt xaUwD |=Q@ =yT} QD=t R=
"CU= |twDv=wm -x} Q_v w C}@Uv |twta -x} Q_v u=ty xm CU= sDU}@ uQk QO |m} R}i syt -x} Q_v wO T=U=

C=v} QtD
x@U=Lt
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=} CU= uQ=kDt xOW xO=O T} QD=t =}; xm O}yO u=Wv "O}@=}@ =Q Q} R |=yT} QD=t R= s=Om Qy xO=yv=QD �1
#Q}N

B =

"1 2
0 3

#
�? A =

"�1 2
2 �3

#
�hr=

D =

2664 4 5
�2 3
7 0

3775 �O C =

"3 �1
2 4

#
�G

F =

2664 1 �1 3
�1 2 0
3 0 4

3775 �w E =

2664 4 5 6
�1 2 3
0 1 2

3775 �x

H =

2664 1 �2 3
4 5 6
�2 6 7

3775 �K G =

"�2 4 5 7
1 0 3 �7

#
�R

K =

26647 0 0
0 �3 0
0 0 9

3775 �\

"OvOQo uQ=kDt '=yT} QD=t R= l} Qy =D O}�=tv ?=NDv= ?U=vt O=Oa= � |=H x@ 'Q} R |=yT} QD=t QO �22666664
�3 � 8 9
�4 7 � 7
� 2 6 4
� 7 � 9

3777775 �G
2664 3 5 �
� 8 4
�3 � 3

3775 �?
26641 2 4
� 6 �
4 5 2

3775 �hr=

T} QD=t l} D w 2� 4 T} QD=t l} C w 2� 3 T} QD=t l} B w 4� 1 T} QD=t l} A Qo = �3
"O}vm XNWt OwHw CQwY QO =Q Q} R |=yT} QD=t -xR=Ov= OW=@ 1� 3

ADBt �hr=
CB � 5AD �?

4CA� (CA)2 �G
(ADBtC)2 + I4 �O

"(BtC)t �AB �x

"O}vm C@=F =Q Q} R -xO=yv=QD |=yD}Y=N R= s=Om Qy 4�2 -x}[k R= xO=iDU= =@ �4
(A+B)t = At +Bt �hr=
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(CA)t = CAt �?
(At)t = A �G

"O}vm C@=F =Q Q} R -xO=yv=QD |=yD}Y=N 4�2 -x}[k R= xO=iDU= =@ �5
(A+B + C)r = At +Bt + Ct �hr=

(ABC)r = CtBtAt �?
"A = At O}vm C@=F OW=@ |Q]k T} QD=t l} A Qo = �6

"(An)t = (At)n O}vm C@=F OW=@ |a@ Qt T} QD=t l} A Qo = �7
"CU= |a@ Qt ,=twRr uQ=kDt T} QD=t l} O}vm C@=F �8

"OW=@|t uQ=kDt R}v At O}vm C@=F OW=@ uQ=kDt T} QD=t l} A Qo = �9
%O}vm C@=F "OW=@|t Qr=mU= l} c w |w=Ut |=yxR=Ov= =@ uQ=kDt |=yT} QD=t B w A O}vm ZQi �10

"CU= uQ=kDt A+B �hr=
"CU= uQ=kDt cA �?

"A = �At x=oQy Ov} wo uQ=kDtO=B =Q A T} QD=t �11
"O}yO x}=Q= uQ=kDtO=B T} QD=t |=Q@ |r=Ft �hr=

"CU= QiY u; |rY= Q]k |=yx}=QO w CU= |a@ Qt uQ=kDtO=B T} QD=t l} O}vm C@=F �?
"CU= uQ=kDtO=B T} QD=t l} |w=Ut |=yxR=Ov= =@ uQ=kDt O=B T} QD=t wO ẁtHt O}vm C@=F �G

"CU= uQ=kDtO=B 'uQ=kDtO=B T} QD=t l} Qr=mU= ?Q[ xm O}vm C@=F �O
O}vm C@=F OW=@ |a@ Qt T} QD=t A Qo = �12

"CU= uQ=kDt A+At �hr=
"CU= uQ=kDtO=B A�At �?

C uQ=kDtO=B T} QD=t w B uQ=kDt T} QD=t ẁtHt x@ Ov=wD|t A |a@ Qt T} QD=t Qy O}vm C@=F �13
"A = B + C xm |Qw] x@ OwW x} RHD

"CU= u=wDOwN R}v At x=ov; OW=@ u=wDOwN T} QD=t l} A Qo = O}vm C@=F �hr= �14
"CU= u=wDOwN R}v A x=ov; OW=@ u=wDOwN T} QD=t l} At Qo = O}vm C@=F �?
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"O} Qw; CUO x@ =Q Q} R |=yT} QD=t R= s=Om Qy (trace) QF= �152666664
0 �1 2 3
4 5 3 2
1 6�7 2
3 9 2 1

3777775 �G
26645 1 2
4 �3 5
7 2 8

3775 �?
" 2 3
�1 �4

#
�hr=

"OwW|t XNWt 5�2 x}[k R= Q} R |=y|oS} w R= xO=iDU= =@ QF= OQwt QO Q} R X=wN O}vm C@=F
tr(cA) = c tr(A) �hr=
tr(AB) = tr(BA) �?

"tr(At) = tr(A) �G
"O}vm C@=F =Q Q} R QF= |oS} w 5�2 x}[k G}=Dv R= xO=iDU= =@ �16

tr(A+B + C) = tr(A) + tr(B) + tr(C)

Qo ==yvDwQo = A = B O}vm C@=F "OW=@ xOW xO=O u=Um} |=yxR=Ov= =@ B w AT} QD=t wO O}vm ZQi �17
"At = Bt

QO =yQ]U O=OaD =@ A QO =yuwDU O=OaD Qo ==yvDwQo = OQ=O OwHw AB ?Q[rY=L T} QD=t O}vm C@=F �18
"OW=@ Q@=Q@ B

" A = On Qo ==yvDwQo = B 'n� n |=yT} QD=t s=tD |=Q@ AB = On O}vm C@=F �19
%O}vm x@U=Lt Q} R |=yT} QD=t |=Q@ =Q BA w A+B 'AB �20

A =

" 5 3� i
2 + 3i �5i

#
B =

"�2 + i 5 + 2i
3� i 4 + 3i

#
%O}vm x@U=Lt Q} R |=yT} QD=t |=Q@ =Q BA w AB 'A+B �21

A =

" 4 + i 2 + 3i
6 + 2i 1 + i

#
B =

"2 + i �3
2 4� 5i

#
|D}tQy T} QD=t s=Om O}vm u}}aD 'O}vm =O}B =Q Q} R |=yT} QD=t R= l} Qy GwORt xO=yv=QD w GwORt �22

"CU=

A =

"2� 3i 5i
2 5� 4i

#
B =

" 4 5� i
5 + i 6

#
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C =

" 7i 4� 3i
6 + 8i 1� i

#
D =

" �2 3� 5i
3 + 5i 9

#

|D}tQy T} QD=t s=Om O}vm u}}aD "O}vm =O}B =Q Q} R |=yT} QD=t R= l} Qy GwORt xO=yv=QD w GwORt �23
"CU=

A =

" 3 7 + 2i
7� 2i 5

#
B =

"3 + 5i 1� 2i
1 + 2i 5 + 6i

#
C =

"1 2
2 4

#
D =

" 9 �3i
3i 8

#

%O}vm C@=F =Q Q} R GwORt xO=yv=QD C}Y=N Q=yJ �24
(A+B)� = A� +B� �hr=

(zA)� = �zA� �?
(AB)� = B�A� �G

(A�)� = A �O

|DU}=@ '|rY= Q]k |wQ |=yx}=QO xm O}vm C@=F "CU= |a@ Qt ,=twRr |D}tQy T} QD=t O}yO u=Wv �25
"OvW=@ |k}kL O=Oa=

'A x=wNrO T} QD=t Qy |=Q@ P = AtA w G = AAt O}vm ZQi �26
"OvDUy uQ=kDt |=yT} QD=t wO Qy P w G O}vm C@=F �hr=

P w G uOw@ uQ=kDt |=Q@ Q}@aD u}= R= "OvDUy |N} Q=D pOt QO Q}@aD l} |=Q=O wO Qy P w G �?
"OvQ=oR=U Qo}Om} =@ wO Qy |m} R}i Q}@aD w |[=} Q |xH}Dv "O}vm xO=iDU=

?}DQD w u=mt= OQwt Qy |=Q@ OvyO|t KQW =Q uwo =vwo |Q=iL w |Qor=iU C=} wDLt =yT} QD=t u}= �27
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"O}vm u}}aD =Q |Qor=iU pOt TBU w p=Owo VQ=iU

1)

26641 0
0 1
1 1

3775 2)

2666664
0 0 1
1 1 0
1 0 1
0 1 0

3777775 3)

26641 0 1 0
0 1 1 1
1 1 1 1

3775

4)

2666664
0 0 0 1
1 1 0 0
0 0 1 1
1 0 1 0

3777775 5)

2666664
1 0 1 0
1 0 0 0
0 1 0 1
0 1 1 0

3777775 6)

266666664
0 1 0 0
1 0 1 1
0 0 1 0
0 1 0 0
1 1 0 1

377777775
|=y|Q=iL '|Qor=iU C=} wDLt A O}vm ZQi "O} Q}o@ xH}Dv =Q |Q=iL QO |Qor=iU p}rLD -xH}Dv �28
|Q=iL O=OaD P = AtAT} QD=t R= Pij x}=QO %O}vm C@=F "P = AtA w Ovm h}YwD =Q uwo =vwo

"OUQ@ |Qor=iU x@ ?}DQD u}= x@ Ov=wD|t T=vWu=DU=@ "OvDUy u=tR l} QO j w i Qy QO
xwQo \@=wQ uOQm p}rLD w x} RHD |=Q@ xm CU= |rOt OW |iQat =Hv}= QO |U=vWu=DU=@ R= xm |rOt �29
|xty O}vm ZQi "O} Q}o@ Q_vQO =Q xwQo l} QO |DUwO -x]@=Q p=Ft |=Q@ OwW|t xO=iDU= =yv=Uv=
"CU= xOt; Q} R QO A |a@ Qt T} QD=t h} QaD w n ': : :'1 R= sOQt |Ov@xk@] "OW=@ xiQ]wO =y|DUwO

aii = 0 =yi -xty |=Q@ �OvDUy QiY A |rY= Q]k |=yx}=QO�

aij =

8>><>>:1 OvW=@ CUwO j w i Qo =
0 OvW=@v CUwO j w i Qo =

OvDUy j w i pt=W pwtat Qw] x@ xm |}=y|DUwO O=OaD fij x=ov; F = AAt Qo = O}vm C@=F �hr=
"OW=@|t

#CU= xvwoJ pOt u}= Q}F-=D OW=@v p@=kDt |DUwO \@=wQ O}vm ZQi �?

|U}wv RtQ w Twmat T} QD=t 11�2
Ov=wD|t Twmat T} QD=t xvwoJ xm O}O s}y=wN "s}vm|t |iQat =Q Twmat T} QD=t swyit VN@ u}= QO
-xar=]t w |U} wvRtQ QO Twmat T} QD=t OQ@ Q=m w OwW xO=iDU= |]N CqO=at |=yx=oDUO |NQ@ pL QO
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|UQQ@ =Q |k}kL O=Oa= Twmat ?Q[ x@ |y=ov =@ x=Qty Twmat T} QD=t -x} Q_v =t "O}O s}y=wN =Q =yOm
%x=ov; OW=@ a Twmat b OOa Qo = "s}vm|t

ab = 1 ; ba = 1

%s} Q=O w CU= 4 Twmat 14 p=Ft |=Q@

4(
1
4 ) = (

1
4 )4 = 1

"s}yO|t s}taD =yT} QD=t x@ xm CU= x} Q_v l} u}=

xDW=O OwHwB 'n�nT} QD=t Qo = "OW=@ n�nT} QD=t l}A s}vm ZQi %h} QaD 1�11�2
Qo = "s}t=v|t AT} QD=t Twmat B w CU= Q}PBTwmat A s}�wo|t x=ov; AB = BA = In xm OW=@

"OQ=Ov Twmat A T} QD=t x=ov; OW=@ xDW=Ov OwHw B T} QD=t
"OW=@|t B =

"�2 1
32 � 12

#
Twmat |=Q=O A =

"1 2
3 4

#
T} QD=t O}vm C@=F �1 p=Ft

s} Q=O %pL

AB =

"1 2
3 4

#"�2 1
32 � 12

#
=

"1 0
0 1

#
= I2;

BA =

"�2 1
32 �12

#"1 2
3 4

#
=

"1 0
0 1

#
= I2

xm s}v=O|t "OW=@|t B Twmat |=Q=O A T} QD=t xm OyO|t u=Wv u}= w AB = BA = I2 u}=Q@=v@
"CU= jO=Y R}v T} QD=t l} |=Q@ x}[k u}= OvW=@ xDW=O Twmat l} R= QDW}@ Ovv=wD|tv |k}kL O=Oa=

"�CU=Dm}� CU= OQix@ QYLvt 'OwHw CQwY QO T} QD=t l} Twmat %x}[k 2�11�2
AC = CA = In w AB = BA = In u}=Q@=v@ OvDUy A |=yUwmat C w B O}vm ZQi %C=@F=

"O}vm xO=iDU= =yT} QD=t |Q@H X=wN R= w xOQm ?Q[ C QO =Q AB = In |=UD hQ] wO

C(AB) = CIn

(CA)B = C
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InB = C

B = C

"OQ=O Twmat l} =yvD Q}PBTwmat T} QD=t l} u}=Q@=v@
%s} Q=O w s}yO|t u=Wv A�1 =@ =Q A Twmat "OW=@ Q}PBTwmat T} QD=t l} A O}vm ZQi %xHwD

AA�1 = A�1A = In

A�n = (A�1)n = A�1A�1 : : : A(�1)

O}vm ZQi "s}yO|t x}=Q= T} QD=t Twmat uOQm =O}B |=Q@ |WwQ uOQH Two sD} Qwor= VwQ =@ uwvm =
|=yuwDU w OW=@ X1; X2; : : : ; Xn 'A�1 T} QD=t |=yuwDU O}vm ZQi p=L "OW=@ Q}PBTwmat A
CQwY x@ u=W}=yuwDU T=U=Q@ =Q In w A�1 |=yT} QD=t p=L "OW=@ C1; C2; : : : ; Cn 'In T} QD=t

%s}U} wv|t Q} R

A�1 = [X1X2 : : : Xn]; In = [C1C2 : : : Cn]

%x=ov; AA�1 = In uwJ "s}@=}@ Xn : : : X1 uOQm =O}B =@ =Q A�1 O}=@

A[X1; : : : ; Xn] = [C1C2 : : : Cn]

%O};|t CUO x@ Q} R xH}Dv V}=yuwDU ?ULQ@ =yT} QD=t ?Q[ uO=O s=Hv= R=

[AX1AX2 : : : AXn] = [C1C2 : : : Cn]

%u}=Q@=v@
AX1 = C1 ; AX2 = C2; : : : AXn = Cn

AX = Cn w: : :'AX = C2 'AX = C1 |=y} w=UD |=Q@ |}=yxW} Q X1; X2; : : : ; Xn u}=Q@=v@
� Two |iPL VwQ R= xO=iDU= =@ =yx=oDUO u}= pL "OW=@|t CqO=at OL ?}=Q[ A u; QO xm OvW=@|t

%CU= Q} R CQwY x@ |=xOwRi= T} QD=t QO uOQH

[A : C1C2 : : : Cn] � : : : � [In : X1X2 : : : Xn]
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%u}=Q@=v@
[A : In] � : : : � [In : A�1]

CUO x@ [In : B] sQi x@ T} QD=t w s}vm x@U=Lt =Q [A : In] T} QD=t |v=mrB |Q]U pmW Qo = u}=Q@=v@
"B = A�1 x=ov; s} Qw;

[In : B] sQi x@ xm s} wW xHwDt w s}vm x@U=Lt =Q |v=mrB |Q]U xOW p} wLD sQi Qo = 'Qo}O CQ=@a x@
"Ow@ Oy=wNv Q}PBTwmat A x=ov; CU}v

"s}vm|t QwQt =Q EL@ -xH}Dv R= |=xYqN uwvm =

T} QD=t Twmat uOQm =O}B |=Q@ Two |iPL VwQ
%OW=@ n� n T} QD=t l} A s}vm ZQi

OwHw x@ [A : In] sQi x@ |U} QD=t =D s}vm|t pYw AT} QD=t x@ =Q In 'n� n |v=ty T} QD=t �1
"O};

xOt; CUO x@ T} QD=t sQi Qo = "s}vm|t x@U=Lt =Q [A : In] |v=mrB |Q]U xOW p} wLD pmW �2
p} wLD pmW Qo = "Ow@ Oy=wN A T} QD=t Twmat B CQwY u; QO Ow@ [In : B] sQi x@ T} QD=t x}@W
xOt; CUO x@ T} QD=t QO n� nT} QD=t u}rw= CQwY u}= QO Ow@v [In : B] sQi x@ |v=mrB |Q]U xOW
"OyO|t u=Wv =Q xOW u=}@ VwQ Q} R |=yr=Ft OQ=Ov Twmat AT} QD=t xm s}�wo|t TB xOw@v In =@ Q@=Q@

"O}vm u}at =Q A T} QD=t Twmat �2 p=Ft

A =

2664 1 �1 �2
2 �3 �5
�1 3 5

3775
%CW=O s}y=wN uOQH Tw=o |iPL VwQ R= xO=iDU= =@ %pL

[A : In] =

2664 1 �1 �2
2 �3 �5
�1 3 5

��������
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0 1 0
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3775 R2 + (�2)R1
R3 +R126641 �1 �2

0 �1 �1
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��������
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R1 +R2
R3 + (�2)R2

26641 0 �1
0 1 1
0 0 1

��������
3 �1 0
2 �1 0
�3 2 1

3775
R1 +R3

R2 + (�1)R3

26641 0 0
0 1 0
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��������
0 1 1
5 �3 �1
�3 2 1

3775
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A�1 =
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3775
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"O}vm =O}B OwHw CQwY QO =Q Q} R T} QD=t Twmat �3 p=Ft

A =

26641 1 5
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3775
%CW=O s}y=wN uOQH Tw=o |iPL VwQ R= xO=iDU= =@ %pL
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��������
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3775
R2 + (�2)R1
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��������
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3775
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��������
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T} QD=t l} xOt; CUO x@ |}=yv T} QD=t QO 3� 3 T} QD=t u}rw= uwJ s}yO xt=O= QDW}@ xm CU}v R=}v
"OQ=Ov OwHw A�1 TB "OW=@|tv [In : B] sQi x@ xOt; CUO x@ T} QD=t |DQ=@a x@ w OW=@|tv |v=ty
CU= Q}PBTwmat T} QD=t l} A xm O} wo|t =t x@ T} QD=t l} Twmat -x@U=Lt |=Q@ uOQH Two VwQ
In T} QD=t x@ R}v A T} QD=t w OW=@ [In : B] sQi x@ [A : In] |v=mrB |Q]U xOW p} wLD Qo ==yvDwQo =

%OwW|t Q} R xH}Dv x@ QHvt xOy=Wt u}= w OwW|t p}O@D
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sQi Qo ==yvDwQo = CU= Q}PBTwmat OW=@|t n�nT} QD=t l} xm AT} QD=t %x}[k 3�11�2
"OW=@ In u; |v=mrB |Q]U xOW p} wLD

Ov=wD|t T} QD=t Twmat x=ov; OW=@ Q}PBTwmat |]N CqO=at x=oDUO l} ?}=Q[ T} QD=t Qo =
"OW=@|t EL@ u}= QO |O}rm -xH}Dv l} Q} R -x}[k "OW=@ x=oDUO |=y@=wH OQwt QO EL@ p@=k

A�1 Qo = OW=@ Q}eDt n =@ |]N CqO=at x=oDUO l} AX = B O}vm ZQi %x}[k 4�11�2
"OW=@|t X = A�1B CQwY x@ w CU= OQi@ QYLvt x=oDUO ?=wH OW=@ xDW=O OwHw

u} Ro}=HT} QD=t -xrO=at QO =QX = A�1B "CU= ?=wHl}X = A�1B s}vm|tC@=F =OD@= %C=@F=
%CW=O s}y=wN T} QD=t X=wN R= xO=iDU= =@ "s}vm|t

AX = A(A�1B) = (AA�1)B = InB = B

"CU= ?=wH l} u}=Q@=v@ Ovm|t jOY xrO=at QO X = A�1B uwJ
?Q[ =@ 'AX1 = B TB OW=@ ?=wH X1 s}vm ZQi "CU=Dm} x=oDUO ?=wH s}vm|t C@=F uwvm =

%s} Q=O A�1 QO xrO=at hQ] wO uOQm

A�1AX1 = A�1B =) InX1 = A�1B =) X1 = A�1B

"OW=@|t =Dm} ?=wH l} X1 = A�1B u}=Q@=v@
"OOQo xO=iDU= CqO=at x=oDUO l} pL |=Q@ Ov=wD|t xH}Dv u}= xvwoJ xm s}yO|t u=Wv p=L
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"CU= 2 'A R= swO uwDU QO =yxir-wt ẁtHt �O
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c(j) w r(i) OQwt QO |D=aq]= xJ OW=@ R R= j uwDU |=yx}=QO ẁtHt c(j) w R R= i Q]U

"O}yO|t
=yx}=QO h=Qo}O OQwt QO |D=aq]= xJ OW=@ h=Qo}O l} R= |@=}CUO T} QD=t l} R xm O}vm ZQi �26

"O}yO x}=Q= O}v=wD|t R2 R= j uwDU w i Q]U QO OwHwt
"O}yO|t Rt h=Qo}O -xQ=@ QO |D=aq]= xJ OW=@ h=Qo}O |@=}CUO T} QD=t R xm O}vm ZQi �27

R= sy w QiY |=yx}=QO R= sy wO Qy h=Qo}O l} R= R |@=}CUO T} QD=t w A CQw=Ht T} QD=t �28
"Ov=xOW xDN=U l} |=yx}=QO

"OvW=@|t =Q=O =Q =ym} u=Um} OOa R w A =}; �hr=
"OW=@ xDW=O R x@ C@Uv |QDW}@ |=ym} Ov=wD|t A =}; �?
"OW=@ xDW=O R x@ C@Uv |QDtm |=ym} Ov=wD|t A =}; �G

"OQ=O OL=w pQDvm CLD 'xOvR=OQB 64 'NASA =U=vQi= C=k}kLD RmQt QO IhhIAC IV QDw}Bt=mQ@= �29
Q} wYD 8� 8 |=yx}=QO =@ |U} QD=t u=wva x@ =Q =yxOvR=OQB Qo = "Ov=xm@W l} QO Qo}Om} =@ =yxOvR=OQB
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150 |U=vWu=DU=@ QO =yxawtHt w =y|QU 15�2

C}akwt QO =yxOvR=OQB OwN |QwQ[ u=o}=Uty =@ Ov=wD|t (i; j) C}akwt QO xOvR=OQB Qy TBU O}vm
pw= Q]U QO =yxOvR=OQB "OW=@ xDW=O \=@DQ= (i + 1; j) w (i; j + 1) w (i � 1) w (i; j � 1)

uwDU QO xm |}=yv; Ovvm|t Q=QkQ@ \=@DQ= OvDUy u=yvB VOQo pOt QO QN; Q]U QO xm |}=yv; =@
O}v}@@ =Q 10�2 pmW "OvQ=O \=@DQ= OvDUy u=yvB VOQo pOt QN; uwDU QO xm |}=yv; =@ OvDUy pw=

"O}vm XNWt =Q xm@W u}= QO =yxOvR=OQB u}@ -xrY=i u} QDW}@

10�2 pmW

swO pYi |=xQwO |=yu} QtD
"D =

"6
4
#

w C =

"6 �1 3
5 0 �2

#
'B =

" 7 0
�1 3

#
'A =

"2 0
7 �1

#
O}vm ZQi �1

"O}vm x@U=Lt OwHw CQwY QO =Q Q} R |=yCQ=@a
BA+AB �G AB + C �? 2AB �hr=
2DA+B �w AC +BC �x AD � 3D �O

T} QD=t l} D '2� 3 T} QD=t l} C '2� 2 T} QD=t l} B '2� 2 T} QD=t A O}vm ZQi �2
"O}@=}@ =Q pY=L |=yT} QD=t G}=Dv xR=Ov= OwHw CQwY QO w OW=@ 3� 2

(A2)C �? AB �hr=
DA� 2(DB) �O B3 + 3(CD) �G

C � 3D �w 3(BA)(CD) + (4A)(BC)D �x
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xat=H QO |ywQo C=]=@DQ= w |]=@DQ= pOt l} 15�2 151

CQ=@a |=yx}=QO C =

"2 �4 5
7 1 0

#
w B =

"1 2 �3
5 0 �1

#
'A =

"1 �3
0 4

#
Qo = �3

"O}vm u}at T} QD=t pm -x@U=Lt uwO@ D = 2AB � 3C
d23 �? d12 �hr=

"O}vm XNWt uU=QDU= sD} Qwor= R= xO=iDU= =@ =Q Q} R 2� 2 |=yT} QD=t R= AB ?Q[ �4

A =

"2 3
1 �1

#
B =

"1 3
2 �4

#
"O}vm x@U=Lt =Q Q} R |=yDQ=@a C =

"0 1
3 2

#
w B =

"�2 1
3 1

#
'A =

"3 1
0 2

#
Qo = �5

A2 �A+ 4I2 �O AB2 � 2C2 �G At �B2 �? (At)2 �hr=
x@U=Lt |=Q@ sRq Qr=mU= |=y?Q[ O=OaD 'OvW=@ xOW xO=O |=yxR=Ov= =@ |}=yT} QD=t B w A Qo = �6

"O}vm u}at =Q AB
A4�2 w B2�3 �? A22 w B26 �hr=
A9�5 w B5�11 �O A1�7 w B7�25 �G

uOQH �Tw=o |iPL VwQ R= xO=iDU= =@ OwHw CQwY QO =Q Q} R |=yT} QD=t R= l} Qy Twmat �7
"O}vm u}at26641 2 3

2 5 3
1 0 8

3775 �G
26640 3 3
1 2 3
1 4 6

3775 �?
"1 4
2 �1

#
�hr=

"O}vm pL =Q Q} R CqO=at x=oDUO T} QD=t Twmat VwQ R= xO=iDU= =@ �8

x1 + 3x2 � 2x3 = 1
2x1 + 5x2 � 3x3 = 5
� 3x1 + 2x2 � 4x3 = 7

"OW=@ 3A�1 =

" 5 �6
�2 3

#
xm |DQwY QO O}@=}@ =Q A �9

"O}vm |UQQ@ =Q ?Q[ |Q}PBCmQW C}Y=N �10

A(BC) = (AB)C
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152 |U=vWu=DU=@ QO =yxawtHt w =y|QU 15�2

"O}vm xO=U =Q A(AB +A2)�B(A2 +AB) + 3ABA� 4AB2 CQ=@a �11
"O}vm C@=F =Q (cA)n = cnAn CQ=@a OW=@ Qr=mU= c w OW=@ |ivt=v K}LY OOa n Qo = �12

"A = 0 xm O}yO u=Wv AAt = 0 xm |Qw] x@ OW=@ T} QD=t l} A O}vm ZQi �13
"OvDUy p=tQv uQ=kDt |=yT} QD=t s=tD xm O}vm C@=F 'AAt = AtA Qo = s}} wo p=tQv =Q AT} QD=t �14

"CU= u=wDOwN R}v At x=ov; OW=@ u=wDOwN A Qo = O}yO u=Wv �15
"CU= u=wD IwB '|v=wD IwB R= u=Um} -xHQO =@ R}v At x=ov; OW=@ u=wDIwB A Qo = O}yO u=Wv �16

"CU= uQ=kDt R}v A�1 x=ov; OW=@ Q}PBTwmat w uQ=kDt A Qo = xm O}vm C@=F �17
"OQ=Ov Twmat =yQiY R= |vwDU =} =yQiY R= |Q]U =@ T} QD=t l} xm O}vm C@=F �18

CU= |D}tQy A xm O}yO u=Wv w O}vm x@U=Lt Q} R |=yT} QD=t |=Q@ =Q A+B w AB �19

A =

" 2 4� 3i
4 + 3i �1

#
B =

" 3 + i 1� 2i
2 + 7i �2 + i

#
#OvDUy |D}tQy '|k}kL uQ=kDt |=yT} QD=t s=tD xm O}vm C@=F �20

umtt |v=tR ?}DQD "Ovm|t h}YwD =Q hrDNt |=yQ@k p=iU C=} wDLt xOt; Q} R QO xm AT} QD=t �21
"O}vm u}}aD =Q =yv; |Qor=iU `=wv= w Qw@k

A =

266666664
1 0 0 0
1 1 0 0
0 0 1 1
0 0 0 1
0 1 1 0

377777775
|y=oWv=O xOQm p}YLD |=yxO=wv=N |=Q@ umtt Cq=DL= 'O};|t Q} R QO xm P |iO=YD T} QD=t �22
"OyO|t =Q OvQ=O |y=oWv=O xOQm p}YLD OvRQi l} pk=OL xm u}at x}L=v l} xOQmv p}YLD w
xOQm p}YLD u}Or=w R= |m} pk=OL xm s}@=}|t CUO syt u}= x@ |y=oWv=O |=yxOQmp}YLD =@
l} I}y xm CU= u}= Qw_vt |y=oWv=O xOQmv p}YLD uDiQo Q_vQO =@ x=Qty 'OvW=@|t |y=oWv=O

"Ov=xOQmv p}YLD u}Or=w R=
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xat=H QO |ywQo C=]=@DQ= w |]=@DQ= pOt l} 15�2 153

=yxO=wv=N
xOQm p}YLD xOQmv p}YLD

0 9 0 25 |y=oWv=O Cq}YLD OvRQi
P =

0 1 0 75 |y=oWv=O Cq}YLD uwO@ OvRQi
xDW=O OwHw xOQmv p}YLD -xO=wv=N 750 000 w xOQm p}YLD xO=wv=N 300 000 |O=a Qw] x@ Qo =
OW=@ xOQmv p}YLD GwR l} xm u}= p=tDL= #CU}J pUv wO u}= |=Q@ xOW |v}@V}B `} RwD OW=@

#CU= QOkJ OvW=@ xOQm p}YLD u=W}=yxwv R= |m} w
|R}J xJ Q} R |=yCr=L R= l} Qy OQwt QO "OW=@ h=Qo}O l} CQw=Ht T} QD=t A O}vm ZQi �23

"O}v=O|t
"OvQiY A sQ=yJ uwDU |=yx}=QO s=tD �hr=
"CU= 2 'A swU uwDU |=yx}=QO ẁtHt �?

"CU= 4 Q@=Q@ A3 R= swO Q]U QO =yx}= QO ẁtHt �G
"OvW=@|t QiY |oty A2 swU uwDU �O

"CU= 2 Q@=Q@ A3 R= (4; 4) u=mt QO OwHwt -xir-wt �x
"CU= 3 Q@=Q@ A4 QO QiYQ}e |=yx}=QO O=OaD �w
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xU pYi |Q=DiQ |=yhOy
pYi u}= |wQ Q=m w xar=]t R= TB Ov=wD@ O}=@ wHWv=O

|Q]U \U@ R= xO=iDU= =@ =Q u; x@U=Lt w xOQm lQO =Q |a@ Qt T} QD=t l} u=v}tQDO |OOa swyit �
"OyO s=Hv= |vwDU \U@ =}

"OQ=BU@ Q]=N x@ =Q u=v}tQDO |=yCtqa pwOH �
Z} waD =Q u=v}tQDO l} �uwDU� Q]U wO x=oQy xm u}= xrtH R= OyO K}[wD =Q u=v}tQDO |=y|oS} w �

"OwW|t xv} Qk u; u=v}tQDO s}vm
"OyO K}[wD u=v}tQDO Q=Okt ?ULQ@ =Q OQivt=v T} QD=t w OQivt T} QD=t s}y=it �

"OyO K}[wD |]N CqO=at x=oDUO pL w uwQ=w T} QD=t =@ \=@DQ= QO =Q u=v}tQDO x]@=Q w Vkv �
Q]=N x@ =Q u; w xOQm C=@F= u; u=v}tQDO w xDU@=w T} QD=t ?ULQ@ =Q uwQ=w x@U=Lt pwtQi u}vJty

"OW=@ xDW=O
T} QD=t |]N xrO=at l} QO =Q u; u=Oki =} w =y@=wH O=OaD �

AX = B

"O};Q@ u; C=@F= |xOya R= w xO=O \=@DQ= A u=v}tQDO ?ULQ@
"O};Q@ |@ wN x@ pYi u=}=B p�=Ut w =yu} QtD pL |xOya R= s=Hv=QU �

154
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swU pYi

=yu=v}tQDO
l} u=v}tQDO 's}t=v|t T} QD=t u; u=v}tQDO =Q u; xm OwW|t xO=O C@Uv |OOa |a@ Qt T} QD=t Qy x@
QO =Q u=v}tQDO "OwW|t xDiQo Q=m x@ |UOvyt w swra '|[=} Q |=yxN=W QDW}@ QO xm CU= |Q=R@= T} QD=t
|D=aq]= swyit u}= xm OQm s}y=wN xOy=Wt "O=O s}y=wN VQDUo =Q u; X=wN w xOQm h} QaD pYi u}=
Twmat uOQw; CUO x@ |=Q@ xm |rwtQi QO xwqa x@ w OyO|t =t x@ |]N CqO=at x=oDUO pL OQwt QO

"OOQo|t xO=iDU= s} Qw;|t CUO x@ `@ Qt T} QD=t l}

=yu=v}tQDO Q@ |=xtOkt 1�3
"s}vm|t R=e; 2� 2 T} QD=t l} u=v}tQDO h} QaD =@ =Q =yu=v}tQDO EL@

%s}vm|t h} QaD Q} R CQwY x@ w xO=O u=Wv jAj =@ =Q A '2� 2 T} QD=t u=v}tQDO %h} QaD�����a11 a12
a21 a22

����� = a11a22 � a12a21

xOW u=}@ T} QD=t Q]k wO |=y?Q[ pY=L p[=iD -xr}Uw x@ 2� 2 T} QD=t l} u=v}tQDO xm O}vm CkO
"OwW|t xO=iDU= A u=v}tQDO |=Q@ R}v det(A) O=tv R= 'CU=

"O} Qw; CUO x@ =Q A =

" 2 4
�3 1

#
T} QD=t u=v}tQDO %1 p=Ft

155
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156 =yu=v}tQDO 3 pYi

%s} Q=O q=@ h} QaD |Q}oQ=m x@ =@ %pL" 2 4
�3 1

#
= (2� 1)� (4� (�3)) = 2 + 12 = 14

T} QD=t l} u=v}tQDO "OwW|t h} QaD 2�2 |=yT} QD=t u=v}tQDO ?ULQ@ 3�3 T} QD=t l} u=v}tQDO
|=yT} QD=t u=v}tQDO ?}DQD u}ty x@ w OwW|t h} QaD 3 � 3 |=yT} QD=t u=v}tQDO ?ULQ@ 4 � 4
s}y=it x@ h} Q=aD u}= |=Q@ "OvwW|t h} QaD n � 1 � n � 1 |=yT} QD=t u=v}tQDO ?ULQ@ n � n

"s} Q=O R=}v OvwW|t h} QaD Q} R QO xm xR=Uty w O=ym
"OW=@ |a@ Qt |U} QD=t A s}vm ZQi %h} QaD

hPL R= pY=L T} QD=t u=v}tQDO R= CU= CQ=@a w s}yO|t u=Wv Mij =@ =Q aij x}=QO O=ym %O=ym
"A T} QD=t s=j uwDU w s=i h}OQ

%s}vm|t h} QaD Q} R CQwY x@ w s}yO|t u=Wv Cij =@ =Q aij x}=QO xR=Uty %xR=Uty
Cij = (�1)i+jMij

"CU= Ctqa l} QO u=WCw=iD QFm =OL x}=QO l} R=Uty w O=ym xm O}vm xHwD
Cij = +Mij =} �Mij

%O} Qw; CUO x@ Q} R T} QD=t R= =Q a33 w a12 |=yx}=QO R=Uty w O=ym %2 p=Ft

A =

26642 �1 5
0 3 4
2 2 �2

3775
%s} Q=O q=@ h} QaD |Q}oQ=m x@ =@ %pL

M12 =

"0 4
2 �2

#
= 0� (�2)� (4� 2) = �8

C12 = (�1)1+2M12 = �1��8 = 8

M33 =

"2 �1
0 3

#
= 2� 3� (�1)� 0 = 6

C33 = (�1)3+3M33 = 1� 6 = 6
"s}vm|t h} QaD =Q (n � 3) n� n |=yT} QD=t u=v}tQDO jwi s}y=it R= xO=iDU= =@ p=L
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=yu=v}tQDO Q@ |=xtOkt 1�3 157

QO pw= Q]U |=yx}=QO |=y?Q[ pY=L ẁtHt R= CU= CQ=@a A |a@ Qt T} QD=t u=v}tQDO %h} QaD
"x}=QO u; x@ \w@ Qt R=Uty

%OW=@ 3� 3 |U} QD=tA Qo =
jAj = a11C11 + a12C12 + a13C13

%OW=@ 4� 4 |U} QD=t A Qo =
jAj = a11C11 + a12C12 + a13C13 + a14C14

%OW=@ n� n |U} QD=t A Qo =
jAj = a11C11 + a12C12 + � � �+ a1nC1n

"OvwW|t xO}t=v pw= Q]U x@ C@Uv A u=v}tQDO \U@ q=@ CqO=at

"O} Qw; CUO x@ =Q A =

2664�1 2 0
1 1 3
�2 5 �1

3775T} QD=t u=v}tQDO %3 p=Ft

%s} Q=O u; |=yxR=Uty w pw= Q]U |=yx}=QO R= xO=iDU= =@ %pL

jAj = (�1)� (�1)1+1
�����1 3
5 �1

�����+ 2� (�1)1+2
����� 1 3
�2 �1

�����+ 0� (�1)1+3
����� 1 1
�2 5

�����
= �[(1��1)� (3� 5)]� 2[(1��1)� (3� (�2))] + 0[(1� 5)� (1� (�2)]

= 16� 10 + 0 = 6

l} u=v}tQDO xm OQm C@=F u=wD|t "CU= xOW h} QaD pw= Q]U |=yx}=QO ?UL Q@ A u=v}tQDO q=@ QO
"CU= h} QaD p@=k T} QD=t u}= R= uwDU Qy =} Q]U Qy -xr}Uw x@ Q} R xOa=k T=U=Q@ A |a@ Qt T} QD=t

=} Q]U Qy |=yx}=QO ?Q[pY=L ẁtHt =@ CU= Q@=Q@ A |a@ Qt T} QD=t u=v}tQDO %1�1�3 x}[k
"x}=QO u; x@ \w@ Qt xR=Uty QO uwDU Qy

=@ CU= Q@=Q@ s=i Q]U \U@ ?ULQ@ A T} QD=t u=v}tQDO
jAj = ai1Ci1 + ai2Ci2 + � � �+ ainCin
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158 =yu=v}tQDO 3 pYi

=@ CU= Q@=Q@ s=j uwDU \U@ ?ULQ@ w

jAj = a1jC1j + a2jC2j + anjCnj

XNWt uwDU Qy =} Q]U Qy ?ULQ@ jAj\U@ QO =Q (�1)i+j Q=Okt xm OQ=O OwHw |O}it w xO=U xOa=k
"OwW|t XNWt Q} R CQwY x@ A |=yx}=QO Ctqa V}=Q; -xr}Uw x@ xOa=k u}= "OR=U|t266666664

+ � + � : : :

� + � + : : :

+ � + � : : :

� + � + : : :

: : : : : : : : : : : :

377777775
x@ =yCtqa s}yO \U@ swO Q]U ?ULQ@ =Q A |a@ Qt |U} QD=t u=v}tQDO s}y=wN@ p=Ft u=wva x@ Qo =

"Ow@ Ovy=wN: : : w � '+ '� ?}DQD

"O} Qw; CUO x@ swO Q]U \U@ ?ULQ@ =Q A =

2664 1 �1 3
2 1 4
�5 0 3

3775T} QD=t u=v}tQDO %4 p=Ft

%pL

jAj = �2
������1 3

0 3
�����+ 1

����� 1 3
�5 3

������ 4
����� 1 �1
�5 0

�����
= �2� [(�1)� 3� (3� 0)] + 1� [(1� 3)� (3� (�5)]� 4� [(1� 0)� ((�1)� (�5))]

= 6 + 18 + 20 = 44

CUO x@ Q=Okt xm O}O s}y=wN 'O}yO \U@ R}v Qo}O uwDU =} w Q]U Qy ?ULQ@ =Q T} QD=t u}= u=v}tQDO
"Ow@ Oy=wN 44 OOa u=ty xOt;

pk=OL x@ OQ=O =Q 0 u} QDW}@ xm |vwDU =} Q]U ?ULQ@ |a@ Qt T} QD=t l} u=v}tQDO x@U=Lt %xDmv
"CU= Ck}kL u}= |=} wo 'Q} R p=Ft "OUQ|t
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=yu=v}tQDO Q@ |=xtOkt 1�3 159

"O}vm x@U=Lt =Q Q} R 4� 4 T} QD=t u=v}tQDO %5 p=Ft

A =

2666664
1 3 0 1
0 �2 5 2
�1 1 0 4
0 0 0 �2

3777775
\U@ swU uwDU ?ULQ@ =Q jAj u}=Q@=v@ "CU= 0 u} QDW}@ |=Q=O T} QD=t u}= swU uwDU %pL

"s}yO|t

jAj = a13C13 + a23C23 + a33C33 + a43C43

= 0C13 + 5C23 + 0C33 + 0C43

= 5� (�1)2+3

��������
1 3 1
�1 1 4
0 0 �2

�������� = �5
��������

1 3 1
�1 1 4
0 0 �2

��������
swU Q]U x@ C@Uv =Q pY=L 3 � 3 T} QD=t TB "CU=Q=O =Q QiY u} QDW}@ swU Q]U xrLQt u}= QO

"s}yO|t \U@

jAj = �5��2� (�1)3+3
����� 1 3
�1 1

����� = 10[(1� 1)� (3� (�1))] = 10� 4 = 40

CQwY x@ Ovv=wD|t CqO=at w OvW=@: : : w y 'x |=yQ}eDt CQwY x@ Ovv=wD|t T} QD=t l} |=yx}=QO
"OyO|t V}=tv =Q |DqO=at u}vJ l} Q} R p=Ft "OvwW Qy=_ =yU} QD=t u=v}tQDO

"O}vm pL x ?ULQ@ =Q Q} R xrO=at %6 p=Ft����� x x+ 1
�1 x� 2

����� = 7

%s}U} wv@ s}v=wD|t u; |a}@] CQwY x@ =Q xrO=at 'u=v}tQDO \U@ R= xO=iDU= =@ %pL
x(x� 2)� (x+ 1)(�1) = 7

%s} Qw;|t CUO x@ =Q x xrO=at u}= uOQm xO=U =@
x2 � 2x+ x+ 1 = 7
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160 =yu=v}tQDO 3 pYi

x2 � x� 6 = 0
(x+ 2)(x� 3) = 0

x = �2 =} 3

3� 3 w 2� 2 |=yT} QD=t |=yu=v}tQDO x@U=Lt
CUO x@ |QDtm Ckw hQY =@ T} QD=t Q]k R= xO=iDU= =@ u=wD|t =Q 3� 3 w 2� 2 |=yT} QD=t u=v}tQDO
3 � 3 |=yT} QD=t |=Q@ w s}vm|t xO=iDU= T} QD=t |rY= Q]k wO R= 2 � 2 |=yT} QD=t |=Q@ "OQw;
"Ov};|t CUO x@ x}rw= T} QD=t x@ pw= uwDU 2 uOQm xi=[= =@ xm O=O s}y=wN Q=Qk xO=iDU= OQwt =Q |Q=]k=
|}=yQ]k |=[a= |=y?Q[ pY=L ẁtHt R= Ow@ Oy=wN CQ=@a 3� 3 w 2� 2 T} QD=t l} u=v}tQDO
CU=Q R= u=WCyH xm |}=yQ]k |=[a= |=y?Q[pY=L |=yvt CU= CU=Q x@ AJ R= u=WCyH xm

"CU= AJ x@
A B"

a11 a12
a21 a22

# 2664a11 a12 a13
a21 a22 a23
a31 a32 a33

3775a11 a12
a21 a22
a31 a33

jAj = a11a22 � a12a21

jBj = (a11a22a23 + a12a23a31 + a13a21a33)� (a13a22a31 + a11a23a32 + a12a21a33)

"CU= wHWv=O xOya x@ 'OW=@|t jwi CQwY x@ `k=w QO 3� 3 T} QD=t l} u=v}tQDO xm u}= C=@F=
%7 p=Ft

A B"3 7
1 4

# 26641 2 �1
0 1 4
1 �2 5

37751 2
0 1
1 �2

jAj = 12� 7 = 5
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jBj = (5 + 8 + 0)� (�1� 8 + 0) = 13� (�9) = 22

"OQ=Ov OwHw |=xOa=k u}vJ (n � 3) n� n |=yT} QD=t |=Q@

u=v}tQDO R= |Qo}O h} QaD
,=DOta O}OH h} QaD u}= "s}vm|t u=}@ =yCWo}=H swyit R= xO=iDU= =@ =Q u=v}tQDO R= |Qo}O h} QaD =Hv}= QO
"s}vm|t x}=Q= =yCWo}=H OQwt QO =Q sRq |=yxv}tR V}B =OD@= "OwW|t xDiQo Q=m x@ |Q_v OY=kt |=Q@
i1i2 : : : in Ovv=t |@}DQD Qy 'OW=@ n =D 1 R= K}LY O=Oa= xawtHt S = f1; 2; : : : ; ng O}vm ZQi
f1; 2; 3; 4g xawtHt |wQ|DWo}=H 2 '3 '4 1 p=Ft |=Q@ "s}t=v|t S |wQCWo}=Hl} =Q S |=[a= R=
u=wD|t Q}}eD l} =@ ,qFt "CU= Qo}Om} =@ |r=wDt OOa wO Q}}eD CWo}=H l} |wQ Q}}eD l} R= Qw_vt "CU=
"OQm p}O@D 2'1'3'4 x@ =Q 2'3'4'1 u=wD|t Q}}eD wO =@ w OQm 2'4'3 '1 x@ p}O@D =Q 2'3'4 '1 CWo}=H

CWo}=H u}= u=wD@ Qo = 's}t=v|t GwR CWo}=H l} =Q i1 : : : in CWo}=H h} QaD u}= R= xO=iDU= =@
O=OaD =@ Qo = s}t=v|t OQi CWo}=H =Q u; w OQm 1 2 3 : : : n CWo}=H x@ p}O@D w Q}}eD |HwR O=OaD =@ =Q
CU= GwR CWo}=H l} OwN 123 : : : n CQwY u}= QO "OQm p}O@D 123 : : : n x@ =Q u; u=wD@ Q}}eD |OQi

"CU= GwR |OOa QiY w OwW|t 123 : : : n x@ p}O@D Q}}eD QiY =@ =Q} R
"CU= OQi CWo}=H l} 13452 w GwR CWo}=H l} 13425 O}yO u=Wv %8 p=Ft

%s} Q=O 13425 CWo}=H |=Q@ %pL
13425 �! 13245 �! 12345

%s} Q=O 13452 CWo}=H |=Q@ w

13452 �! 13425 �! 13245 �! 12345

OQi |twO w GwR |rw= TB "s}vm|t xOy=Wt Q}}eD xU CWo}=H u}twO QO w Q}}eD wO CWo}=H u}rw= QO
"CU=

"O}vm XNWt =Q u; uOw@ OQi =} GwR w xDWwv =Q f1; 2; 3g xawtHt umtt |=yCWo}=H s=tD %9 p=Ft
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s=Hv=QU w 2 =@ xm |}=yv; TBU w OwW|t ẁQW 1 =@ xm s} Q}o|t Q_vQO =Q |=yCWo}=H =OD@= %pL
"OvwW|t ẁQW 3 =@ xm |}=yv;

1 2 3 GwR
132 �! 123 OQi
213 �! 123 OQi
231 �! 213 �! 123 GwR
312 �! 132 �! 123 GwR
321 �! 231 �! 213 �! 123 OQi

?=Dm u}= QO xm |}=yCWo}=H Ov=xOW h} QaD |QD|twta CQwY x@ =yCWo}=H 'l} Q@H QO %syt QmPD
R= |QwO CWo}=H =Q =yv; xm OvDUy l} Q@H QO |YwYN@ |=yCWo}=H `k=w QO s}vm|t C@LY u; R=

"s}t=v|t f1; 2; 3; : : : ; ng xawtHt |wQ n Oa@
%CQwY u}= QO OW=@ n� n T} QD=t l} A s}vm ZQi %h} QaD

kAk =
X�a1j1a2j2 : : : anjn

� =} + |=yCtqa "Ovm|t Q}}eD f1; 2; : : : ; ng xawtHt R= j1j2 : : : jn |=yCWo}=H s=tD |wQP
"OwW|t xO=iDU= OQi w GwR |=yCWo}=H |=Q@ ?}DQD x@

"jAj = kAk O}vm C@=F A '2� 2 T} QD=t |=Q@ %10 p=Ft

%CQwY u}= QO OW=@
"
a11 a12
a21 a22

#
'2� 2 T} QD=t A O}vm ZQi %pL

jAj = a11a22 � a12a21

%TB OvDUy 21 w 12 'f1; 2g |wQ |=yCWo}=H xm u}= x@ xHwD =@ w

kAk =
X
CWo}=H

�a1j1a2j2 = a11a22 � a12a21

h} QaD =Pr OvDUy |m} kAk w jAj OOa wO 'n � n T} QD=t Qy |=R=x@ xm OQm C@=F u=wD|t %xDmv
Q_vQO jAj Ctqa =@ =Q kAkTB u}= R= w CUv=O AT} QD=t u=v}tQDO R= |Qo}O h} QaD u=wD|t =Q 'kAk

"s} Q}o|t
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u} QtD 1�1�3
%O}vm =O}B =Q Q} R |=yT} QD=t u=v}tQDO �126664�1 1

1 �2

37775 �O

266641 2

2 1

37775 �G

266641 1

0 5

37775 �?

26664 3 1

�2 2

37775 �hr=

266641 2

3 4

37775 �K

266641 0

0 1

37775 �R

266640 0

3 7

37775 �w

266641 1

2 2

37775 �y

�x� CtUk QO� CU= QiY Q@=Q@ �w� w �x� |=yCtUk QO =yu=v}tQDO =QJ xm O}vR@ TOL O}v=wD|t =};
"�O}vm xHwD Q]U wO u}@ x]@=Q x@

%CU= xOW h} QaD Q} R CQwY x@ A T} QD=t O}vm ZQi �2

A =

26642 �1 0
0 1 1
2 3 �3

3775
"O}@=}@ =Q xOW xO=O |=yR=Uty w O=ym Cr=L Qy QO

M21; C21 �? M12; C12 �hr=
M33; C33 �O M32; C32 �G

%CU= xOW xO=O Q} R CQwY x@ B T} QD=t O}vm ZQi �3

B =

2666664
1 1 0 �1
0 2 2 5
�2 �1 2 0
0 3 0 3

3777775
%O}@=}@ =Q xOW xO=O |=yR=Uty w O=ym Cr=L Qy QO

M31; C31 �? M22; C22 �hr=
M43; C43 �O M14; C14 �G

CUO x@ |Q]k j} Q] R= Q=@ l} w pw= Q]U \U@ j} Q] R= Q=@ l} =Q Q} R |=yT} QD=t u=v}tQDO �4
%O} Qw;
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26641 1 1
2 2 2
1 3 �1

3775 �G
26643 0 0
2 1 �1
1 4 5

3775 �?
2664 1 2 4

4 �1 5
�2 2 1

3775 �hr=

"OwW|t QiY �G� CtUk u=v}tQDO =QJ xm O}vR@ TOL O}v=wD|t

%O} Qw; CUO x@ T} QD=t p}P QO xOW QmP ptar=QwDUO j@] =Q Q} R |=yT} QD=t u=v}tQDO �52666666664
1 0 1

0 1 0

�1 2 2

3777777775 �?

2666666664
1 2 3

3 2 1

1 1 �1

3777777775 �hr=

swU uwDU w swO Q]U \U@ swO uwDU w pw= Q]U \U@2666666664
0 �1 1

1 �1 2

4 5 3

3777777775 �O

2666666664
2 1 1

�1 0 0

2 4 �3

3777777775 �G

pw= uwDU w swU Q]U \U@ swO h}OQ w swO Q]U \U@

"O} Qw; CUO x@ |D=@U=Lt C=}rta pk=OL =@ =Q Q} R |=yT} QD=t u=v}tQDO �62666666664
1 1 1

2 1 0

�1 0 0

3777777775 �G

2666666664
0 1 2

1 �1 �2

2 0 0

3777777775 �?

2666666664
1 2 0

�1 1 4

5 2 0

3777777775 �hr=

%O}vm pL x ?ULQ@ =Q Q} R CqO=at �726664x+ 1 2

�x x

37775 = 10 �?

26664x� 1 x

7 x+ 2

37775 = 5 �hr=
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%OwW QiY Q} R T} QD=t u=v}tQDO xm O}vm u}}aD |Qw] =Q x �826664x 3� x

2 3x+ 1

37775
%OwW|t QiY Q} R T} QD=t u=v}tQDO x R= |Q}O=kt xJ |=R= x@ �92666666664
x+ 1 0 1

2 2x 2x+ 2

0 1 x

3777777775
wO u}= u=v}tQDO x@U=Lt uwO@ =Q u=D?=wH 'OvDUy Q@=Q@ Q} R T} QD=t wO u=v}tQDO |rqODU= xJ =@ �10

"O}yO x}=Q= T} QD=t2666666664
1 3 0

2 1 5

7 �1 0

3777777775 ;
2666666664
1 3 0

9 0 5

7 �1 0

3777777775
#CU= u=Um} b w a Qy |=R=x@ Q} R T} QD=t u=v}tQDO |rqODU= xJ =@ �112666666664

a 3 1

b �5 2

4 0 0

3777777775
"O}vm u}}aD =Q Q} R |=yCWo}=H uOw@ OQi w GwR �12

1243 �? 4213 �hr=
4321 �O 2413 �G

"O}vm u}}aD =Q =yv; uOw@ OQi w GwR w xOQm XNWt =Q f1; 2; 3; 4g |=yCWo}=H s=tD �13
"OvDUy |m} `k=w QO jAj w kAk OOa wO O}vm C@=F A Ovv=t 3� 3 T} QD=t l} |=Q@ �14
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=yu=v}tQDO X=wN 2�3
OQwt QO =yu=v}tQDO X=wN QDW}@ "s}yO|t Q=Qk EL@ OQwt =Q =yu=v}tQDO |Q@H X=wN VN@ u}= QO
Q]U CQwY x@ =Q CQ=@a ?re= |OQ=wt u}vJ l} QO "OvDUy |m} u; |=yuwDU w T} QD=t l} |=yQ]U
"O=O Q=Qk =Q uwDU xtrm Q_vOQwt EL@ QO Q]U xtrm |=H x@ u=wD|t xm s}yO u=Wv =D s}U} wv|t �uwDU�
xm OwW|t xDW=Po wHWv=O xOya x@ u} QtD CQwY x@ =} w TQO uDt QO |OQ=wt QO \ki =}=[k C=@F=

"Ovm|t x}=Q= =Q |O}it l}vmD C=@F= u}= OwW T=UL=
T} QD=t u; u=v}tQDO Q@T} QD=tl} |=yQ]U |wQ |D=tOkt p=ta= xvwoJ xm OyO|t u=Wv |Oa@ -x}[k

"O=O \U@ u=wD|t R}v uwDU |wQ =Q p=ta= u}= xm O} wo|t u}v sy x}[k u}= "OQ=O QF=

"OW=@ QiYQ}e |OOa c w n� n |U} QD=t A s}vm ZQi %x}[k 1�2�3
"jBj = cjAj x=ov; OW=@ xOt;CUO x@ c OOa QOA R= �uwDU� Q]Ul} ?Q[ =@BT} QD=t Qo = �hr=
x=ov; OW=@ xOt; CUO x@ A T} QD=t |r=wDt �uwDU� Q]U wO |}=H@=H =@ B T} QD=t Qo = �?

"jBj = �jAj
x@ A T} QD=t Qo}O �uwDU� Q]U =@ �uwDU� Q]U l} R= |@ Q[t |Q@H `tH =@ B T} QD=t Qo = �G

"jBj = jAj x=ov; OW=@ xOt; CUO

s=k Q]U QO c ?Q[ =@ 'B T} QD=t w xOw@ aij CQwY x@ AT} QD=t |=yx}=QO s}vm ZQi �hr= %C=@F=
%R= CU= CQ=@a B Q]U u}t=k CQwY u}= QO OW=@ xOt; CUO x@ A

cak1cak2 : : : cakn

%s} Qw;|t CUO x@ Q]U u}= \U@ =@ =Q jBj

jBj = cak1Ck1 + cak2Ck2 + � � �+ caknCkn

= c(ak1Ck1 + ak2Ck2 + � � �+ aknCkn)

= cjAj

|U} QD=t B xm |]QW x@ 'O};|t CUO x@ BT} QD=t uwDU u}t=k \U@ R= =yuwDU |=Q@ |=x@=Wt |xH}Dv
� "OW=@ xOt; CUO x@ c OOa QO A uwDU u}t=k ?Q[ R= xm OW=@
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QO Ovv=wD|t s}OQm u=}@ p@k x}[k QO xm �|vwDU� |Q]U C=}rta xvwoJ xm OyO|t u=Wv Q} R p=Ft
"Ovvm xO=U =Q T} QD=t l} u=v}tQDO x@U=Lt '�=yvwDU� =yQ]U QO QiY OOa QDW}@ xJ Qy O=H}=

"O}vm x@U=Lt =Q Q} R u=v}tQDO %1 p=Ft��������
3 4 �2
�1 �6 3
2 9 �3

��������
|=yx}=QO u=mt= OL =D s}vm|t |aU jwi u=v}tQDO QO |vwDU w |Q]U p=ta= R= xO=iDU= =@ %pL
|v} Ro}=H w swO uwDU =@ swU uwDU Q@=Q@ wO `tH =@ xm s}vm CkO "s}vm QiY x@ p}O@D =Q uwDU =} Q]U l}

"s}vm QiY x@ p}O@D =Q uwDU u}= R= x}=QO wO s}v=wD|t swO uwDU QO u;��������
3 4 �2
�1 �6 3
2 9 �3

�������� =
C2+2C3

��������
3 0 �2
�1 0 3
2 3 �3

��������
s}y=wN Ovvm|t xO=U =Q u=v}tQDO x@U=Lt =yQiY xm u}= w pY=L T} QD=t swO uwDU |wQ u=v}tQDO \U@ =@

%CW=O
(�3)

" 3 �2
�1 3

#
= (�3)(9� 2) = �21

%OW=@ Q} R 3� 3 T} QD=t A O}vm ZQi %2 p=Ft

A =

��������
1 4 3
0 2 5
�2 �4 10

��������
X=wN w A u=v}tQDO Q=Okt R= xO=iDU= =@ jAj = 12 xm O=O u=Wv u=wD|t =yR=Uty \U@ R= xO=iDU= =@

%O} Qw; CUO x@ =Q Q} R |=yT} QD=t u=v}tQDO 'u=v}tQDO |vwDU w |Q]U

B3 =

26641 4 3
0 2 5
0 4 16

3775 �G B2 =

2664 1 4 3
�2 �4 10
0 2 5

3775 �? B1 =

2664 1 12 3
0 6 5
�2 �12 10

3775 �hr=

CQwY u}= QO O}; CUO x@ 3 OOa QO A swO uwDU ?Q[ =@ Ov=wD|t B1 xm OwW|t xOy=Wt %pL
jB1j = 3jAj = 36
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CQwY u}= QO O}; CUO x@ AT} QD=t |wQ R= swU w swO Q]U Z} waD =@ Ov=wD|t B2 xm OwW|t xOy=Wt
jB2j = �jAj = �12

R= swU Q]U QO u; |v} Ro}=H w swU Q]U =@ pw= Q]U Q@=Q@ wO `tH R= Ov=wD|t B3 xm OwW|t xOy=Wt
CQwY u}= QO O}; CUO x@ A T} QD=t |wQ

jB3j = jAj = 12
=yu=v}tQDO x} Q_v QO|tytVkv QiY u=v}tQDO =@ |=yT} QD=t xm OW s}y=wN xHwDt O};|t Q} R QO xm xJv; R=

"OQm Ovy=wN |R=@

"s}t=v|t OQivt=v =Q A CQwY u}= Q}e QO jAj = 0 Qo = s}�wo|t OQivt =Q A |a@ Qt T} QD=t %h} QaD
"O=O X}NWD =Q T} QD=t uOw@ OQivt u=wD|t \}=QW u; CLD xm OyO|t CUO x@ |]}=QW Q} R -x}[k

Qo = CU= OQivt A CQwY u}= QO OW=@ |a@ Qt |U} QD=t A s}vm ZQi %x}[k 2�2�3
"OvW=@ QiY �uwDU� Q]U l} |=[a= s=tD �hr=
"OvW=@ u=Um} A T} QD=t R= �uwDU� Q]U wO �?

"OW=@ Qo}O �uwDU� Q]U R= |@ Q[t A T} QD=t R= �uwDU� Q]U l} �G
QmP xv=o =OH =Q u; 'X=N Cr=L u}= C}ty= p}rO x@ |rw CU= �G� R= |Y=N Cr=L �?� xm O}vm xHwD

"s}=xOQm
s=k Q]U \U@ =@ =Q jAj CQwY u}= QO "OvQiY |oty A s=k Q]U |=[a= s}vm ZQi �hr= %C=@F=

"s} Qw;|t CUO x@
jAj = ak1Ck1 + ak2Ck2 + � � �+ aknCkn

= 0Ck1 + 0Ck2 + � � �+ 0Ckn
= 0

"OwW|t x@=Wt xH}Dv x@ QHvt CU= QiY u; uwDU l} xm |U} QD=t |=Q@ x@=Wt \}=QW
Q]U QO �1 OOa ?Q[ =@ CQwY u}= QO OvQ@=Q@ sy =@ AT} QD=t Q]U u}t=l w u}t=k s}vm ZQi �?
jBj = jAj xm O};|t CUO x@ B T} QD=t s=l Q]U QO pY=L |v} Ro}=H w s=l Q]U =@ u; `tH w s=k

"jAj = 0 xH}Dv QO jBj = 0 '�hr=� CtUk j@] w CU= QiY B T} QD=t s=l Q]U |rw
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"CUq=@ C=@F= x@=Wt =yvwDU |=Q@ C=@F=
� "OwW|t C=@F= �?� CtUk x@=Wt �G

"OvDUy OQivt Q} R T} QD=t wO xm O}yO u=Wv %3 p=Ft

A =

2664 2 1 0
3 0 0
�1 4 0

3775 B =

2664 3 1 2
4 6 �8
�2 �3 4

3775
"jAj = 0 u}=Q@=v@ OvQiY swU uwDU |=[a= s=tD �hr= %pL

"jBj = 0 p@k x}[k �G� CtUk j@] TB CU= swU h}OQ Q@=Q@ �2 swO h}OQ �?
XNWt =Q xOW xO=O |=yT} QD=t u=v}tQDO |wQ R= pY=L |=yT} QD=t u=v}tQDO u}@ -x]@=Q |Oa@ -x}[k

"Ovm|t

"CU= QiYQ}e |OOa c w n� n |=yT} QD=t B w A s}vm ZQi %x}[k 3�2�3
jcAj = cnjAj T} QD=t QO OOa ?Q[ u=v}tQDO �hr=
jABj = jAjjBj T} QD=t wO ?Q[ u=v}tQDO �?
jAtj = jAj T} QD=t l} xO=yv=QD u=v}tQDO �G
jA�1j = 1jAj T} QD=t l} Twmat u=v}tQDO �O

"OW=@ xDW=O OwHw A�1 xm |DQwY QO
Q} R |=yu=v}tQDO 3�2�3 x}[k R= xO=iDU= =@ OW=@ jAj = 4 =@ 2� 2 |U} QD=t A O}vm ZQi %4 p=Ft

"O} Qw; CUO x@ =Q
j5AtA�1j �G jA2j �? j3Aj �hr=

"OW=@ xDW=O OwHw A�1 xm |DQwY QO

jwi -x}[k R= xO=iDU= =@ %pL
j3Aj = (32)jAj = 9� 4 = 36 �hr=

jA2j = jAAj = jAjjAj = 4� 4 = 16 �?
"j5AtA�1j = (5)2jAtA�1j = 25jAtkA�1j = 25jAj 1jAj = 25 �G

"jA�1AtAj = jAj s} Q=O A |a@ Qt T} QD=t Qy |=R=x@ O}vm C@=F %5 p=Ft
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%s} Q=O |k}kL O=Oa= w =yu=v}tQDO '=yT} QD=t X=wN R= xO=iDU= =@ %pL

jA�1AtAj = j( �AAt)Aj = jA�1AtjjAj = jA�1jjAtjjAj = 1
jAj jAjjAj = jAj

O=Oa= w =yu=v}tQDO '=yT} QD=t R= |Y=wN xJ R= xm O}yO X}NWD xrLQt Qy QO OwQ|t Q=_Dv= wHWv=O R=
"CU= xOW xO=iDU= |k}kL

=}; 'CU= OQivt R}v AB x=ov; OW=@ OQivt A w n� n T} QD=t wO B w A Qo = xm O}vm C@=F %6 p=Ft
#CU= CUQO R}v ?r]t Tma

%s} Q=O u=v}tQDO X=wN OQ@ Q=m =@ 'jAj = 0 TB "CU= OQivt A uwJ %pL

jABj = jAjjBj = 0jBj = 0

"CU= OQivt R}v AB T} QD=t TB
OQivt R}v A x=ov; OW=@ OQivt AB Qo = s}v}@@ s}y=wN|t "s}vm|t |UQQ@ =Q ?r]t u}= Tma p=L

"CU=

jABj = 0 =) jAjjBj = 0 =) jAj = 0 =} jBj = 0

"�OvW=@ OQivt wO Qy CU= umtt =} w� B =} w CU= OQivt A =} xm OyO|t xH}Dv AB uOw@ OQivt u}=Q@=v@
x}=Q= R}v |i=m w sRq |DQwY x@ w Q} R pmW x@ =Q p=Ft u}= u=wD|t "CU}v CUQO ,=twRr x}[k Tma TB

"OQm
"OvW=@ OQivt B =} A xm CU= u; OW=@ OQivt AB T} QD=t xm u; |=Q@ |i=m w sRq \QW

u} QtD 1�2�3
u=v}tQDO x@U=Lt �=yvwDU� =yQ]U QO QiY QFm =OL O=H}= w �|vwDU� |Q]U C=}rta R= xO=iDU= =@ �1

"O}yO s=Hv= xO=U CQwY x@ =Q Q} R |=yT} QD=t
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=yu=v}tQDO X=wN 2�3 171

2666666664
0 1 2

3 4 5

6 7 8

3777777775 �G

2666666664
1 �1 �1

1 0 3

4 2 �2

3777777775 �?

2666666664
2 1 �1

1 0 2

1 1 �1

3777777775 �hr=

2666666664
2 1 1

4 2 3

�6 �3 0

3777777775 �w

2666666664
1 �1 0

0 1 1

2 3 1

3777777775 �y

2666666664
1 1 1

2 2 2

3 4 5

3777777775 �O

%OW=@ Q} R T} QD=t A O}vm ZQi �2

A =

2666666664
1 �1 �3

2 0 �4

�1 1 2

3777777775
'=yu=v}tQDO X=wN w ?r]t u}= R= xO=iDU= =@ jAj = �2 xm O=O u=Wv u=wD|t =yR=Uty \U@ =@

"O} Qw; CUO x@ =Q Q} R |=yT} QD=t u=v}tQDO2666666664
1 �1 �3

4 �2 �10

�1 1 2

3777777775 �G

2666666664
2 0 �4

1 �1 �3

�1 1 2

3777777775 �?

2666666664
1 �1 �3

2 0 �4

�2 2 4

3777777775 �hr=

jAj = 5 x=ov; 'OW=@ Q} R 3� 3 T} QD=t A Qo = �3

A =

2666666664
8 5 2

1 3 2

�1 �2 �1

3777777775
|=yT} QD=t u=v}tQDO '=yu=v}tQDO |vwDU w |Q]U X=wN |Q}oQ=m x@ =@ w ?r]t u}= R= xO=iDU= =@
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"O} Qw; CUO x@ =Q Q} R2666666664
8 1 �1

5 3 �2

2 2 �1

3777777775 �G

2666666664
8 1 2

1 �1 2

�1 0 �1

3777777775 �?

2666666664
8 2 5

1 2 3

�1 �1 �2

3777777775 �hr=

wO =@ |Q]U C=}rta R= xO=iDU= =@ j} Q] wO x@ T} QD=t l} u=v}tQDO O};|t p}P QO xm xJv; QO �4
K}LY Q=Okt O}v=wD|t =}; "CU= \re |Qo}O w K}LY |m} xm CU= xOt; CUO x@ hrDNt Q=Okt

#O}yO K}[wD =Q \re |Q]U C=}rta O=Q}= w O}yO X}NWD =Q

jAj =

��������������
3 1 0

�1 2 1

3 �6 �2

��������������
=3R2+R3

��������������
3 1 0

0 0 1

3 �6 �1

��������������
jAj = �1

���������
3 1

3 �6

��������� = �1(�18� 3) = 21

��������������
3 1 0

�1 2 1

3 �6 �2

��������������
=

R3+3R2

��������������
3 1 0

�1 2 1

0 0 1

��������������
= 1

���������
3 1

�1 2

��������� = 6 + 1 = 7

"O}vm u=}@ =Q OvDUy OQivt Q} R |=yT} QD=t =QJ xm u}= p}rO |vwDU w |Q]U X=wN R= xO=iDU= =@ �5
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=yu=v}tQDO X=wN 2�3 173

2666666664
1 2 5

3 �1 7

1 2 5

3777777775 �?

2666666664
2 0 1

1 0 �1

3 0 2

3777777775 �hr=

2666666664
2 1 1

0 0 3

0 0 0

3777777775 �O

2666666664
2 �4 1

3 �4 1

�4 8 �2

3777777775 �G

x@ =yu=v}tQDO X=wN R= xO=iDU= =@ =Q Q} R |=yu=v}tQDO OW=@ 5 u=v}tQDO =@ 2� 2 |U} QD=t A Qo = �6
"O} Qw; CUO

j(At)2j �O jA2j �G j6Atj �? j3Aj �hr=
j4A�1j �w j(At)tj �x

=Q Q} R |=yu=v}tQDO 'jBj = �5 w jAj = 3 xm |Qw] x@ OvW=@ 3� 3 |=yT} QD=t B w A Qo = �7
%O} Qw; CUO x@

j4AtB2j �O jABtj �G jAAtj �? jABj �hr=
j3ABtA�1B�1j �R j3A2B�1Atj �w j2AB�1j �x

j(ABA�1)tj �K

"O} Qw; CUO x@ =Q Q} R |=yu=v}tQDO jAj = 3 w OW=@

2666666664
a b c

d e f

g h i

3777777775 '3� 3 T} QD=t A Qo = �8
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174 =yu=v}tQDO 3 pYi

2666666664
d a g

e b h

f c i

3777777775 �?

2666666664
d e f

g h i

a b c

3777777775 �hr=

2666666664
d e f

a b c

2g 2h 2i

3777777775 �O

2666666664
d f e

a c b

g i h

3777777775 �G

"O}vm C@=F =yu=v}tQDO s}kDUt uOQw; CUO x@ uwO@ =Q Q} R xrO=at �9��������������
a+ b c+ d e+ f

p q r

u v w

��������������
=

��������������
a c e

p q r

u v w

��������������
+

��������������
b d f

p q r

u v w

��������������
"CU= u; Q]k |=yx}=QO ?Q[ pY=L Q@=Q@ |Q]k T} QD=t l} u=v}tQDO O}vm C@=F �10

"O}vm C@=F =Q 1�2�3 x}[k �G� w �?� CtUk �11
"O}vm C@=F =Q 2�2�3 x}[k �G� CtUk �12

"jAj = 0 x=ov; OW=@ QiY Q@=Q@ A |a@ Qt T} QD=t l} �uwDU� Q]U Qy `tH Qo = O}vm C@=F �13
"jAj = 0 O}vm C@=FAn = 0 xm |Qw] x@ CU= |a}@] |OOa n w |a@ Qt |U} QD=tA O}vm ZQi �14

"jABj = jBAj s} Q=O B w A 'n� n T} QD=t wO |=Q@ O}vm C@=F �15
C@=F =Q u; "CU= Q=QkQ@ jA+Bj = jAj+ jBj xrO=at =}; OvW=@ n� nT} QD=t wO B w A Qo = �16

"O}yO x}=Q= u; |=Q@ |[kv p=Ft =} w O}vm
A T} QD=t R= �|vwDU� |Q]U C=}rta =@ xm CU= |U} QD=t B w |a@ Qt T} QD=t A O}vm ZQi �17

"jAj 6= 0 Qo = \kiw Qo = jBj 6= 0 O}vm C@=F CU= xOW pY=L
|=Q=O xm |v=mrB sQi x@ T} QD=t =yvD xm O}yO u=Wv CU= 2 � 2 |U} QD=t A O}vm ZQi �hr= �18

"CU= I2 CU}v QiY Q]U
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u=v}tQDO l} |OOa |@=} RQ= 3�3 175

Q]U |=Q=O xm |v=mrB sQi x@ |U} QD=t =yvD xm O}yO u=Wv CU= 3� 3 |U} QD=t A O}vm ZQi �?
"CU= I3 CU}v QiY

Q]U |=Q=O xm |v=mrB sQi x@ T} QD=t =yvD xm O}yO u=Wv CU= n� n |U} QD=t A O}vm ZQi �G
"CU= In CU}v QiY

Qo =\kiwQo = jAj 6= 0 O}yO u=WvCU=E u; |v=mrB sQi xm OW=@ n�n |U} QD=tA O}vm ZQi �O
"E = In

u=v}tQDO l} |OOa |@=} RQ= 3�3
u; "s}OQm xO=iDU= =yR=Uty u}}aD VwQ R= |a@ Qt T} QD=t l} u=v}tQDO u}}aD |=Q@ |r@k |=yVN@ QO
VN@ u}= QO "OQm|t |O=} R C=@U=Lt Q}oQO =Q =t Ow@ xOW =v@ =yR=Uty w O=ym h} QaD T=U=Q@ xm VwQ
Q=Okt VwQ u}= 'CU= ?U=vt R}v |QDw}Bt=m |R} Qxt=vQ@ |=Q@ xm 's}vm|t |iQat =Q |}=Q=m |OOa VwQ

"OyO|t Q=Qk =t Q=}DN= QO QD`} QU =Q T} QD=t l} u=v}tQDO
|Q]U C=}rta VwQ R= CiQ|t Q=m x@ CqO=at x=oDUO pL |=Q@ xm uOQH � Tw=o |iPL VwQ QO
x=oDUO ?=wH j} Q] u}= R= w s}OQm xO=iDU= QDxO=U CqO=at x=oDUO x@ CqO=at x=oDUO l} p}O@D |=Q@
s}y=wN xO=iDU= x@=Wt VwQ R= |a@ Qt T} QD=t l} u=v}tQDO x@U=Lt |=Q@ "s}OQw; CUO x@ =Q CqO=at
QO "s}OQm EL@ T} QD=t l} u=v}tQDO -x@U=Lt |=Q@ |Q]U C=}rta C=QF= OQwt QO |r@k VN@ QO "OQm
|FrFt q=@ T} QD=t =Q u; xm |U} QD=t x@ T} QD=t l} p}O@D |=Q@ =Q |D=tOkt |Q]U Cq}O@D VwQ =Hv}=

"OQm Oy=wN xO=U Q=}U@ =Q u=v}tQDO x@U=Lt T} QD=t R= pmW u}= "OQ@ s}y=wN Q=m x@ s}t=v|t

"OvW=@ QiY Q]k Q} R |=yx}=QO s=tD Qo = s}t=v|t |FrFt q=@ T} QD=t =Q |a@ Qt T} QD=t l} %h} QaD
"OvW=@ QiY u; |rY= Q]k |q=@ |=yx}=QO s=tD Qo = OwW|t xO}t=v |FrFt u}}=B '|a@ Qt T} QD=t

"OvDUy |FrFt |=yT} QD=t R= |}=yp=Ft Q} R |=yT} QD=t26642 1 1
0 3 �1
0 0 �7

3775
2666664
2 3 0 5
0 1 �1 2
0 0 0 4
0 0 0 3

3777775
26643 0 0
1 �1 0
1 1 2

3775
2666664
3 0 0 0
2 1 0 0
4 �1 7 0
0 2 1 �1

3777775
q=@ |FrFt |=yT} QD=t u}}=B |FrFt |=yT} QD=t
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176 =yu=v}tQDO 3 pYi

"CU= xO=U xR=Ov= xJ =D |FrFt |=yT} QD=t u=v}tQDO uOQw; CUO x@ xm OyO|t u=Wv |Oa@ -x}[k

"CU= u; |rY= Q]k |wQ |=yx}=QO ?Q[ pY=L Q@=Q@ |FrFt T} QD=t l} u=v}tQDO %x}[k 1�3�3
w s}yO|t \U@ uwDU u}rw= |wQ =Q u; u=v}tQDO "OW=@ |FrFt q=@ A 'n�nT} QD=t s}vm ZQi %C=@F=
u}ty R}v |Oa@ pL=Qt QO w xO=O \U@ uwDU u}rw= |wQ R}v =Q \U@ u}= pY=L R= xOt; CUO x@ u=v}tQDO

%CU= Q} R CQwY x@ pL=Qt 's}yO|t s=Hv= =Q pta�����������
a11 a12 : : : a1n

a22 : : : a2n
. . .

...

O ann

�����������
= a11

�����������
a22 a23 : : : a2n

a33 : : : a3n
. . .

...

O ann

�����������
= a11a22

�����������
a33 a34 : : : a3n

a44 : : : a4n
. . .

...

O ann

�����������
= � � � = a11a22a33 : : : ann

� "CU= x@=Wt |k} Q] x@ |FrFt u}}=B |=yT} QD=t |=Q@ C=@F=
%O} Qw; CUO x@ =Q Q} R T} QD=t u=v}tQDO %1 p=Ft

A =

26641 2 5
0 �3 1
0 0 �5

3775
%s} Q=O CU= |FrFt T} QD=t l} T} QD=t uwJ %pL

jAj = 1� (�3)� (�5) = 15

"s}vm|t woR=@ xYqN Qw] x@ =Q |a@ Qt T} QD=t l} u=v}tQDO x@U=Lt |=Q@ |OOa VwQ p=L

u=v}tQDO l} |OOa x@U=Lt
"s} Qw;|tQO |FrFt q=@ T} QD=t CQwY x@ Q} R |D=tOkt |Q]U pta wO R= xO=iDU= =@ =Q xOW xO=O T} QD=t
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u=v}tQDO l} |OOa |@=} RQ= 3�3 177

T} QD=t u=v}tQDO Q=Okt QO |Q}}eD pta u}= 's}vm|t xi=[= Qo}O Q]U x@ =Q Q]U l} R= |@} Q[ �1
"OyO|tv O}OH

OW=@ 1 Q]U wO xrY=i |va} OvW=@ |r=wDt Q]U wO Qo = CQwY u}= QO 'Qo}Om} =@ Q]U wO Z} waD �2
|=Q@ "CU= x}rw= u=v}tQDO Q@=Q@ (�1)k pY=L u=v}tQDO OW=@ k Q]U wO xrY=i Qo = |rm Cr=L QO =} w
u=v}tQDO Q@=Q@ pY=L T} QD=t u=v}tQDO s}vm Z} waD Qo}Om} =@ =Q swU Q]U w pw= Q]U s}y=wN@ Qo = p=Ft
Q@=Q@ �1 pY=L T} QD=t u=v}tQDO s}vm Z} waD =Q sQ=yJ w pw= Q]U s}y=wN@ Qo = w CU= x}rw= T} QD=t

"CU= x}rw= T} QD=t u=v}tQDO
|wQ |=yx}=QO ?Q[pY=L Q@=Q@ =} =yQ]U Z} waD O=OaD x@ xDU@ x}rw= T} QD=t u=v}tQDO VwQ u}= =@

"OyO|t u=Wv =Q Q=m VwQ Q} R p=Ft "OW=@|t Q=Okt u}= |ivt =} w pY=L |FrFt T} QD=t |rY= Q]k

"O}vm x@U=Lt =Q Q} R T} QD=t u=v}tQDO %2 p=Ft2664 2 4 1
�2 �5 4
4 9 10

3775

%CW=O s}y=wN q=@ sD} Qwor= R= xO=iDU= =@ %pL��������
2 4 1
�2 �5 4
4 9 10

�������� =
R2+R1

R3+(�2)R1

��������
2 4 1
0 �1 5
0 1 8

��������
=

R3+R2

��������
2 4 1
0 �1 5
0 0 13

�������� = 2� (�1)� 13 = �26

"O}vm x@U=Lt =Q Q} R u=v}tQDO %3 p=Ft�����������
1 0 2 1
2 �1 1 0
1 0 0 3
�1 0 2 1

�����������
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178 =yu=v}tQDO 3 pYi

%CW=O s}y=wN q=@ sD} Qwor= |Q}oQ=m x@ =@ %pL�����������
1 0 2 1
2 �1 1 0
1 0 0 3
�1 0 2 1

�����������
=

R2+(�2)R1
R3�R1
R4+R1

�����������
1 0 2 1
0 �1 �3 �2
0 0 �2 2
0 0 4 2

�����������
=

R4+2R3

�����������
1 0 2 1
0 �1 �3 �2
0 0 �2 4
0 0 0 6

�����������
= 1� (�1)� (�2)� 6 = 12

p=Ft s}vm Zwa Qo}Om} =@ =Q Q]U wO |=H xm CU= sRq |y=o q=@ |FrFt T} QD=t uOQw; CUO x@ |=Q@
u=v}tQDO s}vm|t Zwa Qo}Om} =@ =Q |r=wDt Q]U wO xm u=tR Qy Cr=L u}= QO CU= OQ=wt u}= R= |m} Q} R

"OW Oy=wN |r@k T} QD=t u=v}tQDO |ivt Q@=Q@ pta u}= R= pY=L T} QD=t
%O} Qw; CUO x@ =Q Q} R u=v}tQDO %4 p=Ft��������

1 �2 4
�1 2 �5
2 �2 11

��������
%pL��������

1 �2 4
�1 2 �5
2 �2 11

�������� =
R2+R1

R3+(�2)R1

��������
1 �2 4
0 0 �1
0 2 3

��������
=Q swO Q]U CQwY u}= QO OW=@ QiYQ}e O}=@ swO uwDU w swO Q]U x}=QO xm OwW|t T=UL= =H u}= QO

%s} Qw;|t CUO x@ =Q u=v}tQDO Q} R CQwY x@ w xOQm Z} waD swU Q]U =@

=
R2!R3

(�1)

��������
1 �2 4
0 2 3
0 0 �1

�������� = (�1)� 1� 2� (�1) = 2

QO OW=@ QiY R}v QiY u}= x@ \w@ Qt uwDU Q} R |=yx}=QO s=tD w OW=@ QiY Q]k R= |w[a |=xrLQt QO Qo =
CQwY u}= QO OQ=Ov OwHw s}yO Q=Qk Q]k QO |QiYQ}e x}=QO Q]U wO Z} waD =@ xm u}= u=mt= CQwY u}=
"OQ=O OwHw QiY u; |rY= Q]k |wQ xm Ow@ Oy=wN |U} QD=t '|Q]U C=}rta R= pY=L |FrFt q=@ T} QD=t
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u=v}tQDO l} |OOa |@=} RQ= 3�3 179

R= |=xvwtv Q} R p=Ft "Ow@ Oy=wN QiY T} QD=t u}= u=v}tQDO w CU= xH}Dv|@ QDW}@ C=}rta CQwY u}= QO
"CU= Cr=L u}=

"O}vm x@U=Lt =Q Q} R u=v}tQDO %5 p=Ft�����������
1 �1 0 2
�1 1 2 3
2 �2 3 4
6 �6 5 1

�����������
s} Q=O %pL�����������

1 �1 0 2
�1 1 2 3
2 �2 3 4
6 �6 5 1

�����������
=

R2+R1
R3+(�2)R1
R4+(�6)R1

�����������
1 �1 0 2
0 0 2 5
0 0 3 0
0 0 5 �11

�����������
= 0

"CU= QiY R}v u; Q} R |=yx}=QO s=tD w CU= QiY Q]k x}=QO

u} QtD 1�3�3
"O} Qw; CUO x@ =Q Q} R |FrFt |=yT} QD=t u=v}tQDO �1

26641 2 3
0 4 5
0 0 6

3775 ;
26642 0 0
1 �3 0
1 1 5

3775 ;
2666664
1 �2 3 �4
0 3 0 3
0 0 2 7
0 0 0 5

3777775 ;2666664
3 1 0 5
0 �2 1 1
0 0 5 4
0 0 0 3

3777775 ;
2666664
1 1 1 1
0 2 2 2
0 0 0 3
0 0 0 4

3777775
"O} Qw; CUO x@ =Q Q} R 3� 3 |=yT} QD=t u=v}tQDO |Q]U C=}rta R= xO=iDU= =@ �22664 1 0 �1

2 1 2
�1 1 1

3775 ;
2664 1 �2 3
�1 2 1
2 1 3

3775 ;
2664 2 3 8
�2 �3 4
4 6 �2

3775 ;
2664 2 �1 4
�2 1 �3
0 3 �2

3775 ;
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180 =yu=v}tQDO 3 pYi

26642 4 1
0 0 3
0 1 2

3775 ;
26640 4 1
1 2 3
4 1 5

3775 ;
26642 �1 6
0 0 1
0 0 2

3775 ;
%O} Qw; CUO x@ =Q Q} R 4� 4 |=yU} QD=t u=v}tQDO '|Q]U C=}rta R= xO=iDU= =@ �32666664

�1 2 0 1
1 1 �1 0
2 1 1 0
�1 �1 0 1

3777775 ;
2666664
�1 1 2 1
1 �1 3 �1
2 �2 3 1
1 �1 0 1

3777775 ;
2666664

2 1 3 1
�2 3 �1 2
2 1 2 3
�4 �2 0 1

3777775
"jInj = 1 O}vm C@=F 'CU= OL=w n� n T} QD=t In �4

"jAjjA�1j = 1 x=ov; OW=@ Q}PBTwmat A T} QD=t Qo = O}yO u=Wv �5
"OW=@|t T} QD=t u; Q]k |=yx}=QO ?Q[ pY=L Q@=Q@ |Q]k T} QD=t l} u=v}tQDO O}vm C@=F �6

"CU= T} QD=t u; Q]k |=yx}=QO ?Q[pY=L Q@=Q@ |FrFt u}}=B T} QD=t l} u=v}tQDO O}vm C@=F �7
%O}yO u=Wv �8

"jAj = �1 x=ov; 'A = A�1 Qo = �hr=
"jAj = �1 x=ov; At = A�1 Qo = �?

"jA�1j 6= 0 Qo =\kiwQo = jAj 6= 0 'O}vm C@=F OW=@ T} QD=t l} A Qo = �9
"jBj 6= 0 w jAj 6= 0 'xm O}yO u=Wv AB = In w n� n T} QD=t wO B w A Qo = �10

"CU= |Q]k T} QD=t l} uQ=kDt |FrFt T} QD=t Qy O}vm C@=F �11

|]N CqO=at x=oDUO w T} QD=t Twmat '=yu=v}tQDO 4�3
x@ w s}=xOQm EL@ =Q u; x@U=Lt hrDNt |=yVwQ w xOQm h} QaD =Q u=v}tQDO swyit |r@k |=yVN@ QO
OQwt QO Ov=wD|t u=v}tQDO swyit xvwoJ xm s}v}@@ s}y=wN|t =H u}= QO s}=xOvmi= Q_v R}v u; |Q@H X=wN
|]N CqO=at x=oDUO pL OQwt QO |D=aq]= Ov=wD|t xvwoJ w Ovm ltm =t x@ T} QD=t l} Twmat

"OyO x}=Q=
x@ G=}DL= OQw; CUO x@ =Q OQivt=v T} QD=t l} Twmat u; R= u=wD@ xm |rwtQi uOQw; CUO x@ |=Q@

%O};|t Q} R QO xm s} Q=O |Q=R@= |iQat
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s=i Q]U x}=QO xm |U} QD=t 'OW=@ aij x}=QO xR=Uty Cij w n � n |U} QD=t A O}vm ZQi %h} QaD
|k=Lr= T} QD=t =Q T} QD=t u}= xO=yv=QD w OwW|t xO}t=v A R=Uty T} QD=t OW=@ Cij u; s=j uwDU w

%s}yO|t u=Wv adj(A) =@ =Q u; w s}�wo|t2666664
C11 C12 : : : C1n
C21 C22 : : : C2n

...
...

...

Cn1 Cn2 : : : Cnn

3777775
2666664
C11 C12 : : : C1n
C21 C22 : : : C2n

...
...

...

Cn1 Cn2 : : : Cnn

3777775
t

A R=Uty T} QD=t A |k=Lr= T} QD=t
"O} Qw; CUO x@ =Q Q} R T} QD=t |k=Lr= w R=Uty T} QD=t %1 p=Ft

A =

2664 1 3 0
�1 2 1
1 �1 2

3775
%pL

C11 =

" 2 1
�1 2

#
= 5 C12 =

"�1 1
1 2

#
= 3 C13 =

"�1 2
1 �1

#
= �1

C21 =

" 3 0
�1 2

#
= �6 C22 =

"1 0
1 2

#
= 2 C23 =

"1 3
1 �1

#
= 4

C31 =

"3 0
2 1

#
= 3 C32 = �

" 1 0
�1 1

#
= �1 C33 =

" 1 3
�1 2

#
= 5

%R= CU= CQ=@a R=Uty T} QD=t CQwY u}= QO2664 5 3 �1
�6 2 4
3 �1 5

3775
%R= CU= CQ=@a CU= jwi T} QD=t xO=yv=QD xm |k=Lr= T} QD=t w

adj(A) =

2664 5 �6 3
3 2 �1
�1 4 5

3775
"OyO|t x}=Q= pwtQi CQwY x@ =Q OQivt=v T} QD=t l} Twmat Q} R -x}[k
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Q}PBTwmat A CQwY u}= QO 'jAj 6= 0 xm CU= |a@ Qt |U} QD=t A O}vm ZQi %x}[k 1�4�3
%R= CU= CQ=@a u; Twmat w xOw@

A�1 =
1
jAj adj(A)

u; s=j uwDU w s=i Q]U x}=QO =Q bij w O} Q}o@ Q_vQO =Q A: adj(A) |@ Q[ pY=L T} QD=t %C=@F=
%CQwY u}= QO O}vm ZQi

bij = As=i Q]U � adj(A) s=j uwDU

= [ai1 ai2 : : : ain]

2666664
cj1
cj2
...

cjn

3777775
= ai1cj1 + ai2cj2 + � � �+ aincjn

|U} QD=t u=v}tQDO \U@ bij OW=@ i 6= j Qo = w CU= s=i Q]U |wQ jAj \U@ bij x=ov; i = j Qo = p=L
|=Q=O xm |U} QD=t |va} "CU= xOt; CUO x@ s=i Q]U QO A T} QD=t Q]U u}t=j |v} Ro}=H R= xm CU=

TB "CU= QiY |U} QD=t u}vJ l} u=v}tQDO Kw[w x@ w CU= Q@=Q@ Q]U wO

bij =

8>><>>:jAj; i = j Qo =
0; i 6= j Qo =

|Q}oQwDm =i =@ "OW=@|t jAj u; Q]k |=yx}=QO s=tD xm |Q]k CU= |U} QD=t A: adj(A) T} QD=t u}=Q@=v@
u}=Q@=v@ "O};|tQO jAjIn CQwY x@ T} QD=t u}= jAj OOa R=

A: adj(A) = jAjIn:

"s}U} wv@ Q} R CQwY x@ s}v=wD|t =Q q=@ xrO=at jAj 6= 0 s}v=O|t uwJ w

A:(
1
jAj adj(A)) = In

xm O=O u=Wv u=wD|t x@=Wt j} Q] x@
(

1
jAj adj(A)):A = In
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� "OOQo|t C@=F x}[k w A�1 = 1jAj adj(A) u}=Q@=v@
OQ=Po|t Q=}DN= QO OQivt=v |a@ Qt T} QD=t Qy x@U=Lt |=Q@ |rwtQi xm CU= u}= QO x}[k u}= C}ty=
VwQ OW |iQat p@k pwYi QO uOQH � Two sD} Q=or= "Ow@ Oy=wN O}it |Q_v s}y=it VQDUo |=Q@ xm
VwQ xm OvJ Qy O=O|t x}=Q= XwYN@ T} QD=t l} Twmat x@U=Lt |=Q@ pwtQi u}= x@ C@Uv =Q |QD=Q=m

"CiQo Q=m x@ |y=wNrO T} QD=t Qy Twmat x@U=Lt |=Q@ u=wD|tv =Q uOQH � Two |iPL
|}=yu=ty ,=k}kO OQivt=v |=yT} QD=t xm OQ=O|t u=}@ CUq=@ x}[k ptmt `k=w QO xm Q} R |x}[k

"OvQ}PBTwmat xm OvDUy

"jAj 6= 0 Qo =\kiwQo = CU= Q}PBTwmat A 'n� n |a@ Qt T} QD=t l} %x}[k 2�4�3

=@ w jAA�1j = jInj xH}Dv QO AA�1 = In CQwY u}= QO CU= Q}PBTwmat A O}vm ZQi %C=@F=
"jAj 6= 0 u}=Q@=v@ w jAjj �Aj = 1 u=v}tQDO X=wN R= xO=iDU=

"CU= Q}PBTwmat A 1�4�3 x}[k Q@=v@ 'jAj 6= 0 s}vm ZQi Tmar=@

"OvQ}PBTwmat Q} R |=yT} QD=t R= l}t=Om xm O}vm XNWt u=v}tQDO swyit OQ@ Q=m =@ %2 p=Ft

A =

"2 1
2 2

#
; B =

"3 �1
� 2

#
; C =

26642 4 �3
4 12 �7
2 0 �2

3775 ; D =

26641 2 3
4 5 6
7 8 0

3775
xm uwJ CU= Q}PBTwmat A "jCj = 0 =Q} R CU}v Q}PBTwmat w CU= OQivt C %pL

"jAj = 2 6= 0
"jBj = 0 CU}v Q}PBTwmat w CU= OQivt B "jDj = 27 6= 0 =Q} R CU= Q}PBTwmat D

"O} Qw; CUO x@ =Q Q} R T} QD=t Twmat 'T} QD=t l} Twmat pwtQi R= xO=iDU= =@ %3 p=Ft

A =

2664 1 3 0
�1 2 1
1 �1 2

3775
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184 =yu=v}tQDO 3 pYi

adj(A) "CU= Q}PBTwmat ATB jAj = 14 xm s}v}@|t T} QD=t u}= u=v}tQDO x@U=Lt =@ %pL
%R= CU= CQ=@a w CU= xOW u}at 1 p=Ft QO ,q@k

adj(A) =

2664 5 �6 3
3 2 �1
�1 �4 5

3775
%s} Q=O xH}Dv QO

A�1 =
1
14 adj(A) =

2664 514 � 614 314
314 214 � 114
� 114 414 514

3775
x=oDUO u; ?}=Q[ T} QD=t =@ =Q pwyHt n w xrO=at n x=oDUO l} ?=wH |}=Dm} OwHw u}@=t x]@=Q p=L

"s}vm|t |UQQ@

jAj 6= 0 Qo = "OW=@ xrO=at n =@|rwyHt n 'xrO=at x=oDUOl}AX = b s}vm ZQi %x}[k 3�4�3
CU= umtt x=oDUO jAj = 0 xm |DQwY QO OQ=O OwHw x=oDUO u}= |=Q@ OQi@ QYLvt ?=wH l} x=ov;

"OW=@ ?=wH C}=yv|@ |=Q=O =} w OW=@ xDW=Ov |@=wH I}y
CQ=@a OQi@ QYLvt ?=wH 3�4�3 x}[k j@] w OQ=O OwHw A�1 '4�3 x}[k j@] jAj 6= 0 Qo = %C=@F=

R= Ow@ Oy=wN
X = A�1b

sQi T} QD=t XwYN@ w OwW pY=L A T} QD=t R= |Q]U C=}rta =@ xm |U} QD=t Qy jAj = 0 Qo =
x=oDUO ?=wH TB CU}v In Q@=Q@ A |v=mrB sQi u}=Q@=v@ "�2�3� OW=@ QiY u=v}tQDO |=Q=O O}=@ A |v=mrB
� "CU}v =Dm} AX = b CqO=at
umtt xm s}vm|t x_Lqt CU= OQivt u=W?}=Q[ T} QD=t xm Q} R CqO=at x=oDUO wO x}=Q= |] %4 p=Ft

"OW=@ ?=wH C}=yv|@ |=Q=O =} w OW=@ xDW=Ov |@=wH x=oDUO ẁv u}= CU=

x1 � 2x2 + 3x3 = 1 x1 + 2x2 + 3x3 = 3
3x1 � 4x2 + 5x3 = 3 2x1 + x2 + 3x3 = 3
2x1 � 3x2 + 4x3 = 2 x1 + x2 + 2x3 = 0
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%R= OvDQ=@a xm OQ=O ?=wH C}=yv|@ swO uwDU w OQ=Ov ?=wH pw= uwDU

x3 = r x2 = 2r x1 = r + 1; r 2 R

#xv =} CU= OQi@ QYLvt ?=wH |=Q=O Q} R xrO=at x=oDUO =}; xm O}vm XNWt %5 p=Ft8>>>>>><>>>>>>:
3x1 + 3x2 � 2x3 = 2
4x+ x2 + 3x3 = �5
7x1 + 4x2 + x3 = 9

xm s}v}@|t w s}vm|t x@U=Lt =Q x=oDUO u}= ?}=Q[ T} QD=t u=v}tQDO %pL��������
3 3 �2
4 1 3
7 4 1

�������� = 0

"CU}v OQi@ QYLvt |@=wH |=Q=O q=@ xrO=at x=oDUO u}=Q@=v@
n w xrO=at n =@ |y=oDUO pL |=Q@ w CU= swUwt Qt=Qm xOa=k x@ xm s}vm|t |iQat =Q |WwQ p=L
|=Q=O CyH u}O@ |Q_v ^=Lr R= xOa=k u}= "CU= OQi@ QYLvt ?=wH l} |=Q=O xm OwQ|t Q=m x@ pwyHt

"OyO|t CUO x@ CqO=at |=yy=oDUO pL |=Q@ |rwtQi xm CU= C}ty=

n w xrO=at n =@ xrO=at n =@ |y=oDUO AX = b s}vm ZQi %�Qt=Qm xOa=k� x}[k 4�4�3
\UwD xm CU= OQi@ QYLvt |@=wH |=Q=O x=oDUO CQwY u}= QO jAj 6= 0 xm |Qw] x@ CU= pwyHt

%OwW|t x}=Q= Q} R pwtQi

x1 =
jA1j
jAj ; x2 =

jA2j
jAj ; : : : xn =

jAnj
jAj

"CU= xOt; CUO x@ B xr}Uw x@ A s=i uwDU |v} Ro}=H =@ xm CU= |U} QD=t Ai 'i Qy |=R= x@ xm

"CU= OQi@ QYLvt ?=wH |=Q=O jwi x=oDUO jAj 6= 0 xm =Hv; R= %C=@F=
X = A�1b =

1
jAj adj(A)b

www.iedoc.ir



186 =yu=v}tQDO 3 pYi

%Ow@ Oy=wN Q} R CQwY x@ X w[a u}t=i 'xi xm |Qw] x@
xi =

1
jAj [adj(A)s=i Q]U]� b

=
1
jAj [C1i; C2i; : : : ; Cni]

2666664
b1
b2
...

bn

3777775
=

1
jAj (b1C1i + b2C2i + � � �+ bnCni)

u}=Q@=v@ w u; s=i uwDU ?ULQ@ jAij R=Uty \U@ R= CU= CQ=@a RDv=QB pN=O CQ=@a
xi =

jAij
jAj

%O}vm pL =Q Q} R xrO=at x=oDUO Qt=Qm xOa=k R= xO=iDU= =@ %6 p=Ft
x1 + 3x2 + x3 = �2

2x1 + 5x2 + x3 = �5
x1 + 2x2 + 3x3 = 6

%OvDUy Q} R CQwY x@ C@=F Q}O=kt T} QD=t b T} QD=t w ?}=Q[ T} QD=t A T} QD=t %pL

A =

26641 3 1
2 5 1
1 2 3

3775 ; b =

2664�2
�5
6

3775
"CiQo Q=m x@ u=wD|t =Q Qt=Qm xOa=k xH}Dv QO w jAj = �3 6= 0 xm O=O u=Wv |v=U; x@ u=wD|t

A1 =

2664�2 3 1
�5 5 1
6 2 3

3775 A2 =

26641 �2 1
2 �5 1
1 6 3

3775 A3 =

26641 3 �2
2 5 �5
1 2 6

3775
Qt=Qm xOa=k CQwY u}= QO w "jA3j = �9 'jA2j = 6 'jA1j = �3 xm s}v}@|t xO=U |=x@U=Lt =@ xm

%Ovm|t XNWt Q} R CQwY x@ =Q CqwyHt

x1 =
jA1j
jAj =

�3
�3 = 1 x2 =

jA2j
jAj =

6
�3 = �2 x3 =

jA3j
jAj =

�9
�3 = 3
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|]N CqO=at x=oDUO w T} QD=t Twmat '=yu=v}tQDO 4�3 187

"x3 = 3 w x2 = �2 'x1 = 1 R= CU= CQ=@a OQi@ QYLvt ?=wH w
|rw OQ=BU@ Q]=N x@ hrDNt CqO=at x=oDUO u}OvJ pL =@ =Q Qt=Qm xOa=k wHWv=O xm CU= syt Q=}U@
|=Q=O xm OwQ|t Q=m x@ |DqO=at x=oDUO pL |=Q@ \ki Qt=Qm xOa=k xm CU= |QwQ[,qt=m xDmv u}= Q@ O}m -=D
xO=iDU= Qt=Qm xOa=k R= ,qwtat CqO=at x=oDUO l} pL |=Q@ pta QO xD@r= "OvDUy OQi@ QYLvt ?=wH
x=oDUO l} pL |=Q@ Ov=xOW |iQat 1�9 VN@ QO xm Two |iPL VwQ w uOQH � Two VwQ "OwW|tv
pwyHt n w xrO=at n =@ CqO=at x=oDUO l} pL |=Q@ xm O}v=O@ CU= ?r=H "OvDUy QDOt;Q=m CqO=at
QO Ovm|t xO=iDU= `tH pta 13n3 + 12n2� 56n w ?Q[ pta 13n3 +n2� 13n R= Two |iPL VwQ
13n4 + 13n3 + 23n2� 13n�1 Qt=Qm VwQ =@ |=xrO=at x=oDUO u}vJ l} pL |=Q@ Q}O=kt u}= xm |r=L
l} pL |=Q@ xm CU=vat u=O@ u}= "OW=@|t `tH pta 13n4 � 16n3 � 13n2 + 16n w ?Q[ pta
?Q[ pta 26 w ?Q[ pta 36 Two |iPL xOa=k VwQ x@ pwyHt 4 w xrO=at 4 =@ CqO=at x=oDUO
w ?Q[ pta 115 =@ ?}DQD x@ Qt=Qm xOa=k VwQ x@ x=oDUO u}ty w OwW|t xDiQo Q=m x@ `tH pta 26 w
xO=iDU= uOQH � Two |iPL VwQ R= xm OvyO|t K}HQD =yQDw}Bt=m xH}Dv QO "OOQo|t pL `tH pta 70

$Ovvm
AX = b pwyHt n w xrO=at n =@ |]N CqO=at x=oDUO l} pL xm OyO|t xH}Dv 8�2 |x}[k
s}v}@|t O} Q}o@ Q_vQO =QAX = 0 uoty x=oDUO "jAj 6= 0 Qo =\kiwQo =CU= OQi@ QYLvt |@=wH |=Q=O
u}= R= xm OW=@ Q=Qk Qo = s}t=v|t |y}O@ ?=wH l} =Q ?=wH u}= 'CU= x=oDUO u}= ?=wH l} X = 0 xm
"jAj = 0 O}=@ �O};|t V}B `k=wt ?re= QO xm Qw] u=ty� s}W=@ xDW=O |y}O@ Q}e ?=wH Q=_Dv= x=oDUO

"CU= Cr=L u}= R= |=xvwtv Q} R p=Ft
|=R=x@ w OW=@ |y}O@ Q}e ?=wH |=Q=O Q} R xrO=at x=oDUO xm O} Qw; CUO x@ |Qw] =Q � Q}O=kt %7 p=Ft

"O} Qw; CUO x@ =Q |y}O@ Q}e |=y@=wH '� Qy

(�+ 2)x1 + (�+ 4)x2 = 0
2x1 + (�+ 1)x2 = 0

w x1 = 0 |y}O@ ?=wH u}=Q@=v@ w CU= uoty |]N CqO=at x=oDUO l} q=@ x=oDUO %pL
u}= ?}=Q[ T} QD=t u=v}tQDO Qo = xm OQ=O|t u=}@ 8�3 x}[k "CU= x=oDUO u}= ?=wH l} x2 = 0
x=oDUO u}= u=v}tQDO TB OW=@ xDW=O R}v |y}O@ Q}e ?=wH x=oDUO u}= CU= umtt OW=@ QiY Q@=Q@ x=oDUO
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188 =yu=v}tQDO 3 pYi

%s}yO|t Q=Qk QiY Q@=Q@ =Q������+ 2 �+ 4
2 �+ 1

����� = 0

(�+ 2)(�+ 1)� 2(�+ 4) = 0
�2 + �� 6 = 0 =) (�� 2)(�+ 3) = 0

Q} R CQwY x@ xrO=at � = �3 |=Q@ '� = 2 =} w � = �3 Qo = CU= QiY ?}=Q[ u=v}tQDO u}=Q@=v@
"Ow@ Oy=wN

�x1 + x2 = 0
2x1 � 2x2 = 0

xrO=at x=oDUO � = 2 Qo = u}vJsy "CU= ?=wH l} x1 = r w x2 = r 'r |k}kL OOa Qy |=R=x@ xm
%s} Qw;|t CUO x@ =Q Q} R

4x1 + 6x2 = 0
2x1 + 3x2 = 0

"CU= x1 = r w x2 = 23r ?=wH |=Q=O r |k}kL OOa Qy |=R=x@ R}v x=oDUO u}=

u} QtD 1�4�3
"OvQ}PBTwmatl} s=Om O}vmu}}aD 'Q} R|=yT} QD=tTwmat x@U=LtuwO@ u=v}tQDO swyit R= xO=iDU= =@ �1" 3 �1

�6 2
#

�O
"1 2
3 4

#
�G

"1 3
2 6

#
�?

"2 3
1 �3

#
�hr=26642 3 1

0 0 �1
0 0 3

3775 �K
26641 2 �1
0 3 4
0 0 7

3775 �R
"3 0
0 3

#
�w

"1 4
4 1

#
�y26641 0 0

2 0 0
3 4 �1

3775 �|
26642 0 0
1 �1 0
3 3 1

3775 �\
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l} s=Om O}vm u}}aD Q} R |=yT} QD=t Twmat x@U=Lt uwO@ w u=v}tQDO swyit R= xO=iDU= =@ �2
"OvQ}PBTwmat26641 1 1

2 2 2
3 5 3

3775 �O '
26641 2 �1
7 7 2
5 3 4

3775 �G '
26641 3 1
3 1 3
0 2 0

3775 �? '
26643 2 �1
4 3 0
3 1 1

3775 �hr=

OvDUy Q}PBTwmat xm =Q |}=yv; Twmat w OvQ}PBTwmat Q} R |=yT} QD=t R= l} s=Om O}vm u}}aD �3
"O} Qw; CUO x@"1 2

0 1
#

�O '
" 3 �1
�6 2

#
�G '

"5 1
3 4

#
�? '

"1 4
3 2

#
�hr=

OvDUy Q}PBTwmat xm =Q |}=yv; Twmat w OvQ}PBTwmat Q} R |=yT} QD=t R= l} s=Om O}vm u}}aD �4
"O} Qw; CUO x@26641 2 3

3 2 1
4 4 4

3775 �O '
2664 1 4 1
�2 5 6
0 13 8

3775 �G '
26643 �1 2
2 1 0
0 1 1

3775 �? '
26643 4 1
1 0 5
2 0 �2

3775 �hr=

"O}vm pL =Q Q} R CqO=at x=oDUO Qt=Qm xOa=k R= xO=iDU= =@ �5
x1 � x2 = 2 'x1 + 2x2 = 11 �hr=
2x1 + x2 = 15 'x1 � 5x2 = 2 �?

2x1 + 3x2 = 1 '3x1 + 2x2 = 0 �G
"O}vm pL =Q Q} R CqO=at x=oDUO Qt=Qm xOa=k R= xO=iDU= =@ �6

x1 + 3x2 � x4 = 9 �? x1 + 2x2 � x3 = 0 �hr=
2x1 � x2 � x3 = 5 3x1 + 2x2 + x3 = 8
x1 � 2x2 = 0 x1 � x2 + 2x3 = 6

8x1 � 2x2 + x3 = 1 �O x1 + x2 � x3 = 20 �G
2x1 � x2 + 6x3 = 3 2x1 + 5x2 + 2x3 = 0
6x1 + x2 + 4x3 = 3 3x1 + 4x2 + 2x2 = 0

?=wH |=Q=O x=oDUO s=Om O}vm XNWt Q} R CqO=at x=oDUO ?}=Q[ T} QD=t u=v}tQDO x@U=Lt =@ �7
"CU= OQi@ QYLvt

�6x1 + 4x2 = 3 '3x1 � 2x2 = 1 �hr=
x1 � 2x2 = 5 'x1 + 2x2 = 0 �?
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190 =yu=v}tQDO 3 pYi

�3x1 + 3x2 = �6 'x1 � x2 = 2 �G
?=wH |=Q=O x=oDUO s=Om O}vm XNWt Q} R CqO=at x=oDUO ?}=Q[ T} QD=t u=v}tQDO x@U=Lt =@ �8

"CU= OQi@ QYLvt
x1 � 2x2 + 3x3 = 0 �G x1 + x2 + x3 = 0 �? x1 + x2 � 3x3 = 2 �hr=
x1 � x3 = 1 x1 � x2 � x3 = 1 �x1 + x2 � 5x3 = 1
2x1 � 4x2 + 6x3 = 0 2x1 + 3x2 + 5x3 = 4 4x1 � 2x2 + 1:x3 = �2
|=� u}vJ l} |=R=x@ "CU= |y}O@ Q}e ?=wH |=Q=O Q} R CqO=at x=oDUO � R= |Q}O=kt xJ |=R=x@ �9

"O} Qw; CUO x@ =Q x=oDUO |y}O@ Q}e |=y@=wH

(1� �)x1 + 6x2 = 0
5x1 + (2� �)x2 = 0

|=� u}vJ l} |=R=x@ "CU= |y}O@ Q}e ?=wH |=Q=O Q} R CqO=at x=oDUO � R= |Q}O=kt xJ |=R=x@ �10
"O} Qw; CUO x@ =Q x=oDUO |y}O@ Q}e |=y@=wH

(�� 3)x1 � 8x2 = 0
2x1 + (�+ 5)x2 = 0

|=� u}vJ l} |=R=x@ "CU= |y}O@ Q}e ?=wH |=Q=O Q} R CqO=at x=oDUO � R= |Q=Okt xJ |=R=x@ �11
"O} Qw; CUO x@ =Q x=oDUO |y}O@ Q}e |=y@=wH

(5� �)x1 + 4x2 + 2x3 = 0
4x1 + (5� �)x2 + 2x3 = 0
2x1 + 2x2 + (2� �)x3 = 0

x=oDUO u}= O}vm C@=F "OW=@ pwyHt n w xrO=at n =@ CqO=at x=oDUO l} AX = �X O}vm ZQi �12
"jA� �Inj = 0 Qo =\kiwQo = CU= |y}O@ Q}e |=y@=wH |=Q=O

"CU= uQ=kDt R}v adj(A) x=ov; OW=@ uQ=kDt |a@ Qt T} QD=t A Qo = xm O}yO u=Wv �13
"CU}v Q}PBTwmat R}v adj(A) OW=@v Q}PBTwmat A |a@ Qt T} QD=t Qo = xm O}yO u=Wv �14
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|]N CqO=at x=oDUO w T} QD=t Twmat '=yu=v}tQDO 4�3 191

Twmat w xOw@ Q}PBTwmat R}v adj(A) OW=@ Q}PBTwmat A |a@ Qt T} QD=t Qo = xm O}yO u=Wv �15
%CU= Q} R CQwY x@ u;

(adj(A))�1 =
1
jAjA

"(adj(A))�1 = adj(A�1) O}yO u=Wv OW=@ Q}PBTwmat |a@ Qt T} QD=t A Qo = �16
OW=@ Q}PBTwmat AB xm |Qw] x@ OvW=@ n� n |=yT} QD=t wO Qy B w A Qo = xm O}yO u=Wv �17

"CU= K}LY ?r]t u}= Tma =}; "OvQ}PBTwmat wO Qy B w A x=ov;
"CU= |FrFtq=@ R}v A�1 OW=@ |FrFtq=@ w A Q}PBTwmat T} QD=t Qo = xm O}yO u=Wv �18

u}= QO jAj = �1 w OvDUy K}LY OOa u; |=yx}=QO s=tD xm OW=@ |a@ Qt T} QD=t A O}vm ZQi �19
"OvDUy K}LY O=Oa= R}v A�1 |=yx}=QO O}vm C@=F CQwY

\ki xm |Qw] x@ OW=@ pwyHt n w xrO=at n =@ uoty CqO=at x=oDUO AX = 0 O}vm ZQi �20
|y}O@ ?=wH |=Q=O \ki R}v AkX = 0 'k |a}@] OOa Qy |=R= x@ O}vm C@=F "OQ=O |y}O@ ?=wH

"CU=
pwyHt n w xrO=at n =@ |=yy=oDUO AX = b2 w AX = b1 CqO=at x=oDUO wO O}vm ZQi �21
CU= OQi@ QYLvt ?=wH |=Q=O AX = b1 O}vm C@=F "CU= A wO Qy ?}=Q[ T} QD=t xm OvW=@

"OW=@ OQi@ QYLvt ?=wH |=Q=O AX = b2 Qo =\kiwQo =
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Q=yJ pYi |Q=DiQ |=yhOy
|Q=OQ@ |=[i l} u=wva x@ Rn |iQat �

Rn |rm |=[i x@ u; |UOvy s}y=it s}taD w R3 w R2 xUOvy CN=vW �
Rn x@ \w@ Qt EL=@t QO |]N CqO=at |=yx=oDUO w =yT} QD=t s}y=it R= xO=iDU= �

pYi |Q=DiQ w |WRwt; |=yhOy
Ov=wD@ O}=@ pYi u}= xar=]t R= TB wHWv=O

"OyO K}[wD =Q =yv; |Q@H X=wN w xDN=vW =Q Rn |Q=OQ@ C}y=t �
"OyO x}=Q= |}=yp=Ft l} Qy |=Q@ w xOQm h} QaD =Q Q=OQ@ sQv w |vwDU Q=OQ@ '|Q]U Q=OQ@ s}y=it �

"O};Q@ u; C=@F= |xOya R= w xOQm u=}@ =Q RDQ=wW � |Wwm |w=Ut=v �
"Ovm h} QaD =Q Ot=aDt Q=OQ@ wO w xOQm h} QaD u; Twv}Um ?ULQ@ =Q Q=OQ@ wO u}@ x} w=R s}y=it �

"Ovm C=@F= w u=}@ Rn QO =Q TQwe=F}i x}[k w ErFt |w=Ut=v �
"Ovm xU}=kt sy =@ w xOQm QmP =Q xrY=i |=y|oS} w w sQv |=y|oS} w �

"OyO x}=Q= |}=yp=Ft u; |=Q@ w h} QaD =Q |]N p}O@D swyit �
"O}U} wv@ =Q |]N p}O@D l} T} QD=t pmW �

"OyO K}[wD =Q =yr=DmQi w |QDw}Bt=m l}i=Qo '|U} QD=t Cq}O@D �
"Ovm u=}@ |UOvy ^=Lr x@ =Q u; |=y|oS} w w xOQm h} QaD =Q OQivt=v Cq}O@D �

"OW=@ xDW=O |}=vW; w lQO Ca}@] QO =yr=DmQi |UOvy Q} w=YD R= �

192
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sQ=yJ pYi

Rn |Q=OQ@ |=[i
|=y=[i x@ xm s}vm|t |UQQ@ =Q |Oa@xU w |Oa@ wO |=y=[i OQ}o|t |UOvy C}y=t TQO CtUk u}= QO
Ovy=wN |UQQ@ u}= |=Q@ |WRQ==@ |=yQ=R@= |]N CqO=at x=oDUO w =yT} QD=t "OvwW|t QHvt |Oa@ n

"Ow@

=yQ=OQ@ Q@ xtOkt 1�4
'p=Ft u=wva x@ "OQ}o|t Q=Qk |UQQ@ OQwt C=YDNt sDU}U ?ULQ@ ,qwtat xLiY l} QO \=kv C}akwt
-x]kv "OwW |UQQ@ s�=k C=YDNt sDU}U R= xO=iDU= =@ Ov=wD|t xLiY QO x]kv Qy u=mt '1�4 pmW QO

"CU= (5; 3) -x]kv 'A

1�4 pmW
193
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194 Rn |Q=OQ@ |=[i 4 pYi

\UwD 'CyH w xrY=i "OW=@|t u; R= |v}at CyH QO w (0; 0) -=O@t R= |v}at -xrY=i x@ A 'xwqa x@
w xO}t=v u=mt Q=OQ@ =Q Q=OCyH \NxQ=B u}vJ "OwW|t XNWt A x@ O -=O@t R= \NxQ=B CyH w =R=QO
Q}@aD ẁv wO u}=Q@=v@ "OwW|t xO}t=v ~OA |=yDv= |x]kv A w =OD@= x]kv O "s}yO|t u=Wv ~OA =@ =Q u;
u=mt Q=OQ@ xm u; swO 'Ovm|t h} QaD xLiY QO =Q x]kv l} u=mt xm u}= |m} 'OQ=O OwHw (5; 3) |=Q@

"Ovm|t u=}@ =Q ~OA

"O}vm sUQ =Q ~OC = (�3; 4) w ~OB = (�5;�2) ' ~OA = (4; 1) |v=mt |=yQ=OQ@ %1 p=Ft
"O}v}@@ =Q 2�4 pmW

2�4 pmW
x@ xm O}W=@ xDW=O xHwD "s}yO|t u=Wv R2 =@ =Q |k}kL O=Oa= R= ?DQt |=yGwR |t=tD |xawtHt

"CU= C}ty= R�=L ?}DQD "CU}v (3; 5) Q=OQ@ u=ty (5; 3) p=Ft u=wva
wO u; |=Q@ xm O@=} xaUwD (2; 4; 3) Ovv=t |k}kL O=Oa= R= |}=D xU |=yx}=Q; x@ Ov=wD|t s}y=it u}=
x@ =} w x; y; z C=YDNt x=oDUO x@ C@Uv =[i xU QO x]kv l} u=mt u=wva x@ 'OwW u=}@ umtt Q}@aD
R= ?DQt |=y|}=DxU |t=tD -xawtHt "Ov=xOW xO=O u=Wv 3�4 pmW QO Q}@=aD u}= "u=mt Q=OQ@ l} u=wva

"s}yO|t u=Wv R3 =@ =Q |k}kL O=Oa=

3�4 pmW
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"s}yO|t C}rm Q} R h} QaD =@ =Q s}y=it u}= p=L

-xawtHt "OW=@ |k}kL OOa n R= |=xr=@vO (u1; u2; : : : ; un) s}vm ZQi %h} QaD 1�1�4
u2 '(u1; u2; : : : ; un) 'pw= xir-wt u1 "s}yO|t u=Wv Rn =@ w xO}t=v =[i �n =yxr=@vO u}vJ u}= |t=tD

"OwW|t xO}t=v ?}DQD u}ty x@ w swO -xirwt
C}ty= R= Q_vhQY 's} Qw;|t CUO x@ Rn |=Q@ n > 3 Cr=L QO xm =Q |vwvi w G}=Dv R= |Q=}U@
x@ \=kv u=wva x@ Ovv=wD|t Rn QY=va 'u}= OwHw =@ "Ow@ Ovy=wN |[=} Q O}it |=yQ=R@= '|UOvy s}kDUt
=t= 'CU= pmWt =[i �n QwYD 'n > 3 |=Q@ "OvwW xDiQo Q_v QO =[i �n QO |v=mt |=yQ=OQ@ u=wva
u; |=Q@ |UOvy �T=UL=� l} "OR=U@ VvyP QO |D=P Q} wYD l} Ovm |aU =D OwW|t j} wWD xOvv=wN
s}y=wN xaUwD Rn QO xm =Q |D=}[=} Q "Ovm|t QDu=U; xt=O= |=Q@ =Q |Q@H EL@ ?re= ODi=|t j=iD= xm xJ

"s}DUy =vW; u; =@ R3 w R2 QO xm OvQ}o|t C-=Wv |=xUOvy R= O=O
"OW=@ |k}kL O=Oa= Qov=Wv R xm s}vm ZQi 'KQ] u}= =@

(1; 2; 3; 4) p=Ft u=wva x@ "CU=|k}kL O=Oa= R=?DQt |w[a 4|=yxawtHt|t=tD -x}=OQoR4 %2 p=Ft
O=Oa= R= ?DQt |w[a 5 |=yxawtHt |t=tD -x}=OQo 'R5 "OvW=@|t R4 R= |}=yw[a (�1; 34 ; 0; 5) w

"OQ=O Q=Qk x}=OQo u}= QO (�1; 2; 0; 78 ; 9) p=Ft u=wva x@ w "CU= |k}kL
Rn R= w[a wO v = (v1; : : : ; vn) w u = (u1; : : : ; un) s}vm ZQi %h} QaD 2�1�4
OvDUy |w=Ut Rn w[a wO u}=Q@=v@ "un = vn': : : 'u1 = v1 Qo = OvDUy |w=Ut v w u s}} wo|t "OvW=@

"OvW=@ Q@=Q@ sy =@ =yu; Q_=vDt |=yxir-wt x=oQy

=yT} QD=t p=ta= x}@W 'Qr=mU= ?Q[ w `tH |=Q@ Q} R |=yh} QaD "s} R=U|t =QRn |Q@H Q=DN=U p=L
"OvDUy x@=Wt R}v |Q@H |=y|oS} w xm O}O s}y=wN u}vJsy "OvDUy

c w Rn w[a wO v = (v1; : : : ; vn) w u = (u1; : : : ; un) s}vm ZQi %h} QaD 3�1�4
%OwW|t h} QaD Q} R CQwY x@ Qr=mU= ?Q[ w `tH "OW=@ Qr=mU= l}

u+ v = (u1 + v1; : : : ; un + vn) %`tH
cu = (cu1; : : : ; cun) %Qr=mU= ?Q[
'QrmU= l} QO Rn R= |w[a ?Q[ |=Q@ w s}vm|t `tH sy =@ =Q Q_=vDt |=yxir-wt 'Rn w[a wO `tH QO
w OvDUy Rn QO xOt; CUO x@ QY=va xm O}W=@ xDW=O xHwD "s}vm|t ?Q[ Qr=mU= u=ty QO =Q xir-wt Qy
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196 Rn |Q=OQ@ |=[i 4 pYi

?Q[ w Q=wxir-wt `tH p=ta= =@ Rn "CU= xDU@ Qr=mU= ?Q[ w `tH p=ta= x@ C@Uv Rn xm s}} wo|t
"OvwW|t xO}t=v Q=OQ@ u; |=[a= w CU= |Q=OQ@ |=[i l} R= |r=Ft Qr=mU=
"CiQo s}y=wN Q_vQO |Q=OQ@ |=[i l} u=wva x@ =Q Rn 'Oa@ x@ u}= R=

w u+ v "OvW=@ R4 QO |}=yQ=OQ@ v = (�2;�3; 1; 0) w u = (�1; 4; 3; 7) s}vm ZQi %3 p=Ft
"O}@=}@ =Q 3u
%s} Q=O %pL

u+ v = (�1; 4; 3; 7) + (�2;�3; 1; 0) = (�3; 1; 4; 7)

3u = 3(�1; 4; 3; 7) = (�3; 12; 9; 21)

"OvW=@|t R4 |Q=OQ@ |=[i R= |}=yQ=OQ@ 'p=ta= R= l} Qy CLD pY=L |=yQ=OQ@ xm O}W=@ xDW=O xHwD
"s} Qw;|t u; p=ta= w =yQ=OQ@ u}= |UOvy Q}@aD u=}@ |=Q@ =Q |}=yp=Ft p=L

=Q (2; 3) w (4; 1) |=yQ=OQ@ `tH "Ovm|t u=}@ =Q =yQ=OQ@ `tH R= |UOvy |Q}@aD p=Ft u}= %4 p=Ft
%s} Q=O "O} Q}o@ Q_vQO

(4; 1) + (2; 3) = (6; 4)

Q]k '(6; 4) |va} Q=OQ@ wO `tH "s} Q}o|t Q_vQO |v=mt |=yQ=OQ@ CQwY x@ =Q =yQ=OQ@ u}= 4�4 pmW QO
"OW=@|t u; Qw=Ht `r[ wO (2; 3) w (4; 1) |=yQ=OQ@ xm CU= |aq[q=|R=wDt

4�4 pmW
|aq[q=|R=wDt Q]k 'u + v x=ov; 'OvW=@ |Q=OQ@ |=[i l} QO |}=yQ=OQ@ v w u Qo = |rm Cr=L QO
u=Wv |=Q@ (boldface) nvQQB hwQL R=� "O}v}@@ =Q 5�4 pmW "OwW|t h} QaD v w u \UwD xm CU=
u=Wv VwQ u}= �"OQm s}y=wN xO=iDU= =yQr=mU= uO=O u=Wv |=Q@ (plain) xO=U hwQL R= w =yQ=OQ@ uO=O

"CU= OvtOwU |Q=OQ@ |=y=[i |t=tD QO '=yQ=OQ@ `tH uO=O
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5�4 pmW

"O} Q}o@ Q_vQO =Q (3; 2) Q=OQ@ QO 2 OOa ?Q[ "CU= Qr=mU= ?Q[ R= |UOvy |Q}@aD p=Ft u}= %5 p=Ft
%s} Q=O

2(2; 3) = (6; 4)

pw] Q@=Q@ 2 u; pw] w xOw@ (3; 2) Q=OQ@ =@ CyHsy |Q=OQ@ (6; 4) xm s}vm|t x_Lqt 6�4 pmW QO
"CU= (3; 2) Q=OQ@

6�4 pmW

"CU= Q} R CQwY x@ |rm xH}Dv "OQ=O |oDU@ OOa Ctqa x@ ?Q[pY=L Q=OQ@ CyH
cu 'c < 0 Qo = w u Q=OQ@ =@ CyHsy cu 'c > 0 Qo = "OW=@ OOa l} c w Q=OQ@ l} u s}vm ZQi

"O}v}@@ =Q 7�4 pmW "CU= u Q=OQ@ pw] Q@=Q@ jcj 'cu Q=OQ@ pw] "OW=@|t u Q=OQ@ CyH hqN QO
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198 Rn |Q=OQ@ |=[i 4 pYi

7�4 pmW

xO=O u=Wv 0 =@ w xO}t=v Rn QiY Q=OQ@ 'OW=@|t QiY V=xir-wt n xm (0; 0; : : : ; 0) Q=OQ@ QiY Q=OQ@
|U=U= Vkv QiY Q=OQ@ xm OQm s}y=wN x_Lqt "OW=@|t R3 QiY Q=OQ@ (0; 0; 0) 'p=Ft |=Q@ "OwW|t

"CW=O Oy=wN |Q=OQ@ |=y=[i xaUwD QO
CU= |Q=OQ@ w OwW|t xO}t=v u xv} Qk 'OwW|t xDWwv �u CQwY x@ xm (�1)u Q=OQ@ %1xv} Qk Q=OQ@

"OW=@|t u CyH hqN QO u; CyH |rw u Q=OQ@ pw] =@ Q@=Q@ u; pw] xm

'R3 QO p=Ft |=Q@ "OQ}o|t CQwY Q_=vDt |=yxir-wt uOQm sm =@ Rn QY=va |wQ p[=iD %p[=iD
=@ CU= pO=at pta u}= xm O}vm xHwD " (5; 3;�6)� (2; 1; 3) = (3; 2;�9)

(5; 3;�6) + (�1)(2; 1; 3) = (3; 2;�9)

wO \ki "CU= �1 QO Qr=mU= ?Q[ w `tH R= |@}mQD xmr@ CU}v Rn |wQ |O}OH pta p[=iD u}=Q@=v@
"Qr=mU= ?Q[ w `tH 's} Q=O Rn |wQ pkDUt pta

"OvW=@ Qr=mU= d w c 'Rn QO |}=yQ=OQ@ w w v w u s}vm ZQi %x}[k 4�1�4
u + v = v + u �hr=

u + (v + w) = (u + v) + w �?
u + 0 = 0 + u = u �A

u + (�u) = 0 �C
c(u + v) = cu + cv �E
(c+ d)u = cu + du �G

1) Negative vector
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c(du) = (cd)u �I
1u = u �K

w =yQ=OQ@ Qr=mU= ?Q[ w `tH h} Q=aD R= xO=iDU= =@ w =yxir-wt ?ULQ@ =yQ=OQ@ uDWwv =@ G}=Dv u}= |DUQO
"s}vm|t u=}@ =Q A w hr= C=@F= "OwW|t |UQQ@ '|k}kL O=Oa= |=y|oS} w

CQwY u}= QO "v = (v1; : : : ; vn) w u = (u1; : : : ; un) s}vm ZQi
u + v = v + u :

u + v = (u1; : : : ; un) + (v1; : : : ; vn)

= (u1 + v1; : : : ; un + vn)

= (v1 + u1; : : : ; vn + un)

= v + u

c(u+ v) = cu+ cv;

c(u+ v) = c((u1; : : : ; un) + (v1; : : : ; vn))

= c((u1 + v1; : : : ; un + vn))

= (c(u1 + v1); : : : ; c(un + vn))

= (cu1 + cv1; : : : ; cun + cvn)

= (cu1; : : : ; cun) + (cv1; : : : ; cvn)

= cu + cv

`tH |}=H@=H |oS} w "OwW xO=O K}[wD pmW \UwD |UOvy Qw] x@ Ov=wD|t q=@ x}[k s=mL= R= |NQ@
"CU= xOW xO=O u=Wv 8�4 pmW QO =yQ=OQ@

|m} "CU= |m} v + u w u + v Q=OQ@ `tH wO Qy QO `q[q=|R=wDt Q]k xm O}W=@ xDW=O xHwD
x}@W OvW=@|t =yQ=OQ@ pt=W xm |Q@H |=yCQ=@a R= |NQ@ uDWwv QO xm CU= u}= 'q=@ QO �?� C=mv R=

"s}U} wvv =Q =yQDt=Q=B s}v=wD|t 'T} QD=t |=yCQ=@a

=yQ=OQ@ `tH |}=H@=H
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200 Rn |Q=OQ@ |=[i 4 pYi

8�4 pmW
2u� 3v + w Q=OQ@ "w = (4; 0; 2) w v = (�4; 1; 9) 'u = (2; 5;�3) s}vm ZQi %6 p=Ft

"O}vm u}}aD =Q

%s} Q=O %pL
2u� 3v + w = 2(2; 5;�3)� 3(�4; 1; 9) + (4; 0; 2)

= (4; 10;�6)� (�12; 3; 27) + (4; 0; 2)

= (4 + 12 + 4; 10� 3 + 0;�6� 27 + 2)

= (20; 7;�31)

x@ Ovv=wD|t w "OvW=@|t Q=OQ@ 'OvDUy CyH w Q=Okt |=Q=O xm CaQU w wQ}v Ovv=t |m} R}i |=yC}tm
"O}vm xHwD Q} R p=Ft x@ "OvwW xO=O u=Wv |[=} Q Qw] x@ R3 w R2 R= |QY=va |xr}Uw

\UwD Ovv=wD|t 'OvW=@ xDW=O Q=Qk xLiY l} QO Ovvm|t QF= sUH l} |wQ xm |}=ywQ}v xty Qo = %7 p=Ft
R3 R= |QY=va \UwD Ovv=wD|t 'OvW=@ xDW=O Q=Qk |Oa@ xU QO Qo = w OvwW xO=O u=Wv R2 R= |QY=va
xm OvDUy wQ}v l} =@ pO=at Ovvm|t QF= sUH l} |wQ u=tRsy Qw] x@ xm |} wQ}v wO "OvwW xO=O u=Wv

"OwW|t xO}t=v Ov};Q@ |wQ}v
|wQ}v OvW=@ xOW xO=O u=Wv R3 =} R2 R= |QY=va \UwD wQ}v wO Qo = xm OyO|t u=Wv =yV}=tR;
xm s}=xO}O "OwW|t xO}t=v =ywQ}v `q[q=|R=wDt 'uwv=k u}= "OwW|t xO=O u=Wv Q=OQ@ wO u}= `tH =@ Ov};Q@
OvW=@|t u; Qw=Ht `r[ wO xOW xO=O |=yQ=OQ@ xm CU= |aq[q=|R=wDt Q]k '`tH pY=L Q=OQ@ u}=

"CU= |vat=@ =ywQ}v Kq[q=|R=wDt Kq]Y= u}=Q@=v@
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(5; 4) \UwD xm wQ}v wO 'OW=@ xDiQo Q=Qk s�=k C=YDNt sDU}U <=O@t QO sUH l} xm s}vm ZQi
=Q u; Q=Okt w Ov};Q@ Q=OQ@ s}y=wN|t "O}v}@@ =Q 9�4 pmW 'Ovvm QF= u; |wQ Ov=xOW xO=O u=Wv (7; 1) w

%s} Q=O (7; 1) w (5; 4) `tH =@ "s}@=}@

(5; 4) + (7; 1) = (12; 5)

"(12; 5) R= CU= CQ=@a Ov};Q@ |wQ}v

% Ov};Q@ |wQ}v

9�4 pmW

"OwW x@U=Lt EQwe=F}i x}[k R= xO=iDU= =@ Ov=wD|t w OwW|t xO=O Q=OQ@ u}= pw] \UwD wQ}v u}= Q=Okt

(12 5) pw] =
p122 + 5 =

p144 + 25 =
p169 = 13:

"CU= 13 Q@=Q@ Ov};Q@ wQ}v Q=Okt
Ov};Q@ |wQ}v Q=Okt '(7; 1) |wQ}v Q}}eD w (5; 4) |wQ}v uDW=O xov C@=F =@ xm s}y=wN|t s}vm ZQi
O}OH Ov};Q@ |wQ}v "OwW|t xO=iDU= Qr=mU= ?Q[ R= #O=O s=Hv= =Q Q=m u}= u=wD|t xvwoJ 's}vm Q@=Q@ wO =Q
"CU= u; Q@=Q@ wO Vrw] w xOw@ (12; 5) =@ CyH sy Q=OQ@ u}= "OW Oy=wN 2(12; 5) = (24; 10) Q@=Q@

%xm s}vm|t x_Lqt "O}v}@@ =Q 10�4 pmW

(24; 10) = (5; 4) + (19; 6)
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10�4 pmW
"OwW u} Ro}=H (19; 6) |wQ}v =@ O}=@ (7; 1) |wQ}v 'sUH |wQ Ov};Q@ |wQ}v uOQm Q@=Q@ wO |=Q@

|=yxir-wt xm OvDUy |}=yQ=OQ@ xm s}=xOQm |UQQ@ =Q |Q]U |=yQ=OQ@\ki p=L x@ =D |vwDU |=yQ=OQ@
=yxir-wt xm |vwDU |=yQ=OQ@ R= xO=iDU= C=kw= |y=o xm O}O s}y=wN "OvwW|t xDWwv |Q]U CQwY x@ =yu;
Rn QO |vwDU |=yQ=OQ@ Qr=mU= ?Q[ w `tH ,=OOHt "CU= QD?U=vt 'OvwW|t xDWwv |vwDU CQwY x@

%OwW|t h} QaD |=xir-wt VwQ x@2664u1
...

un

3775+

2664v1
...

vn

3775 =

2664u1 + v1
...

un + vn

3775 ; c

2664u1
...

un

3775 =

2664cu1
...

cun

3775
%R2 QO p=Ft u=wva x@"1

2
#

+

"4
7
#

=

"5
9
#
; 4

"4
1
#

=

"16
4
#

u} QtD 5�1�4
=yQ=OQ@ u}= |=Q@ j w i O=tv ?re= swra QO "O}vm sUQ R2 QO =Q (0; 1) w (1; 0) |v=mt |=yQ=OQ@ �1

"OwW|t xOQ@ Q=m x@
'i O=tv ?re= swra QO "O}vm sUQ R3 QO =Q (0; 0; 1) w (0; 1; 0) w (1; 0; 0) |v=mt |=yQ=OQ@ �2

"OQ}o|t Q=Qk xO=iDU= OQwt =yQ=OQ@ u}= |=Q@ k w j
"O}vm sUQ R2 QO =Q Q} R |v=mt |=yQ=OQ@ �3

~OC = (1;�3); ~OB = (�3; 2); ~OA = (5; 6) �hr=
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~OR = (3;�3); ~OQ = (�4; 5); ~OP = (2; 4) �?
w = (5; 3); v = (�1;�4); u = (1; 1) �A

"O}vm sUQ R3 QO =Q Q} R |v=mt |=yQ=OQ@ �4
~OC = (�1; 3; 4); ~OB = (0; 5;�1); (2; 3; 1) �hr=

w = (0; 0;�3); v = (�1;�2;�4); u = (1; 1; 1) �?
%O}vm ?Q[ xOW xO=O O=Oa= =@ =Q =yQ=OQ@ �5

�2 '(�1; 3) �? 3; (1; 4) �hr=
� 15 '(2; 4; 2) �C 12 '(2; 6) �A

4 '(�1; 2; 3;�2) �G 3 '(�1; 2; 3) �E
3 '(3; 0; 4; 2;�1) �K (1;�4; 3;�2; 5) �I

"O}vm x@U=Lt w = (�3; 5) w v = (4;�1) 'u = (1; 2) |=yQ=OQ@ |=Q@ =Q Q} R |=yCQ=@a �6
u + 3v �? u + w �hr=

2u + 3v �w �C v + w �A
�3u4v � 2w �E

x@U=Lt w = (2; 4;�2) w v = (�1; 3; 2) 'u = (2; 1; 3) |=yQ=OQ@ |=Q@ =Q Q} R |=yCQ=@a �7
"O}vm

2u + v �? w + w �hr=
5u� 2v + 6w �C u + 3w �A

2u� 3v � 4w �E
"O}vm C=@F= "OvOW |iQat VN@ u}= QO xm =yQr=mU= ?Q[ w `tH OQwt QO =Q Q} R |=y|oS} w �8

u+ (�u) = 0 �? u+ (v + w) = (u+ v) + w �hr=
1u = u �C (c+ d)u = cu+ du �A

=Q Q} R |=yCQ=@a 'OvW=@ R2 QO |vwDU |=yQ=OQ@ w =

"2
3
#

w v =

"�1
�4
#

'u =

"2
3
#

x=oQy �9
"O}vm x@U=Lt

�4v + 3w �? u+ 2v �hr=
2u+ 3v � 8w �C 3u� 2v + 4w �A

"O}vm x@U=Lt =Q Q} R |=ywQ}v Ov};Q@ �10
(9;�1); (�3; 2) �A (�1; 3); (�2; 3) �? (3; 2); (5;�5) �hr=

"O}vm x@U=Lt =Q Q} R |=ywQ}v Ov};Q@ �11
(�2; 5;�1); (3;�1; 7) �? (2; 5; 1); (1; 4; 6) �hr=
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Q}}eD xvwoJ (0; 3) 'OwW xDW=O xov C@=F (3; 1) x=oQy "O}@=}@ =Q (3; 1) w (0; 3) |=ywQ}v Ov};Q@ �12
#OwW Q@=Q@ wO Ov};Q@ =D Ovm

xov C@=F (�1; 3) w O@=} Q}}eD (2; 5) x@ Ov};Q@ x=oQy "O}@=}@ =Q (�1; 3) w (2; 8) |=ywQ}v Ov};Q@ �13
#O@=} Q}}eD xvwoJ (2; 8) 'OwW xDW=O

#CU= Qr=mU= l} s=Om w Q=OQ@ Q} R |m} R}i |=yC}tm R= l} s=Om �14
u=tR �I u=mt �G pkF �E Tv=mQi �C Q=Wi �A ?=DW �? =tO �hr=

xv} Ry �M CwY �K

xrY=i w x}w=R 'sQv '|=x]kv ?Q[pY=L 2�4
s}vm|t xO=iDU= xm |WwQ x@ j}kO xHwD O}=@ =tW 's} R=U|t Rn |Q=OQ@ |=[i |=Q@ |=xUOvy xm |r=L QO
"OvW=@|t QDsyt s}UQ|t G}=Dv x@ xm |WwQ 'OvDUy syt xrY=L G}=Dv xmu; ut[ xD@r=� "O}W=@ xDW=O
"OvwW|t h} QaD R2 |=Q@ xrY=i w x} w=R 'Q=Okt |=Q@ =yCQ=@a s}taD \UwD Rn |=Q@ xrY=i w x} w=R 'Q=Okt
'C=}[=} Q QO QD|rm |=yCr=L x@ =vW; s}y=it xaUwD Ov};Qi u}= "s}yO|t xaUwD Rn x@ =Q EQwe=F}i x}[k

"CU= |U=U=
xm CU= |Q=R@= |=x]kv ?Q[pY=L "s}vm|t ẁQW Q=OQ@ wO |=x]kv ?Q[pY=L h} QaD =@ =Q EL@

"OwW|t xO=iDU= Rn |=Q@ -xUOvy uDN=U QO

?Q[pY=L "OvW=@Rn QO Q=OQ@ wO v = (v1; : : : ; vn) w u = (u1; : : : ; un) s}vm ZQi %h} QaD
"OwW|t h} QaD Q} R -x]@=Q \UwD OwW|t xO=O u=Wv u:v =@ xm v w u |=x]kv

u:v = u1v1 + � � �+ unvn

"CU= |k}kL OOa l} =yQ=OQ@ R= GwR Qy |=x]kv ?Q[ pY=L
"O}@=}@ =Q v = (3; 0; 2) w u = (1;�2; 4) |=yQ=OQ@ |=x]kv ?Q[pY=L %1 p=Ft

%s} Q=O %pL
u:v = (1� 3) + (�2� 0) + (4� 2) = 2 + 0 + 8 = 11
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OOa l} c w Rn QO |}=yQ=OQ@ w w v 'u O}vm ZQi % |=x]kv ?Q[pY=L |=y|oS} w
x=ou; "OW=@

u:v = v:u �hr=
(u + v):w = u:w + v:w �?
cu:v = c(u:v) = u:(cv) �A

"u = 0 Qo ==yvDwQo = u:u = 0 w u:u � 0 �C
"s}vm|t Q=Po =w |D; C=v} QtD x@ =Q x}k@ w xOQm |UQQ@ =Q C w hr= |=yOv@ |DUQO

%s} Q=O "v = (v1; : : : ; vn) w u = (u1; : : : ; un) O}vm ZQi �hr=

u:v = u1v1 + � � �+ unvn

= v1u1 + � � �+ vnun |k}kL O=Oa= |}=H@=H C}Y=N x@=v@
= v:u

`tHpY=L =Q} R 'u21 + � � �+ u2
n � 0 "u:u = u1u1 + � � �+ unun = u21 + � � �+ u2

n �C
"un = 0; : : : ; u1 = 0 Qo ==yvDwQo = u21 + � � �+ u2

n = 0 'xwqax@ "u:u � 0 u}=Q@=v@ "CU= C=a@ Qt
"u = 0 Qo ==yvDwQo = u:u = 0 =Pr

u=wva x@ 'VN@ u}= QO "s}vm|t QDxO=U =Q |=x]kv ?Q[ pt=W |=yCQ=@a =y|oS} w u}= R= xO=iDU= =@
s}y=wN xO=iDU= 'Rn QO Q=OQ@ wO u}@ x} w=R |=Q@ |@U=vt CQ=@a uOQw; CUO x@ |=Q@ =y|oS} w u}= R= p=Ft
Q=m x@ `@=wD w =yT} QD=t |=[i x@ |=x]kv ?Q[ swyit s}taD QO =Q =y|oS} w u}= Oa@ |=yVN@ QO "OQm

"OQ@ s}y=wN

Q=OQ@ u}= pw] xm s}v=O|t "OW=@ R2 QO |Q=OQ@ u = (u1; u2) s}vm ZQi Rn QO Q=OQ@ l} sQv
QO Q=OQ@ l} �sQv |vi s=v =}� pw] h} QaD |=Q@ =Q xH}Dv u}= "O}v}@@ =Q 11�4 pmW "OW=@|t

q
u21 + u22

�"s}yO|t s}taD Rn
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11�4 pmW

OwW|t xO=O u=Wv kuk =@ xm Rn QO u = (u1; : : : ; un) Q=OQ@ sQv %�Q=Okt =} pw]� sQv h} QaD
"OwW|t h} QaD kuk =

q
u21 + � � �+ u2

n CQwY x@
"OwW xDWwv R}v |=x]kv ?Q[pY=L ?ULQ@ Ov=wD|t Q=OQ@ l} sQv xm O}vm xHwD

kuk =
p
u:u

"O}@=}@ R4 QO =Q v = (3; 0; 1; 4) w R3 QO u = (1; 3; 5) Q=OQ@ sQv %2 u} QtD

%s} Q=O q=@ h} QaD R= xO=iDU= =@ %pL
kuk =

p12 + 32 + 52 =
p35

kvk =
p32 + 02 + 12 + 42 =

p26

x=ou; "OW=@ QiY=v Q=OQ@ l} v Qo = "OW=@ 1 Q@=Q@ u; sQv xm CU= |Q=OQ@ xm} Q=OQ@ l} %h} QaD
�"O}v}@@ =Q Q} R u} QtD� "CU= v CyH QO xm} |Q=OQ@ u = 1kvkv

"OwW|t xO}t=v Q=OQ@ |R=U p=tQv xOW xO=O Q=OQ@ =@ CyH sy xm} Q=OQ@ uDN=U VwQ
"CU= xm} Q=OQ@ l} (1; 0) Q=OQ@ xm O}yO u=Wv �hr= %3 u} QtD

"O}vm p=tQv =Q u; w O}@=}@ =Q (2;�1; 3) Q=OQ@ sQv �?

x@=Wt Qw] x@ "CU= xm} Q=OQ@ l} (1; 0) u}=Q@=v@ "k(1; 0)k =
p12 + 02 = 1 �hr= %pL

"CU= R2 QO xm} Q=OQ@ l} R}v (0; 1) xm O=O u=Wv u=wD|t
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p=tQv Q=OQ@ w p14 Q@=Q@ (2;�1; 3) sQv "k(2;�1; 3)k =
p22 + (�1)2 + 32 =

p14 �?
|Q=OQ@ xm 'OwW xDWwv R}v ( 2p14 ;

�1p14 ;
3p14 ) CQwY x@ Ov=wD|t Q=OQ@ u}= "OW=@|t 1p14 (2;�1; 3) xOW

"CU= (2;�1; 3) Q=OQ@ CyH QO xm}
"OvW=@|t C}ty= R�=L Q} R -xm} |=yQ=OQ@
"R2 QO xm} |=yQ=OQ@ (1; 0) '(0; 1)

"R3 QO xm} |=yQ=OQ@ (0; 0; 1) '(0; 1; 0) '(1; 0; 0)

"Rn QO xm} |=yQ=OQ@ (0; 0; : : : ; 1) ': : : '(1; 0; : : : ; 0)

u=wva x@ |w=Ut=v u}= "s}vm|t |iQat =Q 1RDQ=wW � |Wwm |w=Ut=v s=v x@ |[=} Q syt -xH}Dv l} p=L
"s}yO s}taD Rn x@ =Q R2 QO x} w=R h} QaD xm CN=U Oy=wN QO=k =Q =t p=Ft

x=ou; OvW=@ Rn QO Q=OQ@ wO v w u Qo = %�RDQ=wW |Wwm |w=Ut=v� x}[k 1�2�4
ju:vj � kukkvk

"CU= u:v OOa jr]t QOk xOvyO u=Wv =H u}= QO ju:vj
kukkvk = 0 w ju:vj = 0 x=ou; 'u = 0 Qo = "s} Q}o|t Q_vQO =Q u = 0 X=N Cr=L =OD@= %u=yQ@

"CU= Q=QkQ@ |w=UD xm
pwtQi OQ@ Q=m R= |@r=H Q=}U@ Cr=L pt=W Cr=L u}= QO |w=Ut=v C=@F= "u 6= 0 s}vm ZQi p=L
xO=iDU= =@ "OW=@|t |y=wNrO |k}kL OOa r u; QO xm O} Q}o@ Q_vQO =Q ru+ v Q=OQ@ "OW=@|t swO -xHQO

%s} Q=O |OOa ?Q[pY=L |=y|oS} w R=

(ru+ v):(ru+ v) = r2(u:u) + 2r(u:v) + v:v
'OOQoQ@ T} Q=B x@ T} QOD |=Q@ xm u}= R= p@k TBU w OQm p}YLD T} Q=B QO �1789�1857� |Wwm T}�wr u}DUwo ; �1
R= V}@ w ?=Dm OrH Ciy w= "CU= xOw@ RwQt= x@ =D u=v=O}[=} Q u} QDQ=mQB w u} QDoQR@ R= |m} w= "OQm Q=m TOvyt u=wva x@ |DOt
|t]qDt |oOvR w= "Ov=xOW |Q=PosU= w= R= Oa@ |O=} R |=}=[k w s}y=it |Qo}O u=O}[=} Q Qy R= V}@ "CWwv xr=kt OYDWy
"OOQoQ@ T} Q=B x@ CUv=wD Oa@ =t= "OW O}a@D u@ QwD x@ w xOwtv |Q=OOwN A}r}i T}�wr =@ Ca}@ R= '1830 ?qkv= R= Oa@ "CW=O
OvrQ}= u=ovUQo x@ ltm 'xOQmv G=wOR= u=QO=t x} Q}N Qwt= pweWt w= "Ow@ |a=tDH= |=yQ=m Q}oQO w |@yPt l}rwD=m l} |Wwm
\ki u; 'O}W=@v u=Qov� %Cio u}vJ w= Tmw=U Q=OQyW x@ xr=U l} jwkL VWN@ s=ovy "Ow@ u=twQLt u=mU= w |WN@u=wD w
QO w OQm p}YLD u}rQ@ QO �1843�1921� RDQ=wW TwOv=t; u=tQy "�CU= Qw]=QBt= pwB 'CU}v ut pwB 'CU= ut jwkL
u}= "OQm Q=m h} Q_ xOW h} QaD p�=Ut QO w= Ow@ w= |UOvy dw@v QO V=|}=v=wD u} QDW}@ "OQm T} QOD u}rQ@ w uo}vDwo 'M} QwR
"O=Ov w= x@ h}r-=D |=Q@ =Q |O=} R CYQi 'u=} wHWv=O x@ w= |Ovtkqa w T} QOD "O=O xaUwD =Q |ak=w p�=Ut C}ty= w= Q=m VwQ
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%|rN=O ?Q[pY=L X=wN x@=v@ u}vJsy

(ru+ v):(ru+ v) � 0

%s} Q=O G}=Dv u}= ?}mQD =@

r2(u:u) + 2r(u:v) + v:v � 0

u}=Q@=v@ "c = v:v w b = 2u:v 'a = u:u s}vm ZQi

ar2 + br + c � 0

u; Q=Owtv xm 'f(r) =Pr "CU}v |ivt RoQy f(r) = ar2 + br + c swO -xHQO `@=D xm OyO|t u=Wv u}=
-xrO=at |=yxW} Q f(r) |=yxW} Q "OW=@ xDW=Ov |=xW} Q =} w OW=@ xDW=O xW} Q l} O}=@ CU= |tyU l}

"OvW=@|t ar2 + br + c = 0
b2 � 4ac < 0 Qo = w xW} Q l} 'b2 � 4ac = 0 x=oQy "Ovm|t u}}aD =Q =yxW} Q O=OaD u=v}tQDO

u}=Q@=v@ "CW=O Oy=wNv OwHw |=xW} Q

b2 � 4ac � 0
b2 � 4ac

(2u:v)2 � 4(u:u)(v:v)

(u:v)2 � (u:u)(v:v)

(u:v)2 � kuk2kvk2

"OyO|t xH}Dv =Q RDQ=wW � |Wwm |w=Ut=v 'u}iQ] R= |Q}oQPH =@

ju:vj � kukkvk

pmW "OvW=@ R2 QO |v=mt |=yQ=OQ@ v = (c; d) w u = (a; b) O}vm ZQi =yQ=OQ@ u}@ x}w=R
"s} Qw=}@ CUO x@ =yQ=OQ@ u}@ -x} w=R '� Twv}Um |=Q@ =Q |DQ=@a s}y=wN|t "O}v}@@ =Q 12�4
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12�4 pmW
%s} Q=O Twv}Um uwv=k x@=v@

AB2 = OA2 +OB2 � 2(OA)(OB) cos �

cos � =
OA2 +OB2 �AB2

2(OA)(OB)

OA2 +OB2 �AB2 = kuk2 + kvk2 � kv � uk2
= a2 + b2 + c2 + d2 � [(c� a)2 + cd� b)2]

= 2ac+ 2db = 2u:v

xwqa x@
2(OA)(OB) = 2kukkvk
"OwW|t xO=O Q} R x]@=Q \UwD R2 QO Q=OQ@ wO u}@ � -x} w=R u}=Q@=v@

cos � =
u:v
kukkvk

Ovm|t u}}aD RDQ=wW |Wwm |w=Ut=v "Ovm|t jOY j cos �j � 1 \QW QO |=x} w=R Twv}Um xm s}v=O|t
"j u:vkukkvk j � 1 xm

"s}yO xaUwD Rn x@ Q} R KQW x@ =Q R2 QO Q=OQ@ wO u}@ -x} w=R swyit s}v=wD|t

CU= CQ=@a =yQ=OQ@ u}= u}@ � -x} w=R Twv}Um "OvW=@ Rn QO QiY=v Q=OQ@ wO v w u O}vm ZQi %h} QaD
cos � =

u:v
kukkvk 0 � � � �
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"O}vm u}}aD =Q R3 QO v = (1; 0; 1) w u = (1; 0; 0) |=yQ=OQ@ u}@ -x} w=R %4 p=Ft

s} Q=O %pL
u:v = (1; 0; 0):(1; 0; 1) = 1; kuk =

p12 + 02 + 02 = 1; kvk =
p12 + 02 + 12 =

p2

"CU= 45� Q@=Q@ v w u u}@ -x} w=R w cos � = u:vkukkvk = 1p2 =Pr
xDU=wN xOvv=wN R= xm |Oa@ -x}[k "OW=@ xt�=k =yu; u}@ -x} w=R Qo = s}�wo|t syQ@ Owta =Q QiY=v Q=OQ@ wO

"Ovm|t u=}@ =Q uOw@ Owta \QW O}vm C@=F Q} R u} QtD QO OwW|t

"u:v = 0 Qo ==yvDwQo = OvOwta sy Q@ v w u QiY=v Q=OQ@ wO %x}[k 2�2�4
"OvOwta sy Q@ Q} R |=yQ=OQ@ R= GwR Qy xm O}yO u=Wv %5 p=Ft

(0; 1); (1; 0) �hr=
(1; 2; 4); (2;�3; 1) �?

%s} Q=O |=x]kv ?Q[ R= xO=iDU= =@ %pL
"OvOwta sy Q@ =yQ=OQ@ "(1; 0):(0; 1) = 1� 0 + 0� 1 = 0 �hr=

"OvOwta sy Q@ =yQ=OQ@ =Pr '(;�3; 1):(1; 2; 4) = 2� 1 + (�3� 2) + 1� 4 = 0 �?
"OvDUy |tyt sy Q@ Owta wOx@ wO |}=yQ=OQ@ Q} R |=yQ=OQ@

"OvOwta sy Q@ R2 QO (1; 0); (0; 1)

"OvOwta sy Q@ R3 QO (0; 0; 1); (0; 1; 0); (1; 0; 0)

"OvDUy Owta sy Q@ Rn QO (0; 0; : : : ; 1); : : : ; (1; 0; : : : ; 0)

\QW u}= =@ |O=} R |=yQ=OQ@ xm O}yO u=Wv "OW=@ Owta (3;�1) Q@ xm O}@=}@ =Q |Q=OQ@ 'R2 QO %6 p=Ft
"OvQ=O Q=Qk \N l} Q@ |oty xm OvQ=O OwHw

%s} Q=O "OW=@ Owta (3;�1) Q@ (a; b) Q=OQ@ xm O}vm ZQi %pL
(a; b):(3;�1) = 0

a� 3 + b� (�1) = 0
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3a� b = 0
b = 3a

xDWwv a(1; 3) CQwY x@ |Q=OQ@ u}vJ "CU= Owta (3;�1) Q=OQ@ Q@ (a; 3a) CQwY x@ Q=OQ@ Qy u}=Q@=v@
pmW "OwW|t h} QaD (1; 3) Q=OQ@ \UwD xm OvQ=O Q=Qk |]N |wQ |}=yQ=OQ@ u}vJ -xawtHt "OwW|t

"O}v}@@ =Q 13�4

13�4 pmW
"s}yO|t s}taD R3 x@ R2 R= =Q =vW; |UOvy -xH}Dv wO p=L

"OvW=@ Rn QO |}=yQ=OQ@ v w u O}vm ZQi %x}[k 3�2�4
%|FrFt |w=Ut=v �hr=

ku+ vk � kuk+ kvk
QDW}@ Qo}O `r[ wO |=yxR=Ov= `tH pY=L R= Ov=wD|tv ErFt `r[ l} xR=Ov= xm Ovm|t u=}@ |w=Ut=v u}=

"O}v}@@ =Q hr= 14�4 pmW "OW=@
ErFt l} QDw `@ Qt "ku + vk2 = kuk2 + kvk2 x=ou; u:v = 0 Qo = %EQwe=F}i x}[k �?

"O}v}@@ =Q ? 14�4 pmW 'Qo}O `r[ wO C=a@ Qt ẁtHt =@ CU= Q@=Q@ x} w=Rr=s�=k
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ku+ vk � kuk+ kvk ku+ vk2 = kuk2 + kvk2
? hr=

14�4 pmW
sQv |oS} w x@=v@ �hr= %u=yQ@

ku+ vk2 = (u+ v):(u+ v)

= u:u+ 2u:v + v:v

= kuk2 + 2u:v + kvk2
� kuk2 + 2ju:vj+ kvk2

xm OwW|t xH}Dv RDQ=wW � |Wwm |w=Ut=v R=
ku+ vk2 � kuk2 + 2kukkvk+ kvk2

� (kuk+ kvk)2

"OwW|t pY=L |FrFt |w=Ut=v u}iQ] R= |Q}oQPL =@
s} Q=O 'u:v = 0 xm u}= w sQv |=y|oS} w Q@=v@ �?

ku+ vk2 = (u+ v):(u+ v)

= u:u+ 2u:v + v:v

= kuk2 + kvk2

"OW=@|t EQwe=F}i x}[k C=@F= xm

=@ CU= Q@=Q@ R2 QO Y = (y1; y2) w X = (x1; x2) \=kv u}@ -xrY=i %\=kv u}@ -xrY=i
h} QaD Rn QO =Q xrY=i Q} R KQW x@ ?r]t u}= s}taD =@ "d(X;Y ) =

p
(x1 � y1)2 + (x2 � y2)2

"s}vm|t

X u}@ xrY=i "OvW=@ Rn QO x]kv wO Y = (y1; : : : ; yn) w = (x1; : : : ; xn) O}vm ZQi %h} QaD
\UwD OwW|t xO=O u=Wv d(X;Y ) =@ xm Y w

d(X;Y ) =
q

(x1 � y1)2 + � � �+ (xn � yn)2
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"OwW|t h} QaD
pmW "s}U} wv@ R}v d(X;Y ) = kX � Y k CQwY x@ =Q xrY=i u}= s}v=wD|t xm O}W=@ xDW=O xHwD

"O}v}@@ Rn w R3 w R2 QO xrY=i |=Q@ =Q 15�4

R2 : d(X;Y ) =
q

(x1 � y1)2 + (x2 � y2)2

R3 : d(X;Y ) =
q

(x1 � y1)2 + (x2 � y2)2 + (x3 � y3)2

Rn : d(X;Y ) =
q

(x1 � y1)2 + � � �+ (xn � yn)2

15�4 pmW
"O}@=}@ R4 QO =Q Y = (4; 0;�3; 5) w X = (1;�2; 3; 0) \=kv u}@ xrY=i %7 u} QtD

%s} Q=O 'q=@ -xrY=i pwtQi R= xO=iDU= =@ %pL
d(X;Y ) =

q
(1� 4)2 + (�2� 0)2 + (3 + 3)2 + (0� 5)2

=
p9 + 4 + 36 + 25

=
p74

%CU= Q} R uQ=kD C}Y=N |=Q=O Rn QO xrY=i `@=D xm O}yO u=Wv %8 p=Ft
d(X;Y ) = d(Y;X)

s} Q=O "Y = (y1; : : : ; yn) w X = (x1; : : : ; xn) s}vm ZQi %pL
d(X;Y ) =

q
(x1 � y1)2 + � � �+ (xn � yn)2

=
q

(y1 � x1)2 + � � �+ (yn � xn)2 = d(Y;X)
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xm CU= |R}J u; |oS} w u}= "CU= X R= Y xrY=i u=ty Y R= X -xrY=i xm Ovm|t u=}@ xH}Dv u}=
xYqN =Q xrY=i w sQv |=y|oS} w u} QDtyt Q} R QO "OW=@ xDW=O =Q u; |a}@] Qw] x@ 'xrY=i `@=D s}y=wN|t
w sQv "O}vm C@=F Ov=xOWv EL@ ,q@k =Q |}=y|oS} w u; 'OwW|t xDU=wN =tW R= |D; C=v} QtD QO "s}vm|t
|OOa |=yQ=m QO "OvOw@ xOt; CUO x@ |=x]kv ?Q[pY=L R= 'OvOW |iQat VN@ u}= QO xm |=xrY=i
pwY= u=wva x@ =y}oS} w u}= =yu; QO xm s}vm|t h} QaD =Q |Qo}O |=yxrY=i w =ysQv xm CU= QDCL=Q ?re=
R= |NQ@ =tW "OQ}o|t Q=Qk xO=iDU= OQwt 'OW=@ =Q=O O}=@ |=xrY=i `@=D =} sQv Qy xm |U=U= X=wN |va}

"O}O O}y=wN VN@ u}= |Oa@ |=yCtUk QO =Q s}y=it u}=

sQv |=y|oS} w xrY=i |=y|oS} w
kuk � 0 �1 d(X;Y ) � 0 �1

�OW=@ |ivt Ov=wD|tv Q=OQ@ l} pw]� "OW=@ |ivt Ov=wD|tv x]kv wO u}@ -xrY=i
"u = 0 Qo ==yvDwQo = kuk = 0 �2 X = Y Qo ==yvDwQo = d(X;Y ) = 0 �2

Q@=Q@ Q=OQ@ Qo ==yvDwQo = CU= QiY Q@=Q@ Q=OQ@ pw]� Qo ==yvDwQo = CU= QiY Q@=Q@ x]kv wO u}@ xrY=i�
�"OW=@ QiY Q=OQ@ �"OvW=@ j@]vt sy Q@ x]kv wO
kcuk = jcjkuk �3 �|}=H@=H |oS} w� d(X;Y ) = d(Y;X) �3

"CU= u Q=OQ@ pw] Q@=Q@ jcj 'cu pw]� CU= X R= Y xrY=i u=ty Y R= X xrY=i
ku+ vk � kuk+ kvk �4 d(X;Z) � d(X;Y ) + d(Y; Z) �4

�|FrFt |w=Ut=v� � |FrFt |w=Ut=v�
�"CU= swU `r[ |w=Ut =} QDoQR@ ErFt l} `r[ wO |=ypw] `tH pY=L�

"OwW|t xO}t=v |UO}rk= |UOvy 'xUOvy u}= "s}vm|t xYqN =Q Rn |UOvy |=yQ=DN=U u}= p=L
%Rn |UO}rk= xUOvy

u:v = u1v1 + � � �+ unvn %v w u Q=OQ@ wO |=x]kv ?Q[ pY=L
kUk =

q
u21 + � � �+ u2

n %U Q=OQ@ sQv
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cos � = u:vkukkvk %v w u |=yQ=OQ@ u}@ -x} w=R
d(X;Y ) =

p
(x1 � y1)2 + � � �+ (xn � yn)2 %Y w X \=kv u}@ -xrY=i

u} QtD
|=x]kv ?Q[ pY=L

"O}vm x@U=Lt =Q Q} R |=yQ=OQ@ GwR Qy |=x]kv ?Q[ pY=L �1
(1;�4); (3; 0) �? (2; 1); (3; 4) �hr=

(5;�2); (�3;�4) �C (2; 0); (0;�1) �A
%O}vm x@U=Lt =Q Q} R |=yQ=OQ@ GwR Qy |=x]kv ?Q[pY=L �2

(7; 1;�2); (3;�5; 8) �A (3; 4;�2); (5; 1;�1) �? (1; 2; 3); (4; 1; 0) �hr=

"O}@=}@ =Q Q} R |=yQ=OQ@ sQv �3
(3; 0; 4) �? (1; 3;�1) �hr=

(7;�2;�3) �C (5; 1; 1) �A
"O}�=tv p=tQv =Q Q} R |=yQ=OQ@ �4

(0; 0; 0; 7; 0; 0) �C (7; 2; 0; 1) �A (4; 1; 1) �? (4; 2) �hr=

%O}@=}@ =Q Q} R |=yQ=OQ@ R= GwR Qy u}@ -x} w=R �5
(2; 3); (3;�2) �A (2; 0); (1;p3) �? (�1; 1); (0; 1) �hr=

"O}@=}@ =Q Q} R |=yQ=OQ@ R= GwR Qy u}@ -x} w=R Twv}Um �6
(1; 2;�1; 3; 1); (2; 0; 1; 0; 4) �A (2;�1; 0); (5; 3; 1) �? (3;�1; 2); (4; 1; 1) �hr=

%OvOwta sy Q@ =yQ=OQ@ R= Q} R |=yGwR xm O}yO u=Wv �7
(1;�1; 2;�5; 9); (4; 7; 4; 1; 0) �A (1; 2;�3); (4; 1; 2) �? (1; 3); (3;�1) �hr=

%OW=@ Owta Q} R |=yQ=OQ@ R= l} Qy Q@ xm O}@=}@ =Q |QiY=v |=yQ=OQ@ �8
(0;�2; 3; 1; 5) �C (5; 0; 1; 1) �A (1;�2; 3) �? (5;�1) �hr=
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"O}@=}@ =Q Q} R |=yQ=OQ@ R= GwR Qy u}@ -xrY=i �9
(5; 1; 0; 0); (2; 0; 1; 3) �A (�3; 1; 2); (4;�1; 1) �? (4; 1); (2;�3) �hr=

"O}vm u=}@ =yQ=OQ@ |=x]kv ?Q[ R= =Q Q} R |=y|oS} w �10
(u+ v):w = u:v + v:w �hr=
cu:v = c(u:v) = u+ cv �?

"CU= v CyH QO xm} |Q=OQ@ u = 1kvkv Q=OQ@ x=ou; 'OW=@ QiY=v |Q=OQ@ v Qo = xm O}vm C@=F �11
"u:v = 0 Qo ==yvDwQo = OvOwta sy Q@ v w u QiY=v Q=OQ@ wO xm O}vm C@=F �12

u:v = u:w 'u 2 U |=yQ=OQ@|t=tD |=Q@ wU |Q=OQ@ |=[i QO Q=OQ@ wO w w u Qo = xm O}yO u=Wv �13
"v = w x=ou;

O}vm C@=F "OW=@ OOa b 'an ': : : 'a1 w |Q=OQ@ |=[i l} QO |}=yQ=OQ@ vn': : : 'v1 'u O}vm ZQi �14
"u:(a1v1 + � � �+ anvn) = a1u:v1 + � � �+ anu:vn

xm O}vm u}}aD "OW=@ QiY=v Oa wO d w c w |Q=OQ@ |=[i l} QO |}=yQ=OQ@ w w v 'u O}vm ZQi �15
"CU= |vat|@ =} w Q=OQ@ l} 'OOa l} Q} R |=yCQ=@a R= l} s=Om

u:v + cw �A (u:v):w �? (u:v)w �hr=
ku+ cvk+ d �E c(u:v) + dw �C u:v + c �A

ku:vk �I cu:dv + kwkv �G
"kc(3; 0; 4)k = 15 xm O}@=}@ u=vJ =Q c Q}O=kt �16

"ku+ vk2 = kuk2 + kvk2 Qo ==yvDwQo = OvDUy sy Q@ Owta |=yQ=OQ@ v w u O}vm C@=F �17
"CU= Owta (a; b) Q@ (�b; a) Q=OQ@ xm O}vm C@=F "OW=@ R2 QO |Q=OQ@ (a; b) O}vm ZQi �18

u� v w u+ v Qo ==yvDwQo = kuk = kvk xm O}vm C@=F "OvW=@ R2 QO |}=yQ=OQ@ v w u O}vm ZQi �19
"OvW=@ Owta sy Q@

Q} R |=y|oS} w |=Q=O Q=OQ@ l} sQv xm O}vm C@=F "OW=@ OOa l} c w Rn QO |Q=OQ@ u O}vm ZQi �20
%CU=

kuk � 0 �hr=
u = 0 Qo ==yvDwQo = kuk = 0 �?
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"kcUk = jcjkUk �A
C@=F "OW=@ Rn QO |Q=OQ@ u = (a1; : : : ; an) O}vm ZQi "O} Q}o@ Q_vQO =Q Rn |Q=OQ@ |=[i �21
xUOvy x@ xm OvJ Qy `@=wD u}= "Ovm|t jOY 19 xr=Ut sQv |=y}oS} w QO Q} R `@=D wO R= l} Qy O}vm
"OvQ=O 'OW=@ xDW=O sQv l} OwQ|t Q=_Dv= xm =Q |Q@H |=y|oS} w |t=tD 'OvwW|tv uwtvyQ |UO}rk=

"OvwW|t xO=iDU= |OOa C=}[=} Q QO w
Q}O=kt `tH pY=L sQv kuk = ju1j+ � � �+ junj �hr=

Q=Okt u} QDW}@ sQv kUk = maxi=1;:::;n junj �?
"O}vm x@U=Lt (0;�2; 7) w (1; 2;�5) w (�3; 4) '(1; 2) |=yQ=OQ@ |=Q@ =Q =ysQv u}=

%CU= Q} R |=y|oS} w |=Q=O xrY=i `@=D xm O}vm C@=F "OvW=@ Rn QO |]=kv Z w Y 'X O}vm ZQi �22
d(X;Y ) � 0 �hr=

X = Y Qo ==yvDwQo = d(X;Y ) = 0 �?
d(X;Y ) � d(X;Y ) + d(Y;X) �A

"OvQ}o|t Q=Qk xO=iDU= OQwt u}at |=y=[i |=Q@ xrY=i swyit s}taD QO pwY= u=wva x@ =y|oS} w u}=

|]N |=yCW=ov Q@ |=xtOkt 3�4
C@Uv =Q |Qo}O -xawtHt R= =Dm} |QYva 'xawtHt l} QY=va R= l} Qy Q@ xm CU= |vwv=k `@=D l}
x@ =yQ}eDt R= |m} |oDU@=w u}}aD QO w xDiQo Q=Qk xO=iDU= OQwt |[=} Q |=yxv}tR ?re= QO `@=wD "OyO|t
xv} Ry CU= u=tR R= |a@=D Projectile l} `=iDQ= 'p=Ft u=wva x@ "OvW=@|t C}ty==@ 'OQ@ Q=m QO |Qo}O
s=v x@ |Q=OQ@ |=y=[i u}@ `@=wD R= |tyt -xDUO 'VN@ u}= QO ": : : w CU= =ysD}; R= |a@=D q=m l} pm
|}=yxv}tR QO |]N |=yCW=ov xvwoJ xm O}O s}y=wN |Oa@ VN@ QO "s}vm|t |iQat |]N |=yCW=ov

"OvQ}o|t Q=Qk xO=iDU= OQwt |r=Dm =Qi xUOvy w |QDw}Bt=m l}i=Qo Ovv=t

|vwv=k 'OwW|t xDWwv T : Rn �! Rm CQwY x@ Rm x@ Rn R= T Ovv=t CW=ov l} %h} QaD
"OyO|t C@Uv =Q Rm R= v |=Dm} Q=OQ@ 'Rn R= u Q=OQ@ Qy x@ xm CU=
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-xawtHt T CLD u Q} wYD =Q v w T (u) = v s}U} wv|t "OwW|t xO}t=v T xvt=OsyRm w xvt=ORn
C=Lq]Y= "OW=@ u; R= |DtUk \ki =} Rm s=tD CU= umtt OQ@ "OwW|t xO}t=v T OQ@ 'Q} w=YD |t=tD

"OvwW|t xOQ@ Q=m x@ |=yCW=ov |=Q@ R}v `@=D w CW=ov
"O} Q}o@ Q_vQO =Q T (x; y; z) = (2x; y � z) h} QaD =@ T : R3 �! R2 CW=ov 'p=Ft |=Q@
,qFt "OwW u}}aD h} QaD u}= \UwD Ov=wD|t R3 QO Q=OQ@ Qy Q} wYD "CU= R2 u; -xvt=O sy w R3 'T -xvt=O

"CU= (2; 2) Q@=Q@ z = 2 w y = 4 'x = 1 ZQi =@ (1; 4; 2) Q=OQ@ Q} wYD
u } Q Dsy t "OwW| t h } Q a D Q r= mU= ?Q[ w `tH |=ys= v x @ pta wO |Q=OQ @ |=[ i Qy R=
"Ovvm|t^iL Q} R swyit x@ =Q|]N|=yQ=DN=Uu}= xmOvDUy|}=yu;|Q=OQ@|=y=[iu}@|]N|=yCW=ov
T : Rn �! Rm |]N CW=ov "OW=@ OOa l} c w Rn QO |}=yQ=OQ@ v w u s}vm ZQi %h} QaD

Qo = OwW|t xO}t=v |]N

T (u + v) = Y (u) + T (v)

T (cv) = cT (u)

u}twO OQ=ov|t Q@= Q@ wO u; Q} w=YD `tH x@ =Q Q=OQ@ wO `tH pY=L T xm CU= |vat u}= x@ \QW u}rw=
u; Q} wYD R= |OOa ?} Q[ u=ty x@ =Q Q=OQ@ l} |OOa ?} Q[ T xm Ovm|t CrqO ?r]t u}= x@ \QW
uOQm ^iL s}y=it u}= "OvwW|t ^iL Cq}O@D CLD ?Q[ w `tH p=ta= u}=Q@=v@ "OQ=ov|t Q=OQ@

"Ov=xOW xO=O u=Wv 16�4 pmW QO |]N |=yCW=ov |=yQ=DN=U

16�4 pmW
"CU= |]N T : R2 �! R2 CW=ov xm O}yO u=Wv %1 p=Ft
T (x; y) = (x� y; 3x)
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|QY=va (x2; y2) w (x1; y1) O}vm ZQi "Ovm|t ^iL =Q `tH T xm s}yO|t u=Wv =OD@= %pL
x=ou; "OvW=@ R2 R=

T ((x1; y1) + (x2; y2)) = T (x1 + x2; y1 + y2) =yQ=OQ@ `tH x@=v@
= (x1 + x2 � y1 � y2; 3x1 + 3x2) T h} QaD x@=v@
= (x1 � y1; 3x1) + (x2 � y2; 3x2) =yQ=OQ@ `tH x@=v@
= T (x1; y1) + T (x2; y2) T h} QaD x@=v@

"Ovm|t ^iL =Q =yQ=OQ@ `tH T u}=Q@=v@
?Q[ x@=v@ "OW=@ OOa l} c O}vm ZQi "Ovm|t ^iL =Q Qr=mU= ?Q[ T xm s}yO|t u=Wv p=L

Q=OQ@ l} Qr=mU=

T (c(x1; y1)) = T (cx1; cy1) Q=OQ@ l} Qr=mU= ?Q[ x@=v@
= (cx1 � cy;3cx1) T h} QaD x@=v@
= c(x1 � y1; 3x1) Q=OQ@ l} Qr=mU= ?Q[ x@=v@
= cT (x1; y1) T h} QaD x@=v@

"CU= |]N T w Ovm|t ^iL =Q Qr=mU= ?Q[ T '=Pr
T : R2 �! R2 "OwW|t xO}t=v|]N Qortal}VOwN x@ |Q=OQ@ |=[il} R=|]NCW=ovl}
OyO|t u=Wv =Q |DW=ov Q} R p=Ft "CU= |]N Qorta l} R= |r=Ft T (x; y) = (x� y; 3x) h} QaD =@

"CU}v |]N xm

CW=ov xm O}yO u=Wv %2 p=Ft

T : R3 �! R2

T (x; y; z) = (xy; z)

"CU}v |]N
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R= |QY=va (x2; y2; z2) w (x1; y1; z1) O}vm ZQi "s}vm|t V}=tR; =Q pw= \QW =OD@= %pL
CQwY u}= QO "OvW=@ R3

T ((x1; y1; z1) + (x2; y2; z2)) = T (x1 + x2; y1 + y2; z1 + z2)

= ((x1 + x2)(y1 + y2); z1 + z2)

= (x1y1 + x2y2 + x1y2 + x2y1; z1 + z2)

w

T (x1; y1; z1) + T (x2; y2; z2) = (x1y1; z1) + (x2y2; z2)

= (x1y1 + x2y2; z1 + z2)

|rm Cr=L QO u}=Q@=v@

T ((x1; y1; z1) + (x2; y2; z2)) 6= T (x1; y1; z1) + T (x2; y2; z2)

"CU}v |]N T 'OwW|tv ^iL `tH pta uwJ
"CU= |]N |DW=ov u}vJ Qy xwqa x@ "Ovm|t h} QaD =Q CW=ov l} T} QD=t Qy xm s}@=}|t QO p=L

Q_vQO =Q R3 R= X =

2664xy
z

3775 |vwDU Q=OQ@ w A =

"1 3 �2
0 4 1

#
'2 � 3 T} QD=t 'p=Ft u=wva x@

x@ |U} QD=t ?Q[ R= xO=iDU= =@ =Q R2 x@ R3 R= T (X) = AX |]N CW=ov T} QD=t u}= "O} Q}o@
%Ovm|t h} QaD Q} R CQwY

T (X) =

"1 3 �2
0 4 1

#2664xy
z

3775 =

"
x+ 3y � 2z

4y + z

#
p=Ft u=wva x@ "OwW|t x@U=Lt z w y 'x ?U=vt Q}O=kt R= xO=iDU= =@ XNWt Q=OQ@ Qy Q} wYD

T

0BB@
26641
2
3

3775
1CCA =

" 1
11
#
; T

0BB@
2664�2

4
1

3775
1CCA =

" 8
17
#
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l} CQwY x@ xm OW=@ Rn R= |w[aX wm�nT} QD=t l} A O}vm ZQi %x}[k 1�3�4
'T (X) = AX \UwD xOW h} QaD T : Rn �! Rm p}O@D "OwW|t xDiQo Q_vQO |vwDU T} QD=t

"OwW|t xO}t=v |U} QD=t CW=ov '|]N p}O@D u}vJ "CU= |]N

m� 1 T} QD=t AX u}=Q@=v@ n� 1 |U} QD=t X w m� n T} QD=t 'A uwJ xm O}vm xHwD %C=@F=
"CU= xOv=t |k=@ T uOw@ |]N "Ovm|t h} QaD =Q Rm x@ Rn R= |DW=ov T (X) = AX u}=Q@=v@ "CU=
OOa l} c w Ov=xOW xDWwv |vwDU |=yT} QD=t CQwY x@ xm OvW=@ Rn R= |QY=va Y w X O}vm ZQi

%s} Q=O =yT} QD=t X=wN w T h} QaD Q@=v@ "OW=@

T (X + Y ) = A(X + Y )

= AX +AY

= T (X) + T (Y ) CU= xOW ^iL `tH

T (cX) = A(cX)

= cAX

= cT (X) CU= xOW ^iL Qr=mU= ?Q[

"CU= |]N 'p}O@D u}=Q@=v@
Q} wYD "CU= xOW h} QaD A '3 � 3 T} QD=t \UwD xm O} Q}o@ Q_v QO =Q T |]N CW=ov %3 p=Ft

"O} Q@@ Q=m x@ X -xOW xO=O Q=OQ@ Q} wYD u}}aD |=Q@ =Q xH}Dv u}= w O}@=}@ T CLD =Q x=wNrO |Q=OQ@

A =

26641 �1
0 2
1 3

3775 ; X =

" 5
�1
#

"Ovm|t h} QaD =Q T : R2 �! R3 |]N p}O@D u}=Q@=v@ CU= 3 � 2 |U} QD=t A uwJ %pL
%s} Q=O

T

 "
x

y

#!
=

26641 �1
0 2
1 3

3775"xy
#

=

2664 x� y2y
x+ 3y

3775
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"O}v}@@ =Q 17�4 pmW T

 " 5
�1
#!

=

2664 6
�2
2

3775 s} Q=O y = �1 'x = 5 ZQi =@

17�4 pmW
|=yCW=ov xvt=Osy w xvt=O "OW=@ 4 � 6 |U} QD=t B w 3 � 2 |U} QD=t A s}vm ZQi %4 u} QtD

"O}vm u}}aD 'OvwW|t h} QaD B w A \UwD xm =Q |]N

CQwY u}= QO 'OW=@ A \UwD xOW h} QaD CW=ov -xvt=O R= |Q=OQ@ X s}vm|t ZQi %pL
X 'OW=@ xDW=O OwHw AX ?Q[pY=L xm u}= |=Q@ "CU= 3 � 2 |U} QD=t xm A 'T (X) = AX

"Ow@ Oy=wN R3 QO |Q=OQ@ =} 3� 1 T} QD=t AX Q} wYD "OW=@ R2QO Q=OQ@ l} =} 2� 1 T} QD=t O}=@
"CU= R3 u; -xvt=O sy w R2 CW=ov -xvt=O u}=Q@=v@

R4 u; -xvt=O sy w R6 Q@=Q@ B '4� 6 T} QD=t \UwD xOW h} QaD CW=ov -xvt=O x@=Wt |rqODU= =@
"CU=

|U} QD=t |=yCW=ov ?}mQD
?}mQD x@=Wt Qw] x@ R}v |U} QD=t |=yCW=ov "O}DUy =vW; ?mQt `@=D l} x@ `@=wD ?}mQD swyit =@ =tW
\UwD xOW h} QaD T} QD=t |=yCW=ov T2 : Rm �! Rs w T1 : Rn �! Rm O}vm ZQi "OvwW|t
?}mQD sy R=@ |a}@] Qw] x@ Ovv=wD|t |=yCW=ov u}= "OvW=@ T2(Y ) = A2Y w T1(X) = A1X

xDN=U T2 =@ T1 ?}mQD R= xm CU= |DW=ov 'T ?mQt p}O@D u}= "O} R=U@ =Q Rs x@ Rn R= T p}O@D w xOW
T = T2 � T1 O=tv "O}v}@@ =Q 18�4 pmW "OwW|t h} QaD T (X) = T2(T1(X1)) CQwY x@ w xOW

"OwQ|t Q=m x@ p}O@D wO ?}mQD |=Q@
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?Q[pY=L \UwD xm CU= T} QD=t CW=ov l} T ?mQt CW=ov xm s}vm|t x_Lqt p=L
"OwW|t h} QaD A1; A2 |=yT} QD=t

18�4 pmW

w T1 : Rn �! Rm T } Q D= t C W= o v wO R= T ? mQ t C W= o v %x }[ k 2�3�4
T : Rn �! RsT} QD=tCW=ov 'Ov=xOWh} QaDA2 wA1 |=yT} QD=t\UwD xm T2 : Rm �! Rs

"CU= xOW h} QaD A2A1 ?Q[pY=L T} QD=t \UwD xm CU=

uwJ T (X) = T2(T1(X)) = T2(A1X) = A2(A1X) s} Q=O T h} QaD R= xO=iDU= =@ %C=@F=
w s�m |U} QD=t A2 'T (X) = (A1A1)X OwW|t xH}Dv 'CU= Q}PBCmQW T} QD=t ?Q[pY=L
'T u}=Q@=v@ "CU= s � n -x@DQt R= |U} QD=t A2A1 ?Q[pY=L T} QD=t 'CU= m � n T} QD=t A1

"CU= A2A1 T} QD=t \UwD xOW h} QaD Rs x@ Rn R= |DW=ov
xOW h} QaD A2 w A1 |=yT} QD=t \UwD T2(X) = A2X w T1(X) = A1X O}vm ZQi %5 p=Ft

"O}@=}@ T CLD =Q X Q=OQ@ Q} wYD "T = T2 � T1 O}vm ZQi "OvW=@

A1 =

"3 0 �1
4 2 0

#
A2 =

"1 �2
4 0

#
X =

26641
4
2

3775
%s} Q=O "CU= xOW h} QaD A2A1 ?Q[pY=L T} QD=t \UwD T %pL

A2A1 =

"1 �2
4 0

#"3 0 �1
4 2 0

#
=

"�5 �4 �1
12 0 �4

#
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u}=Q@=v@

T (X) =

"�5 �4 �1
12 0 �4

#26641
4
2

3775 =

"�23
4
#

|=yCW=ov R= xr=@vO l} Tn ': : :'T1 O}vm ZQi "s}yO xaUwD |a}@] Qw] x@ =Q VN@ u}= G}=Dv s}v=wD|t
T = T1; : : : ; Tn ?}mQD Ov=xOW h} QaD An ': : :'A1 |=yT} QD=t =@ xm OvW=@ Rs ': : :'Rp |wQ |]N

"�OW=@ OwHwt ?Q[pY=L xm |DQwY QO� "OwW|t xO=O An : : : A1 pY=L T} QD=t \UwD

u} QtD 3�3�4
"CU= |]N T (x; y) = (2x; x � y) h} QaD =@ T : R2 �! R2 CW=ov xm O}yO u=Wv �1

"O}@=}@ CW=ov u}= CLD =Q (�1; 4) '(1; 2) QY=va Q} w=YD
h} QaD =Q T : R2 �! R3 |]N CW=ov T (x; y) = (3x+ y; 2y; x� y) xm O}yO u=Wv �2

"O}@=}@ T CLD =Q (2;�5) w (1; 2) |=yQ=OQ@ Q} w=YD "Ovm|t
u}= "CU= |]N T (x; y; z) = (0; y; 0) \UwD xOW h} QaD T : R3 �! R3 xm O}yO u=Wv �3

#CU= ?U=vt |Q=Pot=v u}= =QJ "OwW|t xO}t=v R}v |Q} wYD CW=ov
"OvDU}v |]N Q} R |=yCW=ov xm O}yO u=Wv �4

T (x; y; z) = (x+ y; y4) �? T (x; y; z) = (3x; y2) �hr=
a xm |Dr=L QO "CU= xOW h} QaD T (x; y) = x+ a \UwD xm T : R2 �! R xm O}yO u=Wv �5

"CU}v |]N 'OW=@ QiY=v |OOa
#OvDUy |]N xOW xO=O |=yCW=ov =}; xm O}vm u}}aD 11 =D 6 C=v} QtD QO

"R2 x@ R3 R= T (x; y; z) = (2x; y) �6
"R x@ R2 R= T (x; y) = x� y �7

%x=oQy R3 x@ R2 R= T (x; y) = (x; y; z) �8
z = 1 �? z = 0 �hr=

"R3 x@ R R= T (x) = (x; 2x; 3x) �9
"R2 x@ R2 R= T (x; y) = (x2; y) �10
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"R3 x@ R3 R= T (x; y; z) = (x+ 2y; x+ y + z; 3z) �11
|=yQ=OQ@ Q} w=YD "O} Q}o@ Q_v QO =Q Q} R QOAT} QD=t\UwD xOWh} QaD T : R2 �! R3 CW=ov �12

"O}vm u}}aD =Q Z 'Y 'X

A =

2664 1 2
�1 3
1 2

3775 X =

"�1
1
#
; Y =

"2
3
#
; Z =

"5
2
#

Q_v QO CU= xOW h} QaD Q} R QO A xOW xO=O T} QD=t \UwD xm =Q R2 |wQ T |]N Qorta �13
"O}vm u}}aD =Q Z w Y 'X |=yQ=OQ@ Q} w=YD "O} Q}o@

A =

"0 �4
1 2

#
X =

" 5
�2
#
; Y =

"4
0
#
; Z =

"5
2
#

c 6= 0 x=oQy xm O}yO u=Wv "OW=@ Rn QO |vwDU Q=OQ@ l} c w m� n T} QD=t A O}vm ZQi �14
"CU}v |]N T (X) = AX + c h} QaD =@ T : Rn �! Rm CW=ov x=ou;

%O}vm C@=F 'OvW=@ U QO |}=yQ=OQ@ w w v Qo = "OW=@ U -xvt=O =@ |]N CW=ov l} T O}vm ZQi �15
T (v �w) = T (v)� T (w) �? T (�v) = �T (v) �hr=

w xOW h} QaD Q} R QO A2 'A1 T} QD=t =@ T2(X) = A2X w T1(X) = A1X O}vm ZQi �16
=Q T CLD X Q=OQ@ Q} wYD u; \UwD w O}@=}@ Ovm|t h} QaD T xm =Q |U} QD=t "T = T2 � T1

"O}vm u}}aD
"X =

"5
2
#

w A2 =

"�1 0
1 5

#
'A1 =

"1 2
3 0

#
�hr=

"X =

26640
1
3

3775 w A2 =

"2 2
1 �1

#
'A1 =

"0 1 2
3 4 �1

#
�?

"X =

"�3
2
#

w A2 =

26642 2
1 �1
0 4

3775 'A1 =

"3 �2
0 1

#
�A

|=xrO=at "T = T2 � T1 w T2(x; y) = (0; x + y) w T1(x; y) = (2x;�y) O}vm ZQi �17
"O} Q@@ Q=m x@ T CLD (2;�3) Q} wYD u}}aD |=Q@ =Q u; w O}@=}@ T |=Q@
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T = T2�T1 wT2(x; y; z) = (x; x+y; 2x�z) wT1(x; y) = (x+y; 2x; 3y)O}vmZQi �18
"O}vm xO=iDU= T CLD (�2; 5) Q} wYD u}}aD |=Q@ u; R= w O}@=}@ T |=Q@ |=xrO=at

|]N CW=ov l} T2 w V x@ U R= |]N CW=ov l} T1 w Q=OQ@ xU W w V w U O}vm ZQi �19
#T2 � T1 = T1 � T2 =}; "OW=@ W x@ V R=

=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4
OQm s}y=wN x_Lqt VN@ u}= QO "Ovm|t h} QaD =Q |]N CW=ov l} T} QD=t Qy xm s}O}O p@k VN@ QO
V}=tv u}= "OwW h} QaD A Ovv=t T} QD=t l} \UwD Ov=wD|t T : Rn �! Rm |]N CW=ov Qy xm
u}at =Q |}=yT} QD=t "CU= |]N |=yCW=ov |UQQ@ |=Q@ syt |Q=R@= |]N |=yCW=ov R= |U} QD=t
QO =yOQ@ Q=m "Ovvm|t h}YwD =Q \=U@v= w u=QwO Ovv=t syt |]N |=yCW=ov R= |O=OaD xm OQm s}y=wN

"OW Ovy=wN xO}O |r=Dm =Qi xUOvy

<=O@t pwL u=QwO
"O}v}@@ =Q �hr=� 19�4 pmW "O} Q}o@ Q_vQO =Q <=O@t pwL 'T : R2 �! R2 Ovv=t |v=QwO

�G� �?� �hr=�
4�19 pmW

uwJ "OwW|t p}O@D �2� `q[q=|R=wDt x@ �1� `q[q=|R=wDt "T (v) = v0 w T (u) = u0 O}vm ZQi
"OwW|t xDW=ov �2� `q[q=|R=wDt Q]k x@ �1� `q[q=|R=wDt Q]k

T (u+ v) = u0 + v0
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= T (u) + T (v) "OwW|t ^iL `tH

'CU= cw0 'cw Q=OQ@ Q} wYD uwJ "T (w) = w0 '�?� 19�4 pmW QO 'xwqa x@

T (cw) = cw0

= cT (w) "OwW|t ^iL Qr=mU= ?Q[

"CU= |]N Qorta l} <=O@t pwL u=QwO u}=Q@=v@
's}@=}|t |v=QwO u}vJ |=Q@ |rta CQ=@a l} 'CU= |]N Qorta l} u=QwO xm u}= -x_Lqt |=Q@

"OQ}o Q=Qk xO=iDU= OQwt u=QwO CLD xOW xO=O x]kv Qy Q} wYD C=YDNt u}}aD QO Ov=wD|t xm |DQ=@a
pmW "O} Q}o@ Q_v QO <=O@t pwL � x} w=R CLD Ca=U |=yx@ Qka CmQL CyH hqN QO =Q |v=QwO
O}vm ZQi "CU= OB Q@=Q@ OA xrY=i "CW=ov Oy=wN B -x]kv x@ =Q A x]kv |v=QwO u}vJ �A� 19�4

%s} Q=O "OW=@ � Q@=Q@ AOC -x} w=R w r Q@=Q@ xrY=i u}=

X 0 = OC = r cos(�+ �) = r cos� cos � � r sin� sin �

= x cos � � y sin �

Y 0 = BC = r sin(�+ �) = r sin� cos � + r cos� sin �

= y cos � + x sin �

= x sin � + y sin �

%Ov};QO Q} R CQwY x@ |U} QD=t -xrO=at x@ Ovv=wD|t Y 0 w X 0 |=Q@ =yCQ=@a u}="
X 0

Y 0

#
=

"
cos � � sin �

sin � cos �

#"
x

y

#
=Pr

T

 "
x

y

#!
=

"
cos � � sin �

sin � cos �

#"
x

y

#
Qorta l} xm OwW|t O}�=D `k=w QO xm OvwW|t XNWt |U} QD=t ?Q[ \UwD <=O@t pwL u=QwO l}
QO w C@Ft Ca=U |=yx@ Qka CmQL hqN CyH QO u=QwO |=Q@ � xm O}W=@ xDW=O xHwD CU= |]N

"CU= |ivt 'Ca=U |=yx@ Qka CmQL CyH
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cos �2 = 0 R= xO=iDU= =@ "s}@=}|t <=O@t pwL �2 u=QwO CLD
"3
2
#

-x]kv Q} wYD p=Ft l} u=wva x@
%s} Q=O 'u=QwO T} QD=t QO 'sin �2 = 1 w

T

 "3
2
#!

=

"0 �1
1 0

#"3
2
#

=

"�2
3
#

"
"�2

3
#

R= CU= CQ=@a <=O@t pwL �2 u=QwO CLD
"3
2
#

-x]kv Q} wYD
CU= umtt xm OvJ Qy "OwW h} QaD T} QD=t l} \UwD Ov=wD|t |]N p}O@D Qy 'u=QwO Cr=L x}@W
xm CU= QD?wr]t =t= 'O}UQ |]N |=yCW=ov T} QD=t V}=tv x@ |Y=N VwQ R= xO=iDU= =@ u=QwO pFt
x@ Rn QO |]N |=yCW=ov |=Q@ =Q |WwQ u}vJ "OwW xO=iDU= Cq=L |t=tD QO OQ=Ov=DU= Cr=L l} R=

"s} Qw;|t CUO

|U} QD=t V}=tv
w xDiQo Q_v QO |vwDU |=yQ=OQ@ EL@t u}= QO "OW=@ |]N CW=ov l} T : Rn �! Rm O}vm ZQi
|y=wNrO Q=OQ@ u Q=OQ@ O}vm ZQi "s}vm|t h} QaD Q} R CQwY x@ =Q Rn R= en ': : : 'e2 'e1 |=yQ=OQ@

"OW=@

e1 =

26641
...

0

3775 ; : : : ; en =

26640
...

1

3775 ; u =

2664a1
...

an

3775
OvQ=O Rn EL@t QO |tyt Vkv =yQ=OQ@ u}= "OwW|t xO}t=v Rn OQ=Ov=DU= |=v@t en': : :'e1 |=yQ=OQ@

%s}U} wv@ Q} R CQwY x@ =yu; ?ULQ@ =Dm} Qw] x@ =Q u Ovv=t |y=wNrO Q=OQ@ Qy s}v=wD|t =Q} R

u = a1e1 + � � �+ anen

'CU= |]N p}O@D l} T uwJ

T (u) = T (a1e1 + � � �+ anen)

= a1T (e1) + � � �+ anT (en)

www.iedoc.ir



=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4 229

= [T (e1) : : : T (en)]

2664a1
...

an

3775
T |]N p}O@D u}=Q@=v@ "CU= T (en) ': : :'T (e1) |=yuwDU =@ |UQD=t [T (e1) : : : T (en)] u; QO xm

"OwW|t h} QaD A = [T (e1) : : : T (en)] T} QD=t \UwD
|vwDU CQwY x@ O}=@ Rn |=yQ=OQ@ xm O}W=@ xDW=O xHwD "OwW|t xO}t=v T OQ=Ov=DU= T} QD=t A
xDU=wN xOvv=wN R= Q} R C=v} QtD QO "Owtv xO=iDU= '|]N p}O@D l} u=}@ VwQ u}= R= u=wD@ =D 'OvwW xDWwv

"OQw; CUO x@ VwQ u}= x@ =Q u=QwO T} QD=t xm OwW|t
"O}vm u}}aD =Q T

 "
x

y

#!
=

"2x+ y

3y
#

OQ=Ov=DU= T} QD=t %1 p=Ft

%s} Qw;|t CUO x@ =Q OQ=Ov=DU= |=v@t |wQ T QF= %pL
T

 "1
0
#!

=

"2
0
#
; T

 "0
1
#!

=

"1
3
#

"OvDUy A OQ=Ov=DU= T} QD=t |=yuwDU =yT} QD=t u}=

A =

"2 1
0 3

#
"OwW xDWwv T} QD=t p}O@D l} u=wva x@ Ov=wD|t T

T

 "
x

y

#!
=

"2 1
0 3

#"
x

y

#
"Ovvm|t h} QaD =Q syt |=yCW=ov R= |O=OaD xm s}vm|t =O}B =Q |}=yT} QD=t p=L

1Z=@kv= w \=U@v=
l} r w CU= xOW h} QaD T

 "
x

y

#!
= r

"
x

y

#
\UwD xm O} Q}o@ Q_vQO =Q T : R2 �! R2 Qorta

Qo = "OwW|t xO}t=v r ?} Q[ =@ |]=U@v= w Ovm|t QwO <=O@t R= =Q \=kv T x=ou; 'r > 1 Qo ="CU= OOa
20�4 pmW "OwW|t xO}t=v r ?} Q[ =@ |_=@kv= w Ov=Wm|t <=O@t x@ =Q \=kv T x=ou; '0 < r < 1

"O}v}@@ =Q �hr=�
"s}vm|t =O}B =Q T OQ=Ov=DU= T} QD=t p=L "CU= |]N T xm OwW|t xO=O u=Wv |DL=Q x@

1) Dilation and Countraction

www.iedoc.ir



230 Rn |Q=OQ@ |=[i 4 pYi

r > 1 \=U@v= �?� 0 < r < 1 Z=@kv= x QwLt x@ C@Uv T=mav= �hr=�
20�4 pmW

%s}vm|t =O}B OQ=Ov=DU= |=v@t |wQ =Q T QF=

T

 "1
0
#!

=

"
r

0
#

T

 "0
1
#!

=

"0
r

#
R= CU= CQ=@a OQ=Ov=DU= T} QD=t

A =

"
r 0
0 r

#
OwW xDWwv T} QD=t p}O@D l} u=wva x@ Ov=wD|t T

T

 "
x

y

#!
=

"
r 0
0 r

#"
x

y

#

s} Q=O "CU= xOW h} QaD
"3 0
0 3

#
T} QD=t \UwD xm O} Q}o@ Q_vQO =Q T \=U@v= 'p=Ft u=wva x@

T

 "2
1
#!

=

"3 0
0 3

#"2
1
#

=

"6
3
#

www.iedoc.ir



=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4 231

|rw <=O@t R= xOW xO=O x]kv CyH u=ty QO Q} wYD "OQ=ov|t
"6
3
#

-x]kv x@ =Q
"2
1
#

-x]kv T u}=Q@=v@
"CU= <=O@t =D x}rw= -x]kv -xrY=i Q@=Q@ xU <=O@t =D V=xrY=i

T=mav=
x]kv Qy w CU= xOW h} QaD T

 "
x

y

#!
=

"
x

�y
#
\UwD xm O} Q}o@ Q_vQO =Q T : R2 �! R2 Qorta

"OwW|t xO}t=v T=mav= l} T "O}v}@@ =Q �?� 20�4 pmW "OQ=ov|t =yx QwLt x@ C@Uv V=xv} Qk x@ =Q
|=v@t |wQ T QF= "s}vm|t =O}B =Q u; OQ=Ov=DU= T} QD=t w CU= |]N T xm OwW|t xO=O u=Wv

R= CU= CQ=@a OQ=Ov=DU=

T

 "1
0
#!

=

"1
0
#

T

 "0
1
#!

=

" 0
�1
#

R= CU= CQ=@a OQ=Ov=DU= T} QD=t u}=Q@=v@

A =

"1 0
0 �1

#
CQwY x@ Ov=wD|t =yx QwLt x@ C@Uv T=mav= l} =Pr

T

 "
x

y

#!
=

"1 0
0 �1

#"
x

y

#
"OwW xDWwv

T = Tn � : : :�T1 ?mQt p}O@D l} "OvW=@|t |]N |=yCW=ov R= |=xr=@vO pt=W ?re= =yOQ@ Q=m
"OwW|t h}YwD An': : :' A1 |=xir-wt |=yCW=ov |=yT} QD=t ?Q[pY=L \UwD

TBU =yx QwLt x@ C@Uv T=mav= "CU= xOW pY=L Q} R p=ta= R= xm O}vm u}}aD =Q |U} QD=t %2 p=Ft
"O}@=}@ =yCW=ov R= xr=@vO u}= CLD =Q

"4
1
#

-x]kv Q} wYD "3 ?} Q[ =@ \=U@v= Oa@ w �2 -xR=Ov= x@ u=QwO

R= OvDQ=@a ?}DQD x@ Ovm|t h} QaD =Q \=U@v= w u=QwO 'T=mav= xm |}=yT} QD=t %pL"3 0
0 3

#
;

"
cos �2 � sin �2
sin �2 cos �2

#
;

"1 0
0 �1

#

www.iedoc.ir



232 Rn |Q=OQ@ |=[i 4 pYi

"OwW|t h} QaD ?Q[pY=L T} QD=t \UwD ?mQt CW=ov u}=Q@=v@"3 0
0 3

#"
cos �2 � sin �2
sin �2 cos �2

#"1 0
0 �1

#
=

"3 0
0 3

#"0 �1
1 0

#"1 0
0 �1

#
=

"0 3
3 0

#

R= CU= CQ=@a
"4
1
#

-x]kv Q} wYD

"0 3
3 0

#"4
1
#

=

" 3
12
#

"OvwW|t h} QaD OQivt=v |=yT} QD=t \UwD xm s} R=OQB|t |Dq}O@D x@ uwvm =

'T OQivt=v |]N CW=ov l} %x}[k 1�4�4
"OQ=ov|t \w]N x@ =Q \w]N �hr=

"OQ=ov|t =y\NxQ=B x@ =Q =y\NxQ=B �?
"OQ=ov|t |R=wt \w]N x@ =Q |R=wt \w]N �A

"OQ=ov|t <=O@t R= xOvQPo \w]N x@ =Q <=O@t R= xOvQPo \w]N �C
"Ovvm |UQQ@ =Q G}=Dv u}= xm s}y=wN|t xOvv=wN R= Ov};|t ,=Oa@ xm |D=v} QtD QO

Q} wYD "O} Q}o@ Q_vQO =Q A =

"4 2
2 3

#
T} QD=t \UwD xOW h} QaD T : R2 �! R2 Qorta %3 p=Ft

"O}vm u}}aD CW=ov u}= CLD =Q OL=w `@ Qt

%R= OvDQ=@a ?}DQD x@ u; Tw�Q xm CU= |a@ Qt 'R2 QO OL=w `@ Qt %pL

P

"1
0
#
; Q

"1
1
#
; R

"0
1
#
; O

"0
0
#

www.iedoc.ir



=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4 233

21�4 pmW
|=Q@ u �! Au O=tv R= xO=iDU= "s}@=}|t T} QD=t p}O@D CLD =Q \=kv u}= Q} w=YD "O}v}@@ =Q 21�4 pmW

%s} Q=O T} QD=t x@ \=kv R= l} Qy ?Q[ =@ "CU= O}it 'u}at \=kv Q} w=YD |UQQ@
P"1
0
#
�!

P 0"4
2
# Q"1

1
#
�!

Q0"6
5
# R"0

1
#
�!

R0"2
3
# O"0

0
#
�!

O0"0
0
#

x@ =y\NxQ=B 'u}=Q@=v@ 'CU= OQivt=v A T} QD=t "jAj = (4 � 3) � (2 � 3) = 6 6= 0 'xwqa x@
%s} Q=O "OvwW|t xDW=ov =y\NxQ=B

OP �! OP 0; PQ �! P 0Q0; QR �! Q0R0 OR �! O0R0

"O}v}@@ =Q �?� 21�4 pmW "OwW|t xDW=ov P 0Q0R0O0 `q[q=|R=wDt x@ PQRO `@ Qt
xOQ@ Q=m x@ p=mW= uOwtv Z@kvt =} \U@vt 'u=QwO CyH |QDw}Bt=m |=ysQv R2 QO =yQorta u}=

"OQm s}y=wN |UQQ@ =Q OQ@ Q=m u}= VN@ u}= QO ,=Oa@ "OvwW|t
Q}}eD =Q s=UH= pmW x@ =yQ=@ =} =yxvRw xm |Dkw "OvwW |UQQ@ |UOvy Qw] x@ Ovv=wD|t Ot=H s=UH=
sUH Ov=wD|t 21�4 pmW QO PQRO `@ Qt 'p=Ft u=wva x@ "CU= xO=O |wQ 1pmW Q}}eD s}�wo 'OyO
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-xDUHQ@ |WywSB -xr=kt x@ Ovv=wD|t OvDUy ?r=H ẁ[wt u}= QO QDW}@ C=aq]= x@ Ovtkqa xm |}=yxOvv=wN
CU= syt Q=}U@ 'CU= xDi=} xaUwD =}HQwH |SwrwvmD wD}DUv= QO xm |WwQ "Ovvm xaH=Qt |rUvQ=@ pm}=t

"Ovm O}rwD ?wr]t CkO Qy =@ |Q} wYD 'xOW TQBtm |=yxO=O R= xO=iDU= =@ Ov=wD|t =Q} R
xO}J}B |r}N =yv; <=O@t s}kDUt h}YwD xm CU= x]kv |y=vDt=v Q=Okt pt=W xm |r=Dm =Qi Q} wYD
j}ta w QDW}@ Q=w|[=} Q |iQat |=Q@ "OwW O}rwD ,=OOHt '|[=} Q |=ypwtQi R= xO=iDU= =@ Ov=wD|t CU=
O=yvW}B =Q �2� GQt "CU= u}i; Cq}O@D uOW xDN=U |ovwoJ OQwt QO C=}�RH pt=W xm |r=Dm =Qi xUOvy

"OwW xO=iDU= =yp=Dm =Qi O}rwD |=Q@ Ov=wD|t �3� |Q=Ri=sQv xDU@ "s}vm|t
1) atractor

www.iedoc.ir



242 Rn |Q=OQ@ |=[i 4 pYi

C=v} QtD
=Q
"2
1
#
x]kv Q} wYD "O}@=}@ =Q xOW xO=O |=yx} w=R -xR=Ov= x@ <=O@t pwL xLiY QO u=QwO T} QD=t �1

"O}vm u}}aD =yT} QD=t R= l} Qy CLD
� �C �4 �A ��2 �? �2 �hr=

��3 �I �6 �G � 3�2 �E
"O}@=}@ 'R2 OQ=Ov=DU= |=v@t |wQ u=QwO QF= ltm x@ =Q u=QwO T} QD=t �2

"O}@=}@ �2 -xR=Ov= x@ u=QwO CLD =Q x2
4 + y2

a = 1 |[}@ Q} wYD -xrO=at �3

x@ =Q \=kv u=tRty w xO=O s=Hv= =Q �2 -xR=Ov= x@ <=O@t pwL u=QwO 'xLiY QO xm O}@=}@ =Q |U} QD=t �4
"�O} R=U@ =Q ?mQt CW=ov %|}=tvy=Q� "OyO CmQL <=O@t R= u=WxrY=i Q@=Q@ wO -xR=Ov=

"O}vm h} QaD =Q r ?} Q[ =@ \=U@v= w <=O@t pwL � -xR=Ov= x@ u=QwO xm O}vm u}at =Q |U} QD=t �5

"O}@=}@ 3 ?} Q[ =@ \=U@v= CLD =Q x2 + y2 = 1 OL=w xQ}=O Q} wYD -xrO=at �6

T} QD=t l} A u; QO xm O} Q}o@ Q_vQO =Q Tn(u) = Anu; n = 1; : : : ; 4 |=yCW=ov -xr=@vO �7
sDU}U l} QO =Q OL=w xQ}=O Q} wYD |=yCW=ov R= xr=@vO u}= CLD "CU= 1 5 ?} Q[ =@ \=U@v=

"O}vm sUQ C=YDNt

CLD =Q
"2
1
#
x]kv Q} wYD "Ovm h} QaD =Q =yy QwLt x@ C@Uv T=mav= xm O}vm u}}aD =Q |U} QD=t �8

"O}@=}@ CW=ov u}=

"Ovm h} QaD =Q y = x \N x@ C@Uv T=mav= xm O}@=}@ =Q |U} QD=t �9

Q} wYD "CU= xOW h} QaD Q} R |=yT} QD=t R= l} Qy \UwD xm O} Q}o@ Q_vQO =Q |Dq}O@D R2 QO �10
"O}vm u}}aD |=yCW=ov u}= R= l} Qy CLD =Q OL=w `@ Qt"�2 �4
�4 �1

#
�A

"2 0
0 2

#
�?
"0 �1
1 0

#
�hr=" 0 3

�3 0
#

�G
"0 �2
2 0

#
�C

"O}vm =O}B R2 QO =Q Q} R |=yQortaR= l} Qy OQ=Ov=DU= T} QD=t �11

www.iedoc.ir



=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4 243

T

 "
x

y

#!
=

"
x� y
x+ y

#
�? T

 "
x

y

#!
=

" 2x
x� y

#
�hr=

T

 "
x

y

#!
=

" 2y
�3x

#
�C T

 "
x

y

#!
=

"2x� 5y
3y

#
�A

|t=tD Qorta u}= xm O}W=@ xDW=O xHwD "O}@=}@ =Q T
 "

x

y

#!
=

"
x

0
#
Qorta OQ=Ov=DU= T} QD=t �12

"OwW|t xO}t=v |Q} wYD Qorta w OQ=ov|t =yx QwLt x@ =Q \=kv
"O}@=}@ =Q =yy QwLt |wQ |Q} wYD T} QD=t �13

|Q} wYD Qorta u}= CLD =Q
"4
2
#

Q=OQ@ Q} wYD "O}vm u}}aD =Q y = x \N |wQ |Q} wYD T} QD=t �14
"O}@=}@

"OvW=@|t |D@Ft O=Oa= b w a u; QO xm O}@=}@ =Q T
 "

x

y

#!
=

"
ax

by

#
Qorta OQ=Ov=DU= T} QD=t �15

"OwW|t xO}t=v =yy QwLt CyH QO b ?} Q[ w =yx QwLt CyH QO a ?} Q[ =@ |Q=PoT=}kt T
=Q OL=w `@ Qt Q} wYD "Ovvm|tv Q}}eD VwQ l} x@ y w x '=Q} R OR} Q|t sy x@ =Q pmW |Q=PoT=}kt

"O}vm sUQ CU= b = 2 w a = 3 xm |r}O@D CLD
3 ?} Q[ w =yx QwLt CyH QO 2 ?} Q[ =@ |Q=PoT=}kt CLD =Q y = 2x \N Q} wYD -xrO=at �16

"O}@=}@ =yy QwLt CyL QO
w =yx QwLt CyH QO 4 ?} Q[ =@ |Q=PoT=}kt CLD =Q x2 + y2 = 1 OL=w -xQ}=O Q} wYD -xrO=at �17

"O}@=}@ =yy QwLt CyH QO 3 ?} Q[

VQ@ l} T "CU= OOa l} c xm O}@=}@ =Q T
 "

x

y

#!
=

"
x+ cy

y

#
Qorta OQ=Ov=DU= T} QD=t �18

CyH QO 2 ?} Q[ =@ VQ@ CLD =Q OL=w `@ Qt Q} wYD "OwW|t xO}t=v x CyH QO c ?} Q[ =@
pmW QO |WQ@ w xDi=} V}=Ri= 2y ?} Q[ =@ x]kv Qy x Q=Okt xvwoJ xm O}vm xHwD "O}vm sUQ x

"OwW|t O=H}=
"O}vm sUQ =Q y CyH QO 0 5 ?} Q[ =@ |WQ@ CLD OL=w `@ Qt Q} wYD �19

"O}@=}@ x CyH QO 5 ?} Q[ =@ |WQ@ CLD =Q y = 3x \N Q} wYD -xrO=at �20

www.iedoc.ir



244 Rn |Q=OQ@ |=[i 4 pYi

=Q s}kDUt \w]N 'xW}ty 2� 2 OQivt=v T} QD=t l} \UwD xOW h} QaD CW=ov xm O}yO u=Wv �21
"OQ=ov|t s}kDUt \w]N x@

"OvDU}v |]N |v}i; |=yCW=ov w =yp=kDv= xm O}yO u=Wv �22
p=kDv= CLD =Q y = 3x+ 1 \N Q} wYD �23

T

"
x

y

#
=

"
x

y

#
+

"
p

q

#
"O}@=}@ Cr=L wO QO

"q = 1 'p = �1 �? q = 5 'p = 2 �hr=
=yT} QD=t \UwD xOW h} QaD T (u) = Au+v |v}i; |=yCW=ov CLD =Q OL=w `@ Qt |=yQ} wYD �24

%O}vm sUQ w xOQm =O}B Q} R |=yQ=OQ@ w
A =

"3 0
0 2

#
; v =

"4
1
#

�? A =

"2 0
0 2

#
; v =

"4
4
#

�hr=

3 A =

" 12 0
0 14

#
; v =

h
3
i

�? 1 A =

24 1p2 � 1p2
1p2

1p2

35 ; v =
h
3
i

�A

"CU= �� -x} w=R -xR=Ov= x@ u=QwO '� -x} w=R -xR=Ov= x@ u=QwO l} uwQ=w xm O}yO u=Wv �hr= �25
"CU= =yx QwLt QO T=mav= l} =yx QwLt QO T=mav= l} uwQ=w xm O}yO u=Wv �?

"CU= OQivt=v T} QD=t A xm O}@=}@ =Q T (U) = AU + V u}i; CW=ov uwQ=w �26

=Q
"2
1
#

-x]kv Q} wYD "Ovvm h} QaD R2 |wQ =Q Q} R |=yCW=ov xm O} R=U@ =Q 2 � 2 |=yT} QD=t �27
"O}@=}@ CW=ov Qy CLD

"2 ?} Q[ =@ \=U@v= Oa@ w Ca=U |=yx@ Qka CmQL hqN QO �2 -xR=Ov= x@ u=QwO �hr=
"=yx QwLt QO T=mav= Oa@ w 4 ?} Q[ =@ \=U@v= �?

CLD =Q
"3
2
#
x]kv Q} wYD "Ovm h} QaD R2 QO =Q Q} R |=yCW=ov xm O} R=U@ =Q 2� 2 |=yT} QD=t �28

"O}@=}@ CW=ov Qy
"x CyH QO 2 ?} Q[ =@ VQ@ TBU w 3 ?} Q[ =@ \=U@v= �hr=

\N QO T=mav= TBU w y CyH QO 2 ?} Q[ =@ x CyH QO 3 ?} Q[ =@ |Ov@T=}kt �?
" y = x

www.iedoc.ir



=yp=Dm =Qi w |QDw}Bt=m |=yl}i=Qo '|U} QD=t |=yCW=ov 4�4 245

CmQL CyH hqN QO u=QwO Oa@ w x CyH QO 3 ?} Q[ =@ VQ@ TBU 2 ?} Q[ =@ \=U@v= �A
"��2 -xR=Ov= x@ Ca=U |=yx@ Qka

T} QD=t |=Q=O u}vJ sy T "O} Q}o@ Q_vQO T (U) = AU h} QaD =@ =Q T : Rn �! Rn CW=ov �29
"OvDUy |m} A0 w A xm O}yO u=Wv "CU= A0 OQ=Ov=DU=

"CU= 2� 2 |v=ty T} QD=t An = I xm O}yO u=Wv "OW=@ �4 |=Q@ u=QwO T} QD=t A O}vm ZQi �30
"O} Qw=}@ |UOvy p}rO l} xH}Dv u}= |=Q@

|UOvy u=yQ@ l} xH}Dv u}= |=Q@ "A2BA2 = I 'R}v B w A |=yT} QD=t |=Q@ xm O}yO u=Wv �31
"O} Qw=}@

A =

24 1p2 � 1p2
1p2

1p2

35 B =

"�1 0
0 �1

#
'10 -xR=Ov= x@ u=QwO T} QD=t l} A xm O} Q}o@ Q_vQO =Q Tn(u) = (B;A)nu |=yCW=ov -xr=@vO �32
Q}}eD 720 =D 1 R= n |Dkw "CU= y = 0 w x = 1 -x]kv u w 1 005 ?} Q[ =@ \=U@v= l} B

"�O}vm xO=iDU= 'O} Q=O QDw}Bt=m Qo =� #Ow@ Ovy=wN |rmW xJ Q} w=YD \=kv 'Ovm
xOW h} QaD Tn(u) = Anu� v w n = 1; 2; 3 u}i; |=yCW=ov CLD =Q OL=w `@ Qt Q} w=YD �33

"O}vm sUQ w O}@=}@ Q} R QO v \=kv w =yT} QD=t \UwD
A =

" 12 0
0 12

#
; v =

"2
2
#

�hr=

A =

24 1p2 � 1p2
1p2

1p2

35 ; v =

"3
2
#

�?

(2;�3) x@ =Q (1; 2) -x]kv xm |r=kDv= CLD =Q (4; 6) w (3; 4) '(1; 2) Tw�Q =@ ErFt Q} wYD �34
"O}@=}@ OQ@|t

u Q=OQ@ Qy |=Q@ x=oQy OvDUy |}=H@=H T2 w T1 |=yCW=ov �35
T2 � T1(u) = T1 � T2(u)

w VQ@ l} H |Q=PoT=}kt l} S 'T=mav= l} F '\=U@v= l} D 'u=QwO l} R O}vm ZQi
#OvDUy |}=H@=H |=yCW=ov R= GwR s=Om "OW=@ u}i; CW=ov l} A

GwR Qy� "Ovm|t h} QaD =yz QwLt pwL =Q �2 -x} w=R -xR=Ov= x@ |Oa@ xU u=QwO xm O}@=}@ =Q |U} QD=t �36
�"O} Q}o@ Q_vQO O}v=wD|t =Q |y=wNrO

www.iedoc.ir



246 Rn |Q=OQ@ |=[i 4 pYi

Qy xm Ovm|t h} QaD u=vJ =Q <=O@t R= GQ=N x@ |Oa@ xU |=[i R= \U@ l} xm O}@=}@ =Q |U} QD=t �37
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xO=iDU= �2 -xR=Ov= x@ (5; 1) -x]kv pwL u=QwO l} h} QaD |=Q@ Ov=wD|t xm O}vm u}at =Q |U} QD=t �38
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"O}vm x@U=Lt w = (0; 1;�3) w v = (2; 3; 7) 'u = (3;�1; 5) |=Q@ =Q Q} R |=yCQ=@a �2
4u� 2v + 3w �A 2u� 5v � w �? u+ v �hr=

%O}vm u}}aD =Q Q} R |=yQ=OQ@ GwR |=x]kv ?Q[pY=L �3
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(3; 2;�1); (2; 2;�5) �A

%O}vm x@U=Lt =Q Q} R |=yQ=OQ@ sQv �4
(1;�2; 3; 4) �A (�2; 1; 3) �? (1;�4) �hr=

%O}@=}@ =Q Q} R |=yQ=OQ@ u}@ x} w=R Twv}Um �5
(1; 2;�3); (4; 1; 2) �? (�1; 1); (2; 3) �hr=

"O}@=}@ =Q (�2; 1; 5) Q=OQ@ Q@ Owta |Q=OQ@ �6
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"kc(1; 2; 3)k = 196 xm |Qw] x@ O}@=}@ =Q c Q}O=kt s=tD �8
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"Ovm|t pkDvt <=O@t R= u=WxrY=i Q@=Q@ xU

"Ovm|t h} QaD =Q y = �x \N x@ C@Uv T=mav= xm O}vm u}}aD =Q |U} QD=t �13
"Ovm|t h} QaD =Q y = �x \N |wQ Q} wYD xm O}vm u}}aD =Q |U} QD=t �14

2 ?} Q[ =@ w x CyH QO 5 ?} Q[ =@ |Q=PoT=}kt CLD =Q y = �5x+ 1 \N Q} wYD -xrO=at �15
"O}@=}@ y CyH QO
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"Ov=wD@ O}=@ pYi u}= |OQ@ Q=m w xar=]t R= TB |} wHWv=O

"OyO x�=Q= u; R= Twtrt |=yp=Ft xOQm h} QaD u; |=yCW=OvB T=U=Q@ =Q |Q=OQ@ |=[i swyit �
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K}[wD =Q =yv; \=@DQ= w xOQm h} QaD =Q Q}PBuwQ=w T} QD=t 'Ot=aDt |=yQ=OQ@ 'T} QD=t x@DQ 'x}=B s}y=it �
"OyO

5 pYi |rm |=yhOy
Rn |Q@H |U=U= w |}=v@ Q} R Q=DN=U "s}yO|t s}taD =Q Rn |Q=OQ@ |=[i |r@k swyit pYi u}= QO
|=y|oS} w u=ty |=Q=O OW=@ |Q=DN=U u}vJ |=Q=O xm |=xawtHt Qy "O=O s}y=wN Q=Qk |UQQ@ OQwt =Q
xDi=} xaUwD Rn |Q=OQ@ |=[i |=Q@ xm |}=yxH}Dv "OwW|t xO}t=v |Q=OQ@ |=[i l} w xOw@ Rn |[=} Q
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|twta |Q=OQ@ |=y=[i

|Q=OQ@ |=y=[i 1�5
w `tH |va} 'pta wO =yv; Q@ xm xOW xO}t=v Q=OQ@ xm CU= |QY=va xawtHt pt=W Rn |Q=OQ@ |=y=[i
=ypta u}= CLD Rn |Q=OQ@ |=[i xm s}OQm x_Lqt p@k pYi QO "CU= xOW h} QaD 'Qr=mU= ?Q[
Rn Q=OQ@ l} QO Qr=mU= ?Q[pY=L u}vJty w OQ=O Q=Qk Rn QO Rn Q=OQ@ wO `tHpY=L &CU= xDU@
x_Lqt 'xvwtv |=Q@ "CU= |Qo}O |Q@H |=y|oS} w |=Q=O Rn |Q=OQ@ |=[i u}vJty "OW=@|t Rn QO

%CU= Q}PBCmQW w |}=Hx@=H =yQ=OQ@ `tH xm s}OQm
u+ v = v + u

u+ (v + w) = (u+ v) + w

|=xawtHt =t "s}vm RmQtD Rn |Q@H |=y|oS} w Q}=U w =y|oS} w u}= Q@ xm CU= u}= VN@ u}= QO u=thOy
=yCW=Ov@ u}= QO xm |=xawtHt Qy "s}vm|t G=QNDU= OW=@ Q=wDU= Rn |=y|oS} w Q@ xm =Q =yCW=Ov@ R=
l} |=xawtHt u}vJ "CW=O Oy=wN Rn |Q=OQ@ |=[i |=y|oS} w x@=Wt |Q@H |=y|oS} w Ovm jOY
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"s}vm |Ov@xDUO =RHt ?U=vt xwQo

Q=OQ@ xm CU= |QY=va R= pmWDt V Ovv=t |=xawtHt |Q=OQ@ |=[i l} "h} QaD 1�1�5
'u� Ovvm|t jOY p}P \}=QW QO xm xOW h} QaD u; Q@ |Qr=mU= ?Q[ w `tH p=ta= xm 'OvwW|t xO}t=v
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=yT} QD=t |Q=OQ@ |=y=[i 2�5
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CU= |Q=OQ@ |=[i l} 'm� n |=yT} QD=t xawtHt 'Mm�n

=y`@=D |Q=OQ@ |=y=[i 3�5
\N 'f Ovv=ty V QYva Qy "OW=@ |k}kL |=yOOa xvt=O =@ |k}kL |=y`@=D xty xawtHt V s}vm ZQi
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"s}vm|t p}O@D |Q=OQ@ |=[i l} x@
x]@=[ =@ |a@=D u=wvax@ =Q f + g 'wO u}= `tHpY=L "OvW=@ V x=wNrO QYva wO g w f s}vm ZQi

(f + g)(x) = f(x) + g(x)

|=Q@ "O}=tv|t |iQat |k}kL |=yOOa xawtHt xvt=O =@ |a@=D u=wvax@ =Q f + g Qt= u}= "s}vm|t h} QaD
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"OW=@ x=wNrO Qr=mU= l} c s}vm ZQi "s}vm|t h} QaD V QY=va Q@ =Q Qr=mU= ?Q[ Oa@ xrLQt QO

x]@=[ =@ CU= |a@=D cf 'f |Qr=mU= ?Q[t
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Qy QO cf Q=Okt uDi=} |=Q@ "Ovm|t |iQat |k}kL |=yOOa xawtHt xvt=O =@ |a@=D u=wvax@ =Q cf Qt= u}=
xO}t=v |=x]kv Qr=mU= pta u}= "s}vm|t ?Q[ c QO =Qv; w xDi=} x QO =Q f Q=Okt 'x x=wNrO |k}kL OOa

"OwW|t
Q_v QO =Q Q} R XNWt `@=D wO 's}W=@ xDW=O `@=wD Q@ pta wO u}= R= |UOvy |U=UL= xmv; |=Q@

s} Q}o|t
f(x) = x ; g(x) = x2

OwW|t h} QaD Q} R |x]@=[ =@ xm CU= |a@=D f + g CQwYu}= QO

(f + g)(x) = x+ x2
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x]@=[ =@ xm CU= "f `@=D " Ovv=t |Qr=mU= QO f Qr=mU= ?Q[t

("f)(x) = "x

"OwW|t h} QaD
u=Wv xm OUQ|t u}= x@ C@ wv |vwvm = V |a@=D |=[i u}= Q@ Qr=mU= ?Q[ w `tH |=ypta h} QaD =@

"CU= |Q=OQ@ |=[i l} V s}yO
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xDU@ `tH CLD V u}=Q@=v@ "CU= V x@ jraDt |QYva u}=Q@=v@ w xOw@ |k}kL |=yOOa xawtHt xvt=O =@

"CU=
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%x |k}kL OOa Qy |=Q@ CQwYu}= QO "OwW|t

(f + 0)(x) = f(x) + 0(x) = f(x) + 0 = f(x)

"CU= QiY Q=OQ@ 0 |va} 'f + 0 = f wQ u}= R= 'CU= x QO f Q=Okt Q@=Q@ x Qy QO f + 0 Q=Okt u}=Q@=v@
�f xm s}yO|t u=Wv s} Q}o|t Q_v QO (�f)(x) = �(f(x)) x]@=[ =@ =Q �f `@=D %6 CW=Ov@

"CU= f xv} Qk
(f + (�f))(x) = f(x) + (�f)(x)

= f(x)� f(f(x))

= 0
= 0(x)

"CU= f xv} Qk �f u}=Q@=v@ "f + (�f) = 0 =Pr "CU= Q@=Q@ 0 Q=Okt =@ f + (�f) Q=Okt x Qy QO |va}
|}=y`@=D xty xawtHt 'xvwtv |=Q@ "OvDUy `@=D =yv; QY=va xm OQ=O OwHw |Q=}U@ |Q=OQ@ |=y=[i
ut[ wHWv=O "CU= |Q=OQ@ |=[i l} |=x]kv Qr=mU= ?Q[ w |=x]kv `tH =@ (��; �) xvt=O =@
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Cn \rDNt |Q=OQ@ |=[i 4�5
s}vm ZQi "s}yO|t s}taD Cn \rDNt |Q=OQ@ |=[i x@ =Q Rn |k}kL |Q=OQ@ |=[i swyit uwvm =
|}=D�n� |}=yxr=@vO u}vJ xty xawtHt "OW=@ \rDNt OOa n R= pmWDt |=xr=@vO (u1:u2; : : : ; un)

xm |r=L QO 'CU= C2 R= |QYva (2 + 3i; 4 � 6i) xvwtv |=Q@ "s}yO|t u=Wv Cn x@ =Q �?DQt
"CU= C3 R= |QYva (3i; 1� 5i; 4)

xOW h} QaD Q} R VwQx@ Cn Q@ =Q �C \rDNt Qr=mU= xr}Uwx@� Qr=mU= ?Q[ w `tH |=ypta s}vm ZQi
%OW=@

(u1; : : : ; un) + (v1; : : : ; vn) = (u1 + v1; : : : ; un + vn)

c(u1; : : : ; un) = (cu1; : : : ; cun)

=Q c = 4 + 3i Qr=mU= w C2 R= v = (1� 3i; 5 + 3i) w u = (2 + i; 3� 4i) Q=OQ@ wO xvwtv |=Q@
s} Q}o|t Q_v QO

u + v = (2 + i; 3� 4i) + (1� 3i; 5 + 3i) = (3� 2i; 8� i)

cu = (4 + 3i)(2 + i; 3� 4i) = (5 + 10i; 24� 7i)

"�OwW x_Lqt |Oa@ |=yu} QtD� OW=@|t \rDNt |Q=OQ@ |=[i l} pta u}= =@ Cn xm O=O u=Wv u=wD|t
OvDUy |}=y|oS} w =yu}= "CU= =yQ=OQ@ O}it |=y|oS} w Q@ ptDWt xm s}vm|t KQ]t |=x}[k uwvm =
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"O}=tv|tv Q=mW; u=OvJ =yv; Kw[w |Q=OQ@ |=y=[i Q}=U OQwt QO

c 'V QiY Q=OQ@ A0 'V QO |Q=OQ@ Av '|Q=OQ@ |=[i l} V s}vm ZQi "x}[k 1�4�5
CQwYu}= QO "OW=@ QiY Qr=mU= 0 w x=wN=O |Qr=mU=

A0Av = A0 �hr=
A0 = A0 �?

(�1)Av = �Av �G
Av = 0 =} c = 0 x=ov; 'cAv = A0 x=oQy �O
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"s}vm|t pwLt wHWv=O x@ u} QtD u=wvax@ =Q �O� w �?� u=yQ@ 's}vm|t C=@F= =Q �G� w �hr=� "u=yQ@
0Av + 0Av = (0 + 0)Av �8 CW=Ov@� �hr=�

= 0Av �0 Qr=mU= |oS} w�
s}vm|t uwRi= =Q �0Av xv} Qk Q}N= |w=UD hQ] wO x@

0Av + 0Av + (�0Av) = 0Av + (�0Av)

0Av + [0Av + (�0Av)] = A0 �6 w 4 CW=Ov@�
0Av +A0 = A0 �6 CW=Ov@�

0Av = 0 �5 CW=Ov@�

(�1)Av +Av = (�1)Av + 1Av �10 CW=Ov@� �G�
= [(�1) + 1]Av �8 CW=Ov@�
= 0Av �xQr=mU= |oS} w�
= A0 �jwi hr= CtUk�

"�6 CW=Ov@� CU= v xv} Qk (�1)Av u}=Q@=v@

u} QtD 2�4�5
?Q[ w `tH |rwtat p=ta= =@ '2 � 2 |=yT} QD=t xawtHt 'M22 xm s}OQm C@=F TQO QO �1
|k@=t QO M22 O}vm C@=F "Ovl|t jOY 6 w 5 '4 '3 '2 '1 |=yCW=Ov@ QO =yT} QD=t Qr=mU=
pt=m =Q CU= |Q=OQ@ |=[i l} M22 xmv}= u=yQ@ =Pr w xOQm jOY R}v |Q=OQ@ |=[i |=yCW=Ov@

"O}vm
'|k}kL O=Oa= xvt=O =@ 'Qr=mU= ?Q[ w |=x]kv `tH p=ta= =@ `@=wD xawtHt xm s}OQm C@=F TQO QO �2
|k@=t QO xawtHt u}= O}vm C@=F "Ovm|t jOY |Q=OQ@ |=[i R= 6 w 5 2 '1 |=yCW=Ov@ QO

"CU= |Q=OQ@ |=[i l} =Pr w xOQm jOY R}v |Q=OQ@ |=[i |=yCW=Ov@
%CU= |Q=OQ@ |=[i l} p}P QO KwQWt Qr=mU= ?Q[ w `tH p=ta= =@ Cn xawtHt O}vm C@=F �3

(u1; u2; : : : ; un) + (v1; v2; : : : ; vn) = (u1 + v1; : : : ; un + vn)
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= (u1; u2 : : : un) = (cu1; cu2; : : : ; cun)

O}vm x@U=Lt 'OvwW|t QmP ,q}P xm 'C2 |Q=OQ@ |=Q@ =Q cu w u + v

u = (2� i; 3 + 4i);v = (5; 1; 3i); c = 3� 2i �1
u = (1 + 5i;�2� 3i);v = (2i; 3� 2i); c = 4 + i �2

=@ "OvW=@ |}=yQr=mU= c w b 'a 'V QO |}=yQ=OQ@ w w v 'u '|Q=OQ@ |=[i l} V s}vm ZQi �4
"O}vm C@=F =Q p}P s=mL= |Q=OQ@ |=[i |=yCW=Ov@ R= xO=iDU=

"c0 = 0 �1
"0 = 0 =} c = 0 x=ov; 'cv = 0 x=oQy �2

"�(�v) = v �3
"u = v x=ov; 'u + v = u + w Qo = �4

"a = b x=ov; 'au = bu w u 6= 0 x=oQy �5

=y=[iQ} R 5�5
QF= =Q xO}= u}= xmv; |=Q@ "OvyO|t |Q=OQ@ |=[i p}mWD OwN |Q=OQ@ |=y=[i R= |Y=N |=yxawtHt Q} R
|}=yQ=OQ@ xawtHt Q@ ptDWt Rn |=[i "s}vmi=|t |Q_v Rn |Q=OQ@ |=[i x@ Qo}O Q=@ s}WN@@ |WN@
xDU@ =ypta u}= CLD Rn s}v=O|t "CU= xOW h} QaD Qr=mU= ?Q[ w `tH |=ypta =yv; Q@ xm CU=
=Q Rn R= |QYva x=oQy '|yov=w "s} Qw;|t CUOx@ Rn R= |Q=OQ@ s}vm `tH =Q Rn Q=OQ@ wO x=oQy "CU=

%R3 QO 'xvwtv |=Q@ "s} Qw;|t CUOx@ Rn R= |QYva s}vm ?Q[ Qr=mU= l} QO

(1; 2; 5)
"

R3 QYva

+ (3; 1; 7)
"

R3 QYva

= (4; 3; 12)
"

R3 QYva

; 5(1;�2; 5)
"

R3 QYva

= (5;�10; 25)
"

R3 QYva

"OvDUy =Q=O =Q |Q=DU@ |=y|oS} w u}ty xm s} Qov|t R3 R= |Y=N |=yxawtHt Q} R x@ uwvm =
Q@ ptDWt V "s} Q}o|t Q_v QO =Q (a; a; b) sQi x@ |}=yQ=OQ@ |xty R= pmWDt R3 R= V xawtHtQ} R
(�1;�1; 6) w (2; 2; 3) xvwtv |=Q@ "OvQ=O u=Um} swO w pw= |=yxir-wt xm CU= R3 R= |}=yQ=OQ@ xty
&O};|t CUOx@ V R= |QYva s}vm `tH sy =@ =Q V QYva wO x=oQy xm s}vm|t xOy=Wt "Ow@ Ovy=wN V QO
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s}vm ZQi "OwW|t pY=L V R= |QYva R=@ s}vm ?Q[ Qr=mU= l} QO =Q V QYva l} x=oQy u}vJty
CQwYu}= QO "OW=@ Qr=mU= l} k w V x=wNrO QYva wO (c; c; d) w (�; a; b)

(a; a; b) + (c; c; d) = (a+ c; a+ c; b+ d) 2 V
k(a; a; b) = (ka; ka; kb) 2 V

V "CU= xDU@ =ypta u}= CLD V u}ty "Ov=xOW h} QaD u; Q@ xm CU= |Qr=mU= ?Q[ w `tH |=Q=O V
s} Qov|t |Q=OQ@ |=[i l} x@=Ft x@ V x@ =t u}=Q@=v@ "CU=Q=O R3 xm CU= |} Q@H |=y|oS} w |=Q=O

"s}t=v|t =[iQ} R l} =Q QDnQR@ |=[i QO xOW \=Lt |=[i u}vJ "OW=@ xOW \=Lt R3 QO xm
|rwtat |Oa@xU |=[i QO xm CU= |}=yx]kv xty xawtHt R3 "s} R=OQB|t V |UOvy Q}@aD x@ lv}=
OvR=U|t |=xLiY =yx]kv u}= "OvQ=O Q@=Q@ y w x |=yxir-wt xm CU= |}=yx]kv xty xawtHt V "Ov=`k=w
"OwW x_Lqt 1�5 pmW "OW=@|t z = 0 w y = x xrO=at x@ \N Q@ Q:=t w xOw@ xy xLiY Q@ Owta xm
?Q[t u}vJty "CU= `k=w xLiY u}= QO R}v OvW=@ xLiY u}= QO xm u=mt Q=OQ@ wO Qy `tHpY=L
l} |rm h} QaD u=mt= =t x@ |UQQ@ u}= "CU= xLiY u}= x@ jraDt OW=@ xLiY u}= QO xm Q=OQ@ Qy p=mU=

"OyO|t CUOx@ =Q |Q=OQ@ |=[i l} R= =[iQ} R

1�5 pmW
V |=[iQ} R l} =Q U "OW=@ V |yD=v xawtHtQ} R l} U w |Q=OQ@ |=[i l} V s}vm ZQi "h} QaD
"CU= |Q=OQ@ |=[i l} U xm s}vm x_Lqt xmv; |=Q@ "OW=@ xDU@ Qr=mU= ?Q[ w `tH CLD x=oQy s}t=v
=D 3 |=yCW=Ov@ \}=QW U u}vJty "Ovm|t jOY 2 w 1 |Q=DU@ |=yCW=Ov@ QO U xm s} wW|t Qw;O=}
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|=[i l} QO xm CU= |} Q=OQ@ |=[i '=[iQ} R l} "OQ@|t �EQ=� x@ V |Q=OQ@ QDoQR@ |=[i R= =Q 10
"OW=@ xOW \=Lt QDoQR@ |Q=OQ@

|=yxir-wt |va}� (u; 0; 0) sQix@ |}=yQ=OQ@ xty R= pmWDt R3 R= |=xawtHtQ} R U s}vm ZQi %1 p=Ft
"CU= R3 |=[iQ} R l} U xm O}yO u=Wv "OW=@ �QiY swU w swO

%s} Q=O "OW=@ Qr=mU= l} k w U QO Q=OQ@ wO (b; 0; 0) w (u; 0; 0) s}vm ZQi %pL
(a; 0; 0) + (b; 0; 0) = (a+ 0; 0; 0) 2 U
k(a; 0; 0) = (ka; 0; 0) 2 U

"CU= R3 |=[iQ} R l} u}=Q@=v@ "OvDUy U QO Qr=mU= ?Q[ w `tHpY=L
`tHpY=L xm s} wW|t QmPDt "Ov=`k=w x QwLt Q@ xm CU= |}=yQ=OQ@ xty xawtHt U '|UOvy Q_v R=

"Ov=`k=w QwLt u}= Q@ x QwLt Q@ `k=w Q=OQ@ wO Qy Qr=mU= ?Q[ u}vJty w
|=[iQ} R l} W xm O}yO u=Wv 'OW=@ (a; a2; b) sQix@ |}=yQ=OQ@ xawtHt W s}vm ZQi %2 p=Ft

"OW=@|tv R3

|=Q@ "OW=@|t pw= xir-wt `@ Qt 'swO xir-wt =yu; |=Q@ xm CU= R3 QO |}=yQ=OQ@ xty |xawtHt W %pL
"OW=@|tv W QO (1; 3; 5) Q=OQ@ xm |r=L QO CU= W QO (2; 4; 3) Q=OQ@ xvwtv

s} Q=O "OvW=@ W QO Q=OQ@ wO (c; c2; d) w (a; a2; b) s}vm ZQi
(a; a2; b) + (c; c2; d) = (a+ c; a2 + c2; b+ d)

6= (a+ c; (a+ c)2; b+ d)

W xH}Dv QO 'OW=@|tv xDU@ `tH CLD W "OW=@|tv W R= |QYva (a; a2; b) + (c; c2; d) u}=Q@=v@
"CU}v =[iQ} R l}

|Q=OQ@ |=[i |=[iQ} R l} 2 � 2 |Q]k |=yT} QD=t R= pmWDt U xawtHt O}vm C@=F %3 p=Ft
"OW=@|t M2�2

Q_v QO U R= =Q Q} R x=wNrO QYva wO "CU= xDU@ Qr=mU= ?Q[ w `tH CLD U xm s}yO u=Wv O}=@ %pL
s} Q}o|t

u =

"
a 0
0 b

#
;

"
p 0
q 0

#
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s} Q=O
u + v =

"
a 0
0 b

#
+

"
p 0
q 0

#
=

"
a+ p 0

0 b+ q

#
U "CU= U R= |QYva CQwYu}= QO w xOw@ 2 � 2 |Q]k T} QD=t l} u + v xm s}vm|t x_Lqt

"CU= xDU@ `tH CLD
s} Q=O "OW=@ Qr=mU= l} c s}vm ZQi

cu = c

"
a 0
0 b

#
=

"
ca 0
0 cb

#
"CU= xDU@ Qr=mU= ?Q[ CLD U wQ u}= R= "CU= 2� 2 |Q]k T} QD=t l} cu

xOW \=Lt M2�2 QO xm "CU= T} QD=t |Q=OQ@ |=[i l} U "CU= M2�2 |=[iQ} R l} U
"CU=

xHQO R= �|k}kL OOa ?Q[ =@� |k}kL |=xrtHOvJ |=y`@=D xawtHt V=tv Pn s}vm ZQi %4 p=Ft
pmW x@ Qr=mU= ?Q[ w `tH u; QO xm CU= |Q=OQ@ |=[i l} Pn O}vm C@=F "OW=@ n Q@=Q@ =} QDmJwm

"Ov=xOW h} QaD |=x]kv
"Ovm|t jOY |Q=OQ@ |=[i |=yCW=Ov@ xty QO pta wO u}= x=Qty x@ Pn xm s}vm C@=F s}v=wD|t %pL
xvt=O =@ |}=y`@=D xty R= pmWDt V |Q=OQ@ |=[i R= xawtHtQ} R l} Pn 'OQ=O OwHw |QDxO=U x=Q =:t=
l} OwN CQwYu; QO &CU= V |=[iQ} R l} xawtHtQ} R u}= xm s}yO|t u=Wv "CU= |k}kL |=yOOa

"CU= xDU@ Qr=mU= ?Q[ w `tH CLD Pn xm s}yO|t u=Wv "Ow@ Oy=wN |Q=OQ@ |=[i
%OvW=@ Pn QYva wO g w f s}vm ZQi

f(x) = anxn + an�1xn�1 + � � �+ a1x+ a0

g(x) = bnxn + bn�1xn�1 + � � �+ b1x+ b0

s} Q=O "s} Q}o|t Q_v QO =Q f + g `tHpY=L =OD@=

(f + g)(x) = f(x) + g(x)

= [anxn + an�1xn�1 + � � �+ a1x+ a0] + [bnxn + bn�1xn�1 + _+b1x+ b0]

= (an + bn)xn + (an�1 + bn�1)xn�1 + � � �+ (a1 + b1)x+ (a0 + b0)
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Pn w xOw@ Pn R= |QYva f + g u}=Q@=v@ "CU= n Q@=Q@ QFm =OL xHQO =@ |=xrtHOvJ l} (f + g)(x)

"CU= xDU@ `tH CLD
CU= xOW h} QaD u}vJ cf 's} R=OQB|t |Qr=mU= ?Q[pY=L x@ uwvm =

(cf)(x) = c[f(x)]

= c[anxn + an�1xn�1 + � � �+ a1x+ a0]

= canxn + can�1xn�1 + � � �+ ca1x+ ca0

Qr=mU= ?Q[ CLD Pn w xOw@ Pn R= |QYva cf =Pr "CU= n QFm =OL xHQO R= |=xrtHOvJ (cf)(x)

"CU= xDU@
?Q[ w `tH CLD xm CU= `@=wD R= V |Q=OQ@ |=[i R= |=xawtHtQ} R Pn xm s}=xOQm C@=F u=Uu}O@

"CU= |Q=OQ@ |=[i l} OwN w xOw@ V |=[iQ} R l} Pn u}=Q@=v@ "CU= xDU@ Qr=mU=
Ovm|t u=}@ =Q =y=[iQ} R xty syt |oS} w l} Q} R |x}[k

V QiY Q=OQ@ pt=W U "OW=@ V |Q=OQ@ |=[i |=[iQ} R l} U s}vm ZQi "x}[k 1�5�5
"CU=

QiY Qr=mU= 0 s}vm ZQi u}vJty "OW=@ V QiY Q=OQ@ 0 w U x=wNrO Q=OQ@ l} u s}vm ZQi "u=yQ@
u}= 'CU= xDU@ Qr=mU= ?Q[ CLD U uwJ"0u = 0 xm s}v=O|t �hr=� CtUk 1�5 x}[k Q@=v@ "OW=@

"CU= U QO 0 xm CU= |vat u=O@
u=O@ u}= |UOvy Q_v R= "Ov=(0; 0; 0) pt=W R3 |=y=[iQ} R xty xm s} Q}o|t xH}Dv x}[k u}= R=
u=wvax@ u=wD|t x}[k u}= R= "OvQPo|t <=O@t R= |Oa@xU xDU@ |=[i |=y=[i Q} R xty xm CU= |vat
x=oQy "OvW=@|tv =[iQ} R =yxawtHtQ} R R= |NQ@ xm O=O u=Wv |OQ=wt QO w CUH xQy@ `} QU lLt l}
=Q OQm} wQ u}= Q} R p=Ft"OW=@ xOw@ =[iQ} R l} Ov=wD|tv OW=@v QiY Q=OQ@ pt=W ZwQit xawtHtQ} R l}

"OQ=Po|t V}=tv x@

|=[iQ} R l} W xm O}yO u=Wv OW=@ (a; a; a+ 2) sQi x@ |}=yQ=OQ@ xawtHt W s}vm ZQi %p=Ft
"OW=@|tv R3
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Q@=Q@ (a; a; a+ 2) u; |=Q@ xm CUy a R= |Q=Okt =}; "CU= W QO (0; 0; 0) =}; xm s}vm|t lJ %pL
s} Q=O (0; 0; 0) w (a; a; a+ 2) uOQm |w=UD =@ &OW=@ (0; 0; 0)

(a; a; a+ 2) = (0; 0; 0)

%s} Qw;|t CUOx@ 'Q_=vDt |=yxir-wt uO=O Q=Qk |w=Ut =@

a = 0; a+ 2 = 0

=[iQ} R l} W =Pr w OW=@|tv W R= |QYva (0; 0; 0) u}=Q@=v@ "CU= ?=wH Ok=i CqO=at x=oDUO u}=
"CU}v

"OQm Oy=wN =y=[iQ} R QDW}@ CN=vW x@ QO=k =Q =t xm s} Qw;|t CUOx@ |Q=R@= |Oa@ |=yVN@ QO

u} QtD 2�5�5
R2 |=y=[iQ} R =yxawtHt u}= O}vm C@=F "O} Q}o@ Q_v QO =Q ZwQit sQix@ =yQ=OQ@ R= |=xawtHt �1

"O}vm Q}@aD |UOvy Q_v R= =Q =[iQ} R Qy "OvDUy

(a; a) �? (a; 0) �hr=
(a; a+ 3b) �O (a; 2a) �G

R3 |=y=[i Q} R =yxawtHt u}= O}vm C@=F "O} Q}o@ Q_v QO =Q ZwQit sQix@ |=yQ=OQ@ xawtHt �2
"O}vm Q}@aD |UOvy Q_v R= =Q =[iQ} R Qy "OvDUy

(0; a; 0) �? (a; b; 0) �hr=
(a; b; a+ b) �O (a; 2a; b) �G

R3 |=y=[i Q} R =yxawtHt u}= O}vm C@=F "O} Q}o@ Q_v QO =Q ZwQit sQix@ |=yQ=OQ@ xawtHt �3
"O}vm Q}@aD |UOvy Q_v R= =Q =[iQ} R Qy "OvDUy

(0; a; 2a) �? (a; a; a) �hr=
(a; 2a; 3a+ 5b) �O (a; a+ b; 3a) �G

"OvDUyR4 |=y=[iQ} R =yxawtHt u}= O}vmC@=F "O} Q}o@ Q_v QO =Q ZwQit sQix@ |=yQ=OQ@ xawtHt �4
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(a; 2a; 3a; 4a) �? (a; 2a; b; 3b) �hr=
(a; b; c; a+ 2b+ 3c) �O (0; a; b; a+ 2b) �G

xawtHtC w (a; a2) sQix@ |}=yQ=OQ@ xawtHtB '(a; 2a) sQix@ |}=yQ=OQ@ xawtHtA s}vm ZQi �5
#OvDUy R2 |=y=[iQ} R C =} B 'A =}; xm O}vm u}}aD "OW=@ (a; a2 + 3) sQix@ |}=yQ=OQ@

Qr=mU= ?Q[ w `tH |Q=DU@ \}=QW uOQm lJ =@ "O} Q}o@ Q_v QO =Q Q} R sQix@ |}=yQ=OQ@ xawtHt �6
#OvDUy R3 |=y=[iQ} R =yxawtHt u}= =}; xm O}vm u}}aD

(a; 4a;�3a) �? (a; b; a+ 3) �hr=
(a; b; 4a� 1) �O (a; b; 2) �G

Qr=mU= ?Q[ w `tH |Q=DU@ \}=QW uOQm lJ =@ "O} Q}o@ Q_v QO =Q Q} R sQix@ |}=yQ=OQ@ xawtHt �7
#OvDUy R3 R= |}=y=[iQ} R =yxawtHt u}= =}; xm O}vm u}}aD

(a; a2; 5a) �? (a; b; a� 4b) �hr=
(a; b; 2a+ 3b+ 6) �O (a; 1; 1) �G

u; QO xm (a; b; c) |=yQ=OQ@ xty xawtHt #OvDUy R3 |=y=[iQ} R Q} R |=yxawtHt =}; �8

a+ b+ c = 1 �? a+ b+ c = 0 �hr=
ab = 5 �O ab = 0 �G

a = b+ c �w ab = ac �y ;

xm (a; b; c) sQix@ |}=yQ=OQ@ |xty xawtHt #OvDUy R3 |=[iQ} R Q} R |=yxawtHt R= l}t=Om �9
c w b 'a u; QO

Ov=|ivt=v w |k}kL |}=yOOa�? Ov=K}LY |}=yOOa �hr=
(a; a+ 3b) �O Ov==} wo |}=yOOa �G
sQix@ |}=yQ=OQ@ xty xawtHt #OvDUy R2 |=[iQ} R Q} R |=yxawtHt =}; �10

(a; b3) �? (a; b2) �hr=
ab < 0 u; QO xm (a; b) �O a > 0 u; QO xm (a; b) �G

u}vJty "OW=@v xDU@ Qr=mU= ?Q[CLD =:t= xOw@ xDU@ `tHCLD xm O}yO x�=Q=R3 R= |=xawtHtQ} R �11
"OW=@v xDU@ `tH CLD '=:t= OW=@ xDU@ Qr=mU= ?Q[ CLD xm O}yO x�=Q= |=xawtHtQ} R
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xawtHt "�O} Q}o@ Q_v QO =Q QiY Q=OQ@� "OvDU}v R3 |=[iQ} R Q} R |=yxawtHtQ} R xm O}yO u=Wv �12
sQix@ |}=yQ=OQ@ xty

(a; 3; 2a) �? (a; a+ 1; b) �hr=
a > 0 xm (a; b; c) �O (a; b; a+ b� 4) �G

|=Q@ =Q p=Ft u}= Q}_v "OW=@v =[iQ} R =:t= OW=@ QiY Q=OQ@ pt=W xm O}yO x�=Q= R2 R= |=xawtHtQ} R �13
"O}vm pL w u=}@ R3

(p; 2p; q) sQix@ |}=yQ=OQ@ xawtHt V w (a; 3a; b) sQix@ |}=yQ=OQ@ xty xawtHt U s}vm ZQi �14
#OvDUy =[iQ} R =yv; =}; #Ov=u=Um} V w U =}; "OvW=@

(a; a+ b; c) sQix@ |}=yQ=OQ@ xawtHt V w (a; b; c) sQix@ |}=yQ=OQ@ xty xawtHt U s}vm ZQi �15
#U = V =}; "OvW=@

(p; 3p; r3) sQix@ |}=yQ=OQ@ xawtHt V w (a; 3a; b+2) sQix@ |}=yQ=OQ@ xawtHt U s}vm ZQi �16
#CU= R3 |=[iQ} R l} xawtHt u}= =}; "OvDUy|m} V w U xm O}yO u=Wv "OvW=@

U O}vm C@=F "OvW=@ x=wNrO Qr=mU= wO b w a w U QO |}=yQ=OQ@ u2 w u1 'U � R3 s}vm ZQi �17
"OW=@ U QO |Q=OQ@ au1 + bu2 'b w a Qy |=Q@ Qo = \ki w Qo = CU= R3 |=[iQ} R l}

"OvyO|t =[iQ} R p}mWD M2�2 |=yxawtHtQ} R R= l}t=Om O}vm u}}aD �18
"OW=@ QiY u=W|Q]k QY=va u; QO xm =yT} QD=t R= |=xawtHtQ} R �hr=

T} QD=t p=Ft |=Q@� "OW=@ Q@=Q@ =yv; QY=va `tHpY=L xm =yT} QD=t R= |=xawtHtQ} R �?
"�Ow@ Oy=wN |U} QD=t u}vJ

"2 �1
0 5

#
sQix@ |}=yT} QD=t xawtHt �G"

a a2

b b2

#
sQix@ |}=yT} QD=t xawtHt �O"

a a+ 2
b c

#
2� 2 uQ=kDt |=yT} QD=t xawtHt �y
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2� 2 Q}PBuwQ=w |=yT} QD=t xawtHt �w
#OvyO|t =[iQ} R p}mWD M2�2 R= p}P |=yxawtHtQ} R R= l}t=Om �19

sQix@ |}=yT} QD=t xawtHt �hr="
a b 0
c d 0

#
sQix@ |}=yT} QD=t xawtHt �?h

a 2a 3b b 2b 3b
i

xHQO =@ |=y|=xrtHOvJ xawtHt Pn xm s} Q=O Q]=Nx@� "CU= P3 |=[iQ} R l} P2 O}vm C@=F �20
"�CU= n QFm =OL

#CU= Cn |=[iQ} R l} Rn =}; �21
O}vm C@=F �22

sQix@ |}=yT} QD=t xawtHt �hr="
a 1
b c

#
"CU}v M2�2 |=[iQ} R l}

"CU}v P2 |=[iQ} R l} f(x) = ax+ 2 sQix@ |}=y`@=D xty xawtHt �?
|=yxawtHt R= l}t=Om "s} Q}o|t Q_v QO |k}kL |=yOOa xvt=O |=y`@=D =@ =Q |a@=D |Q=OQ@ |=[i �23

#OvDUy |Q=OQ@ |=[i u}= |=[iQ} R Q} R
f(0) = 0 u; QO xm f |=a`@=D xty R= pmWDt xawtHtQ} R �hr=

f(0) = 3 xm |tUkx@ f |=y`@=D xty R= pmWDt xawtHtQ} R �?
C@=F |=y`@=D xty R= pmWDt xawtHtQ} R �G

=}; #OW=@ U R= |}=yQ=OQ@ v w u u}vJty "OW=@ V |Q=OQ@ |=[i |=[iQ} R l} U s}vm ZQi �24
#u 2 U xm |r=L QO cu 2 U 'c Ovv=t |QiYQ}e Qr=mU= |=Q@ CU= umtt
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=[iQ} R U xmv; |=Q@ |i=m w sRq \QW O}vm C@=F"U � V w |Q=OQ@ |=[i l} V s}vm ZQi �25
"au + bv 2 U 'b w a |=yQr=mU= Qy w u;v 2 U Qy |=Q@ xm CU= u; OW=@

O}vm C@=F �26

"OW=@v =[iQ} R CU= umtt =[iQ} R wO `=tDH= �hr=
"CU= =[iQ} R l} =[iQ} R wO l =QDW= �?

"CU=[iQ} R '|Q=OQ@ |=[i l} |=y=[iQ} R R= O=OaD Qy l =QDW= �G

"CU= map(R) |=[iQ} R c(R) |va} R Q@ xDUw}B `@=wD s=tD xawtHt �27
"CU= c(R) |=[iQ} R Di�(R) �28

=yQ=OQ@ |]N C=@}mQD 6�5
"s}O=O Q=Qk |UQQ@ OQwt =Q (a; a; b) sQix@ |}=yQ=OQ@ xty R= pmWDt R3 R= |}=[iQ} R |r@k VN@ QO

%s}U} wv@ u}vJ s}v=wD|t =Q =[i u}= QO x=wNrO Q=OQ@ l} xm s}vm|t x_Lqt

(a; a; b) = a(1; 1; 0) + b(0; 0; 1)

w (1; 1; 0) |}=yQ=OQ@ ?ULQ@ u=wD|t =Q =[iQ} R u}= QO Q=OQ@ Qy xm CU= Q=Qk u}= R= Qt= u}= xH}Dv
'p=Ft |=Q@ "CWwv (0; 0; 1)

(2; 2; 3) = 2(1; 1; 0) + 3(0; 0; 1)

w

(�1;�1; 7) = �1(1; 1; 0) + 7(0; 0; 1)

u }= QO "O v D U y =[ iQ } R u }= xO v v m XNW t | v a t l } x @ (0; 0; 1) w (1; 1; 0) |= yQ=OQ @
Q D y @ lQO |=Q @ Q t= u }= R= w xOQ m | UQQ @ Q D W } @ =Q OQ m } wQ u }= |O a @ |= yVN @ w VN @
"OQ @ s }y=wN xQ y @ O v DUy =[ i p m Q oW }= t v x m |Y=N |=yQ=OQ @ ?ULQ @ |Q=OQ @ |=y=[ i
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'V QO |Q=OQ@ 'v s}} wo "OvW=@ V |Q=OQ@ |=[i QO |}=yQ=OQ@ v1;v2; : : : ;vm s}vm ZQi "h} QaD
x@ OvW=@ OwHwt c1; c2; : : : ; cm uwJ |}=yQr=mU= x=oQy CU= v1;v2; : : : ;vm R= |]N ?}mQD l}

%CWwv u}vJ u=wD@ =Q v xm |tUk

v = c1v1 + c2v2 + � � �+ cmvm

Ov=wD|t =Q} R CU= (1; 0; 3) w (3; 1; 4) '(1; 2; 0) |=yQ=OQ@ R= |]N |@}mQD (5; 4; 2) Q=OQ@ %1 p=Ft
&OwW xDWwv u}vJ

(5; 4; 2) = (1; 2; 0) + 2(3; 1; 4)� 2(1; 0; 3)

x=oDUO l} pL x@ `k=w QO CU= Qo}O |=yQ=OQ@ R= |]N |@}mQD Q=OQ@ l} =}; s}vm u}at xm xr-=Ut u}=
"OwW|t QHvt |]N CqO=at

(2; 3; 6) w (0; 1; 4) '(1; 2; 3) |=yQ=OQ@ R= |]N |@}mQD (�1; 1; 5) Q=OQ@ =}; xm O}vm u}}aD %2 p=Ft
"Q}N =} CU=

s}vm|t |UQQ@ =Q Q} R |w=UD %pL
c1(1; 2; 3) + c2(0; 1; 4) + c3(2; 3; 6) = (�1; 1; 5)

Qr=mU= ?Q[ w `tH R= xO=iDU= =@ #OW=@ Q=QkQ@ |w=UD xm s}=}@ u=vJ =Q c3 w c2 'c1 |=yQr=mU= s}v=wD|t =};
s} Qw;|t CUOx@

(c1; 2c1; 3c1) + (0; c2; 4c2) + (2c3; 3c3; 6c3) = (�1; 1; 5)

(c1 + 2c3; 2c1 + c2 + 3c3; 3c1 + 4c2 + 6c3) = (�1; 1; 5)

s}UQ|t Q} R |]N CqO=at x=oDUO x@ sy Q_=vDt |=yxir-wt uO=O Q=Qk |w=UD =@

c1 +2c3 = �1
2c1+ c2+3c3 = 1
3c1+4c2+6c3 = 5
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CU= Q} R OQix@ QYLvt ?=wH |=Q=O CqO=at x=oDUO u}= xm O=O u=Wv u=wD|t

c1 = 1 ; c2 = 3 ; c3 = �1

xDWwv (2; 3; 6) w (0; 1; 4) '(1; 2; 3) |=yQ=OQ@ R= Q} R |]N ?}mQD pmW x@ (�1; 1; 5) Q=OQ@ u}=Q@=v@
&OwW|t

(01; 1; 5) = (1; 2; 3) + 2(0; 1; 4)� 1(2; 3; 6)

pmW x@ x=Q l} R= V}@ x@ u=wD@ =Q Q=OQ@ l} xm ODi}@ j=iD= u}= CU= umtt xm OyO|t u=Wv Q} R p=Ft
"CWwv =yQ=OQ@ Qo}O R= |]N |@}mQD

(3; 3; 2) w (�1; 1; 4) '(1; 2; 3) |=yQ=OQ@ R= |]N |@}mQD CQwYx@ =Q (4; 5; 5) Q=OQ@ %3 p=Ft
"O}U} wv@

"s}vm|t |UQQ@ c3 w c2 'c1 pwyHt |=yQ=Okt ?ULQ@ =Q Q} R |w=UD %pL
c1(1; 2; 3) + c2(�1; 1; 4) + c3(3; 3; 2) = (4; 5; 5)

%s} Q=O
(c1; 2c1; 3c1) + (�c2; c2; 4c2) + (3c3; 3c3; 2c3) = (4; 5; 5)

(c1 � c2 + 3c3; 2c1 + c2 + 3c3; 3c1 + 3c2 + 2c3) = (4; 5; 5)

%OwW|t Q} R |]N CqO=at x=oDUO x@ QHvt Q_=vDt |=yxir-wt uO=O Q=Qk |w=UD

c1 � c2 + 3c3 = 4
2c1 + c2 + 3c3 = 5

3c1 + 4c2 + 2c3 = 5

'CU= |Q=tW}@ |=y?=wH |=Q=O CqO=at x=oDUO u}=

c1 = �2r + 3 ; c2 = r � 1 ; c3 = r

(�1; 1; 4) '(1; 2; 3)|=yQ=OQ@ R=|]N|@}mQDpmW x@ |Q=}U@ |=yx=Q x@ Ov=wD|t (4; 5; 5) Q=OQ@u}=Q@=v@
&OwW xDWwv (3; 3; 2) w

(4; 5; 5) = (�2r + 3)(1; 2; 3) + (r � 1)(�1; 1; 4) + r(3; 3; 2)
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xvwtv |=Q@

(4; 5; 5) = �3(1; 2; 3) + 2(�1; 1; 4) + 3(3; 3; 2) OyO|t CUOx@ r = 3
(4; 5; 5) = 5(1; 2; 3)� 2(�1; 1; 4)� (3; 3; 2) OyO|t CUOx@ r = �1

Qo}O |=yQ=OQ@ R= |]N |@}mQD pmW x@ u=wDv =Q Q=OQ@ l} CU= umtt xm CU= u; Qov=Wv Q} R p=Ft
"CWwv

'(1; 2; 3) |=yQ=OQ@ R= |]N |@}mQD pmW x@ u=wD|tv =Q (3;�4;�6) Q=OQ@ xm O}yO u=Wv %4 p=Ft
"CWwv (1; 4; 5) w (�1;�1;�2)

s}vm|t |UQQ@ =Q Q} R |w=UD %pL
c1(1; 2; 3) + c2(�1;�1;�2) + c3(1; 4; 5) = (3;�4;�6)

OwW|t Q} R CqO=at x=oDUO x@ QHvt |w=UD u}=

c1+ c2+ c3 = 3
2c1� c2+4c3 = �4
3c1�2c2+5c3 = �6

(�1;�1;�2) '(1; 2; 3) |=yQ=OQ@ R=|]N|@}mQD (3;�4;�6)u}=Q@=v@ "CU=?=wH Ok=i x=oDUOu}=
"OW=@|tv (1; 4; 5) w

T} QD=t =}; xm O}vm u}}aD %5 p=Ft"�1 7
8 �1

#
|=yT} QD=t R= |]N |@}mQD"1 0

2 1
#

;

"2 �3
0 2

#
;

"0 1
2 0

#
#Q}N =} OW=@|t M2�2 |Q=OQ@ |=[i QO
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s}vm|t |UQQ@ =Q Q} R |w=UD %pL
c1
"1 0
2 1

#
+ c2

"2 �3
0 2

#
+ c3

"0 1
2 0

#
=

"�1 7
8 �1

#
?Q[ w `tH R= xO=iDU= =@ #OW=@ Q=QkQ@ |w=UD u}= xm s}@=}@ u=vJ =Q c3 w c2 'c1 |=yQr=mU= s}v=wD|t =};

s} Qw;|t CUOx@ =yT} QD=t Qr=mU="
c1 + 2c2 �3c2 + c+ 3
2c1 + 2c3 c1 + 2c2

#
=

"�1 7
8 �1

#
s} Qw;|t CUOx@ =Q Q} R |]N CqO=at x=oDUO 'Q_=vDt |=yxir-wt uO=O Q=Qk |w=UD =@

c1+ 2c2 = �1
�3c2+ c3 = 7

2c1+ 2c3 = 8
c1+ 2c2 = �1

R= "CU= c3 = 1 w c2 = �2 'c1 = 3 OQix@ QYLvt ?=wH |=Q=O x=oDUO u}= xm O=O u=Wv u=wD|t
OW=@|t Q} R pmW x@ Qo}O T} QD=t xU R= |]N |@}mQD ZwQit T} QD=t wQ u}="�1 7
8 �1

#
= 3

"1 0
2 1

#
� 2

"2 �3
0 2

#
+

"0 1
2 0

#
s}t=v|t =[i u}= Orwt l} |Dkw =Q |Q=OQ@ |=[i l} R= v1;v2; : : : ;vm |=yQ=OQ@ xawtHt "h} QaD
|=[i |vat l} x@ =yQ=OQ@ R= Orwt xawtHt l} "OW=@ =yQ=OQ@ u}= R= |]N |@}mQD =[i Q=OQ@ Qy xm

"OQw; CUOx@ =yQ=OQ@ u}= R= u=wD|t =Q =[i u; Q=OQ@ Qy =Q} R 'Ovm|t |iQat =Q x]w@ Qt |Q=OQ@

"OvDUy R3 Orwt (1; 1; 2) w (0; 1;�1) '(1; 2; 0) |=yQ=OQ@ O}yO u=Wv %6 p=Ft
s}U} wv@ s}v=wD|t =}; xm s}vm XNWt O}=@ "OW=@ R3 QO x=wNrO |Q=OQ@ (x; y; z) s}vm ZQi %pL

(x; y; z) = c1(1; 2; 0) + c2(0; 1;�1) + c3(1; 1; 2)

s} Qw;|t CUOx@ =yQ=OQ@ `tH w =yQr=mU= ?Q[ =@
(x; y; z) = (c1 + c3; 2c1 + c2 + c3;�c2 + 2c3)
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CQwYu}= QO
c1 + c3 = x

2c1+c2+ c3 = y

�c2+2c3 = z

w xOQm pL uOQH�Two |iPL VwQ R= xO=iDU= =@ c3 w c2 'c1 |=yQ}eDt QO =Q CqO=at x=oDUO u}=
s} Qw;|t CUOx@ =Q Q} R ?=wH

c1 = 3x� y � z ; c2 = �4x+ 2y + z ; c3 = �2x+ y + z

R3 x=wNrO Q=OQ@ l} "Ovvm|t O}rwD =Q R3 '(1; 1; 2) w (0; 1;�1) '(1; 2; 0) |=yQ=OQ@ CQwYu}= QO
s}U} wv@ s}v=wD|t Q} R pmW x@ =yQ=OQ@ u}= R= |]N |@}mQD CQwYx@ =Q

(x; y; z) = (3x�y�z)(1; 2; 0)+(�4x+2y+z)(0; 1;�1)+(�2x+y+z)(1; 1; 2)

'(1; 2; 0) R= |]N |@}mQD u=wvax@ =Q R3 Q=OQ@ Qy s}v=wD@ C} Qwi x@ =D OR=U|t QO=k =Q =t |Q=OQ@ pwtQi u}=
?ULQ@ xvwoJ (2; 4;�1) Q=OQ@ xm s}@=} QO s}y=wN@ x=oQy 'xvwtv |=Q@ "s}U} wv@ (1; 1; 2) w (0; 1;�1)

s} Qw;|t CUOx@ 's}yO|t Q=Qk xrO=at u}= QO z = �1 w y = 4 'x = 2 "O};|t QO =yQ=OQ@ u}=
(2; 4;�1) = 3(1; 2; 0)� (0; 1;�1)� (1; 1; 2)

"Ovvm|t O}rwD =Q M2�2 |Q=OQ@ |=[iQ} R |=yT} QD=t xm O}yO u=Wv %7 p=Ft"1 0
0 0

# "0 1
0 0

# "0 0
1 0

# "0 0
0 1

#
u=}@ Q} R pmW x@ =Q T} QD=t u}= s}v=wD|t "OW=@ M2�2 R= x=wNrO |QYva

"
a b

c d

#
s}vm ZQi %pL

s}vm"
a b

c d

#
= a

"1 0
0 0

#
+ b

"0 1
0 0

#
+ c

"0 0
1 0

#
+ d

"0 0
0 1

#
"Ovvm|t C@=F =Q ?wr]t xH}Dv xm

|Q=OQ@ |=[i l} x@ xm s}vm =O}B VQov =D Ovm|t ltm =t x@ xm s}=xO=O xaUwD =Q |D=}[=} Q uwvm =D
u}O@ 'Ow@ Oy=wN O}it R}v Q=mu}= Tma s=Hv= |}=v=wD u}vJty "s} Qov@ =[i u; QO Orwt |=yQ=OQ@ ?ULQ@

"s}vm O}rwD |Q=OQ@ |=[i l} =yQ=OQ@ R= |=xawtHt R= xO=iDU= =@ |vat
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u}vJty "OvW=@ V |Q=OQ@ |=[i QO |}=yQ=OQ@ v1;v2; : : : ;vm s}vm ZQi "x}[k 1�6�5
V =[iQ} R l} U CQwYu}= QO "OW=@ v1;v2; : : : ;vm |]N C=@}mQD xty xawtHt U s}vm ZQi

"CU= xDi=} VQDUo v1;v2; : : : ;vm |=yQ=OQ@ xr}Uwx@ xm xOw@
s}vm ZQi "u=yQ@

u1 = a1v1 + � � �+ amvm ; u2 = b1v1 + � � �+ bmvm)

v1 + v2 = (a1 + b1)v1 + � � �+ (am + bm)vm

`tH CLD U w xOw@ U QO u1 + u2 u}=Q@=v@ "CU= v1;v2; : : : ;vm R= |]N |@}mQD u1 + u2 |va}
"CU= xDU@ |Q=OQ@

CQwYu}= QO 'OW=@ x=wNrO |Qr=mU= c s}vm ZQi

cu1 = c(a1v1 + � � �+ amvm)

= ca1v1 + � � �+ camvm

Qr=mU= ?Q[ CLD U w xOw@ U QO cu1 u}=Q@=v@ "CU= v1; : : : ;vm R= |]N |@}mQD cu1 |va}
R= |]N |@}mQD U QO Q=OQ@ Qy U h} QaD Q@=v@ "CU= V |=[iQ} R l} U CQwYu}= QO "CU= xDU@

"Ovvm|t O}rwD =Q U 'v1; : : : ;vm wQ u}= R= "CU= v1; : : : ;vm

"OvDUy R3 QO (2;�3; 4) w (�1; 5; 3) |=yQ=OQ@ "s} Q}o|t Q_v QO =Q R3 |Q=OQ@ |=[i %8 p=Ft
sQix@ |}=yQ=OQ@ xty R= pmWDt R3 R= |=xawtHtQ} R U s}vm ZQi

c1(�1; 5; 3) + c2(2;�3; 4)

xDi=} VQDUo (2;�3; 4) w (�1; 5; 3) xr}Uwx@ w CU= R3 R= |}=[iQ} R U CQwYu}= QO "OW=@ xOw@
"CU=

xDWwv 'Ov=xOt; CUOx@ c2 w c1 x@ Cw=iDt |=y|yOQ=Okt =@ xm '=Q U |=yQ=OQ@ R= |}=yxvwtv Q} R QO
Ov=xOW

c1 =1 ; c2 =0 Q=OQ@ (�1; 5; 3)

c1 =0 ; c2 =0 Q=OQ@ (2;�3; 4)

www.iedoc.ir



=yQ=OQ@ |]N C=@}mQD 6�5 273

c1 =0 ; c2 =0 Q=OQ@ (0; 0; 0)

c1 =2 ; c2 =3 Q=OQ@ (4; 1; 18)

(�1; 5; 3) |=yQ=OQ@ xr}Uwx@ xm OQ=O Q=Qk |=xLiY QO xOW xDN=U |}=yQ=OQ@ R= U "s}v}@@ =Q U s}v=wD|t
"OwW x_Lqt 2�5 pmW "OwW|t h} QaD (2;�3; 4) w

2�5 pmW
|=[iQ} R "OvW=@ R3 |Q=OQ@ |=[i QO |}=yQ=OQ@ v2 w v1 s}vm ZQi "s}yO s}taD =Q jwi xH}Dv s}v=wD|t
sy v2 w v1 x=oQy "CU= c1v1 + c2v2 sQix@ |}=yQ=OQ@ xty xawtHt v2 w v1 xr}Uwx@ xOW O}rwD U

"OwW x_Lqt 3�5 pmW "O};|t OwHwx@ v2 w v1 xr}Uwx@ xm CU= |=xLiY U x=ov; 'OvW=@v =DU=Q

3�5 pmW
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k2 w k1 u}vJty "Ovvm O}rwD =Q V |Q=OQ@ |=[i R= U |=[iQ} R v2 w v1 s}vm ZQi %9 p=Ft
"Ovvm|t O}rwD =Q U R}v k2v2 w k1v1 |=yQ=OQ@ xm O}yO u=Wv "OvW=@ QiYQ}e |}=yQr=mU=

OQ=O OwHw b w a |=yQr=mU= Ovvm|t O}rwD =Q U 'v2 w v1 uwJ "OW=@ U QO |Q=OQ@ v s}vm ZQi %pL
xm |tUk x@

v = av1 + bv1

s}U} wv@ s}v=wD|t
v =

a
k1

(k1v1) +
b
k2

(k2v2)

"OvDUy U Orwt k2v2 w k1v1 |=yQ=OQ@ =Pr
|=[i QO |=xLiY u=wvax@ U x@ s}v=wD|t "OvW=@v =DU=Qsy w R3 Q=OQ@ wO v2 w v1 x=oQy "xQY@D
4�5 pmW "OvW=@|t v2 w v1 |=DU=Q u=ty QO |}=yQ=OQ@ k2v2 w k1v1 "s} Qov@ �Q=OCyH xU� |rwtat

"OwW x_Lqt

4�5 pmW
OQ=Ov=DU= VwQ l} "OvW=@ u=Um} QY=va |=Q=O xm OvDUy |w=Ut |Dkw xawtHt wO xm s}vm|t |Qw;O=}
B QO A QYva Qy s}yO u=Wv xm CU= Q=Qk u}= R= OvDUy |m} B w A Ovv=t xawtHt wO OyO|t u=Wv xm
"s}vm|t xO=iDU= OvQ@=Q@ =[iQ} R wO xmv}= uO=O u=Wv |=Q@ VwQ u}= R= =t "CU= A QO B QYva Qy w 'CU=
O}rwD (�3; 1; 2) w (1; 2; 0) |=yQ=OQ@ xr}Uwx@ xm OW=@ R3 R= |}=[iQ} R U s}vm ZQi %10 p=Ft
O}rwD (4; 1;�3) w (�1; 5; 2) |=yQ=OQ@ xr}Uwx@ xm CU= R3 R= |}=[iQ} R V u}vJty "OwW|t
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"U = V xm O}yO u=Wv "OwW|t
w a uwJ |}=yQr=mU= 'u 2 U uwJ "u 2 V xm s}yO|t u=Wv "OW=@ U QO |Q=OQ@ u s}vm ZQi %pL

xm |tUk x@ CUy b

u = a(1; 2; 0) + b(�3; 1; 2) = (a� 3b; 2a+ b; 2b)

(4; 1;�2) w (�1; 5; 2) R= |]N |@}mQD pmW x@ s}v=wD|t =Q u xvwoJ xm s}vm|t |UQQ@ uwvm =
"s}U} wv@

u = p(�1; 5; 2) + q(4; 1;�2) = (�p+ 4q; 5p+ q; 2p� 2q)

"Ovvm jOY Q} R |=y|w=UD QO O}=@ �CqwyHt� |}=yq w p u}vJ

�p+ 4q = a� 3b
5p+ q = 2a+ b

2p� 2q = 2b

u=wD|t =Q u u}=Q@=v@ "OW=@ q = a�2b3 w p = a+b3 OQix@ QYLvt ?=wH |=Q=O CqO=at x=oDUO u}=
%CWwv

u =
a+ b

3 (�1; 5; 2) +
a� 2b

3 (4; 1;�2)

"CU= V QO |Q=OQ@ u wQ u}= R=
s}vm ZQi 'Tmar=@

v = c(�1; 5; 2) + d(4; 1;�2)

CWwv u}vJ u=wD|t =Q v "OW=@ V QO |Q=OQ@

v = (2c+ d)(1; 2; 0) + (c� d)(�3; 1; 2)

"CU= U QO |Q=OQ@ v CQwYu}= QO "�#=QJ�
w (1; 2; 0) |=yQ=OQ@ xr}Uwx@ w xDWPo <=O@t R= xm CU= |=xLiY =[iQ} R u}= "U = V u}=Q@=v@

"OwW x_Lqt 5�5 pmW "OOQQo|t h} QaD (�3; 1; 2)
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5�5 pmW
w f(x) = x + 1 |= y` @= D x r }Uwx @ xOW O } rw D |Q=OQ @ |= [ i U s } v m ZQ i %11 p= F t

"CU= `k=w U QO h(x) = 6x2 � 10x+ 5 `@=D xm O}yO u=Wv "OW=@ g(x) = 2x2 � 2x+ 3
x@ OwW Ci=} b w a uwJ |}=yQr=mU= xm OQ=O Q=Qk g w f xr}Uwx@ xOW O}rwD |=[i QO |Dkw h `@=D %pL

xm |tUk
a(x+ 1) + b(2x2 � 2x+ 3) = 6x2 � 10x+ 5

O};|t CUOx@ u}= R=

2bx2 + (a� 2b)x+ a+ 3b = 6x2 � 10x+ 5

Q_=vDt ?}=Q[ uO=O Q=Qk |w=Ut =@

2b = 6
a� 2b = �10
a+ 3b = 5

CQwYu}= QO "OW=@|t b = 3 w a = �4 OQix@ QYLvt ?=wH |=Q=O x=oDUO u}=

�4(x+ 1) + 3(2x2 � 2x+ 3) = 6x2 � 10x+ 5

g(x) = 2x2�2x+3wf(x) = x+1 xr}Uwx@ xOWO}rwD|=[i QOh(x) = 6x2�10x+5`@=D|va}
"OQ=O Q=Qk
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u} QtD 2�6�5
OW=@|t =yQ=OQ@ Qo}O R= |]N |@}mQD pw= Q=OQ@ =}; xm O}vm u}}aD 'xOW xO=O |=yQ=OQ@ xawtHt QO �1

(2; 4) ' (1;�1) & (�1; 7) �hr=
(2; 3) ' (1; 2) & (8; 13) �?

(2;�8) ' (1�; 4) & (�1; 15) �G
(4; 1) ' (1; 3) & (13; 6) �O

#Q}N =} CU= =yQ=OQ@ Qo}O R= |]N |@}mQD CUNv Q=OQ@ =}; xm O}vm u}}aD Q} R |=yQ=OQ@ xawtHt QO �2

(�1; 2;�3) ' (2;�4; 6) ' (1; 2;�3) & (4;�4; 6) �hr=
(0; 1; 4) ' (1; 1; 1) ' (�1; 3; 1) & (�1; 4;�9) �?

(�1; 8; 5) ' (�1; 3; 2) ' (1; 2; 1) & (1; 5; 3) �G
CQwYx@ =Q (3; 5) Q=OQ@ "Ovvm|t O}rwD =Q R3 'Q} R |=yQ=OQ@ xawtHt R= l} Qy xm O}yO u=Wv �3

"O}U} wv@ Orwt |=yxawtHt R= l} Qy R= |]N |@}mQD
(1; 4); (�2; 0) �? (1;�1); (1; 1) �hr=
(1; 3); (3; 10) �O (1; 0); (0; 1) �G

=Q (1; 3;�2) Q=OQ@ "Ovvm|t O}rwD =Q R3 Q} R |=yQ=OQ@ |=yxawtHt R= l} Qy xm O}yO u=Wv �4
"O}U} wv@ Orwt |=yxawtHt l} Qy R= |]N |@}mQD CQwYx@

(4; 1; 1); (�1; 1; 0); (1; 3; 1) �? (2; 5; 4); (�1;�1; 0); (1; 2; 3) �hr=
(0; 0; 1); (0; 1; 0); (1; 0; 0) �O (�2;�3;�1); (2; 0; 1); (5; 1; 3) �G

#Ovm|t O}rwD =Q R2 =yQ=OQ@ xawtHt =}; xm O}vm u}}aD �5
(1;�3); (2;�5) �hr=

(1; 1); (�2; 1) �?
(6; 2); (2; 3); (6;�1) �G

"OvwW O}rwD (1; 2; 0) '(1; 2; 3) |=yQ=OQ@ xr}Uwx@ xm O}yO x�=Q= R3 QO Q=OQ@ xU �6
"OvwW O}rwD (1; 2) xr}Uwx@ xm O}yO x�=Q= R2 QO Q=OQ@ xU �7

"OvwW O}rwD (4; 1; 2; 0) w (�3; 0; 1; 5) '(2; 1;�3; 4) xr}Uwx@ xm O}yO x�=Q= R4 QO Q=OQ@ xU �8
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=@ xm OW=@ R3 R= |}=[iQ} R V QO xOW O}rwD (�1; 3) =@ xm OW=@ R2 R= |}=[iQ} R U s}vm ZQi �9
"U = V xm O}yO u=Wv "OW=@ xOW O}rwD (�2; 6)

V w OwW|t O}rwD (�1; 2; 5) w (1; 2; 3) xr}Uwx@ xm OW=@ R3 R= |}=[iQ} R U s}vm ZQi �10
"U = V xm O}yO u=Wv "OwW|t O}rwD (2; 0;�2) w (1; 6; 11) xr}Uwx@ xm OW=@ |}=[iQ} R

u}vJty w (1; 0; 4) w (3;�1; 2) |=yQ=OQ@ xr}Uwx@ xm OW=@ R3 R= |}=[iQ} R U s}vm ZQi �11
xm O}vm C@=F "OvW=@ xOW O}rwD (1;�1;�6) w (4;�1; 6) \UwD xm OW=@ R3 R= |}=[iQ} R V

"U = V

CU= |}=yQ=OQ@ Q@ ptDWt u xr}Uwx@ xOW O}rwD |=[iQ} R O}yO u=Wv "0 6= u 2 R2 s}vm ZQi �12
"OQPo|t =O@t R= xm Ov=`k=w |]N Q@ xm

#Q}N =} CU= =yT} QD=t x}k@ R= |]N |@}mQD CUNv T} QD=t =}; xm O}vm u}}aD 'OQwt Qy QO �13"1 2
0 0

#
'
"0 3
1 2

#
'
"1 2
3 �4

#
&
"5 7
5 �10

#
�hr="1 2

0 1
#

'
"0 1
3 4

#
'
"3 0
1 1

#
&
" 7 6
�5 �3

#
�?"�1 �1

2 3
#

'
"3 1
0 0

#
'
"1 1
1 1

#
&
"4 1
7 10

#
�G

#Q}N =} CU= `@=wD x}k@ R= |]N |@}mQD CUNv `@=D =}; xm O}vm u}}aD 'OQwt Qy QO �14

h(x) = x+ 3 ' g(x) = x2 + 1 & f(x) = 3x2 + 2x+ 9 �hr=
h(x) = x2 + 2x� 2 ' g(x) = x2 � x+ 1 & f(x) = 2x2 + x� 3 �?
h(x) = x2 + 2x+ 1 ' g(x) = x2 + x� 1 & f(x) = x2 + 4x+ 5 �G

Q=Qk h(x) = x + 3 w g(x) = x + 1 xr}Uwx@ xOW O}rwD |=[i QO f(x) = x + 5 `@=D =}; �15
#OQ=O

w g(x) = 2x2 + 3 xr}Uwx@ xOW O}rwD |[i QO f(x) = 3x2 + 5x + 1 `@=D =}; �16
w g xr}Uwx@ xOW xO}rwD |=[i QO xm O}yO x�=Q= Qo}O `@=D xU #OQ=O Q=Qk h(x) = x2 + 3x� 1

"OvW=@ `k=w h
v s}vm|t ZQi u}vJty "OvW=@ xOw@ V |Q=OQ@ |=[i QO |}=yQ=OQ@ v2 w v1 'v s}vm ZQi �17
|@}mQD v 'c2 w c1 QiYQ}e Qr=mU= wO Qy |=Q@ O}vm C@=F "OW=@ xOw@ v2 w v1 R= |]N |@}mQD
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"CU= c2v2 w c1v1 R= |]N
"OvW=@ |QiYQ}e |=yQr=mU= c2 w c1 w V |Q=OQ@ |=[i QO |}=yQ=OQ@ v2 w v1 'v s}vm ZQi �18
"Ow@ Oy=wNv R}v cv2 w cv1 R= |]N |@}mQD 'OW=@v v2 w v1 R= |]N |@}mQD v x=oQy O}yO u=Wv
C@=F "OvW=@ QiYQ}e |=yQr=mU= c2 w c1 w V |Q=OQ@ |=[i QO |}=yQ=OQ@ v2 w v1 s}vm ZQi �19

"OQm Ovy=wNv O}rwD =Q V R}v c2v2 w c1v1 'Ovvmv O}rwD =Q V 'v2 w v1 x=oQy O}vm
"OW=@ xOw@ V QO |Qo}O x=wNrO Q=OQ@ v3 w Ovvm O}rwD =Q V |Q=OQ@ |=[i v2 w v1 s}vm ZQi �20

"Ovvm|t O}rwD =Q V R}v v3 w v2 'v1 xm O}yO u=Wv

|]N |oDU@=w w pqkDU= 7�5
|oDU@=ww pqkDU= |=yswyit x]@=Q u}= QO "s}yO|t xt=O= |Q=OQ@ |=y=[i |Q=DN=U xaUwD x@VN@ u}= QO
O}it |Q=OQ@ |=y=[i |=Q@ �=Q=m� Orwt |=yxawtHt Q=DN=U QO =yswyit u}= "s}vm|t |iQat =Q =yQ=OQ@

"Ov=t Ovy=wNv |k=@ |O=R=t Q=OQ@ I}y xm |}=yxawtHt 'Ow@ Ovy=wN
R= |]N |@}mQD (4;�1; 0) Q=OQ@ xm s}vm|t x_Lqt "s}vm|t |w=m =w =Q =yQ=OQ@ |oDU@=w xO}= =OD@=

s}U} wv@ s}v=wD|t =Q} R CU= (0; 1; 2) w (2; 1; 3) |=yQ=OQ@

(4;�1; 0) = 2(2; 1; 3)� 3(0; 1; 2)

Q}=U ?ULQ@ s}v=wD|t =Q u; |=yQ=OQ@ R= l} Qy "s}U} wv@ R}v Qo}O x=Q u}OvJ x@ s}v=wD|t =Q |w=UD u}=
%s}U} wv@ =yQ=OQ@

(2; 1; 3) = (
1
2 )(4;�1; 0) + (

3
2 )(0; 1; 2)

(0; 1; 2) = (
2
3 (2; 1; 3)� (

1
3 )(4;�1; 0)

s}v=wD|t Q} R |w=UD uDWwv =@ =Q xO}= u}= "CU= Qo}O Q=OQ@ wO x@ xDU@=w '`k=w QO 'Q=OQ@ xU u}= R= l} Qy
s}vm u=}@

(4;�1; 0)� 2(2; 1; 3) + 3(0; 1; 2) = (0; 0; 0)
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"s } v m| t u= } @ Q D k } kO Q } R h } Q a D x �=Q= = @ | t UQ Qw ]x @ =Q = yQ=OQ @ | o D U @=w sw y i t u }=
s}t=v |]N |xDU@=w =Q V |Q=OQ@ |=[i l} QO fv1; : : : ;vmg |=yQ=OQ@ xawtHt �hr= "h} QaD

xm |tUk x@ OW=@ xDW=O OwHw 'OvDU}v QiY |oty xm 'c1; : : : ; cm uwJ |}=yQr=mU= x=oQy

c1v1 + � � �+ cmvm = 0

c1v1 + � � �+ cmvm = 0 R= x=oQy 's}} wo |]N pkDUt =Q fv1; : : : ;vmg |=yQ=OQ@ xawtHt �?
"c1 = c2 = � � � = cm = 0 xm O}; sRq

|xDU@=w R3 QO f(1; 2; 3); (�2; 1; 1); (8; 6; 10)g |=yQ=OQ@ xawtHt xm O}yO u=Wv %1 p=Ft
"Ov=|]N

s}yO|t Q=Qk |UQQ@ OQwt =Q Q} R |w=UD %pL
c1(1; 2; 3) + c2(�2; 1; 1) + c3(8; 6; 10) = 0

s} Q=O "CU= QiY Q}e =yci R=|m} pk=OL xm O}yO u=Wv s}y=wN|t

(c1; 2c1; 3c1) + (�2c2; c2; c2) + (8c3; 6c310c3) = 0

(c1 � 2c2 + 8c3; 2c1 + c2 + 6c2; 3c1c2 + 10c3) = 0

OwW|t pY=L Q} R CqO=at x=oDUO QiY =@ Q=OQ@ u}= |=yxir-wt uO=O Q=Qk |w=Ut =@
c1 � 2c2 + 8c3 = 0
2c1 + c2 + 6c3 = 0

3c1 + c2 + 10c3 = 0

QiYQ}e =yci R= |m} pk=OL uwJ "CU= c3 = �1 w c2 = �2 'c1 = 4 ?=wH |=Q=O x=oDUO u}=
CU= xOW u=}@ Q} R |w=UD xr}Uwx@ |]N |oDU@=w u}= "OvDUy |]N |xDU@=w =yQ=OQ@ TB "CU=

4(1; 2; 3)� 2(�2; 1; 1)� (8; 6; 10) = 0

"OvDUy |]N pkDUt R3 QO (1; 0; 5) w (3;�1; 4) '(3;�2; 2) |=yQ=OQ@ xm O}yO u=Wv %2 p=Ft
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s}vm|t |UQQ@ =Q Q} R |w=UD %pL
c1(3;�2; 2) + c2(3;�1; 4) + c3(1; 0; 5) = 0

s} Q=O "OvW=@ QiY |oty c3 w c2 'c1 xm CU= Q=QkQ@ |Dkw \ki |w=UD u}= xm s}yO u=Wv O}=@
(3c1;�2c1; 2c1) + (3c2;�c2; 4c2) + (c3; 0; 5c3) = 0

(3c1 + 3c2 + c3; 2c1 � c2; 2c1 + 4c2 + 5c3) = 0

s} Qw;|t CUOx@ xir-wt Qy uO=O Q=Qk QiY =@
3c1+3c2+ c3 = 0
�2c1� c2 = 0

2c1+4c2+5c3 = 0

OQwt xawtHt u}=Q@=v@ "OW=@|t c3 = 0 w c2 = 0 'c1 = 0 OQix@ QYLvt ?=wH |=Q=O x=oDUO u}=
|=y=[ix@ |]N pqkDU= w |oDU@=w xvwoJ xm CU= u; Qov=Wv |Oa@ p=Ft "CU= |]N pkDUt EL@

"OvwW|t p=ta= |a@=D |Q=OQ@
P2 |Q=OQ@ |=[i R= h(x) � 4x + 1 w g(x) = 3x � 1 'f(x) = x2 + 1 |=y`@=D %3 p=Ft
ff; g; hg |=y`@=D xawtHt O}yO u=Wv s} Q}o|t Q_v QO =Q 2 QFm =OL xHQO =@ |=xrtHOvJ R= pmWDt

"CU= |]N pkDUt
s}vm|t |UQQ@ =Q Q} R |w=UD %pL

c1f + c2g + c3h = 0

w c2 = 0 'c1 = 0 xm CiQo xH}Dv u=wD@ |w=UD u}= R= xm CU= |]N pkDUt |DQwY QO ff; g; hg
s}U} wv|t CQwYu}= x@ =Q |w=UD "c3 = 0

c1(x2 + 1) + c3(3x� 1) + c3(�4x+ 1) = 0

s} Q=O "s} Q}o|t Q_v QO x |=Q@ ?U=vt Q=Okt xU "CU= |y=wNrO |k}kL OOa x u; QO xm
x = 0 ; c1� c2+ c3 = 0
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x = 1 ; 2c1+2c2�3c3 = 0
x =�1 ; 2c1�4c2+5c3 = 0

OQix@ QYLvt ?=wH |=Q=O CqO=at x=oDUO u}= xm O=O u=Wv u=wD|t

c1 = 0 ; c2 = 0 ; c3 = 0

xawtHt "CU= c3 = 0 w c2 = 0 'c1 = 0 sRrDUt c1f + c2g + c3h = 0 CQwYu}= QO "CU=
"CU= |]N pkDUt ff; g; hg

"OR=U|t \@DQt syx@ =Q |]N |oDU@=w |=yswyit xm s} R=OQB|t |tyt xH}Dv u=}@ x@ uwvm =

CU= |]N |xDU@=w |Q=OQ@ |=[i l} QO Q=OQ@ wO pk=OL pt=W |=xawtHt "x}[k 1�7�5
"CWwv xawtHt u}= |=yQ=OQ@ Qo}O ?ULQ@ =Q u; Q=OQ@ l} u=wD@ Qo = \ki w Qo =

Ov v=t | }=yQr=mU= u }=Q @=v @ "OW= @ |]N xDU @=w fv1;v2; : : : ;vmg xawtHt s}vm ZQi "u=yQ@
xm |tUk x@ 'OvQ=O OwHw "CU= QiYQ}e =yu; R= |m} pk=OL xm 'c1; c2; : : : ; cm

c1v1 + c2v2 + � � �+ cmvm = 0

s}vm |U} wvR=@ u}vJ s}v=wD|t =Q jwi |w=UD 'c1 6= 0 xm s}vm ZQi
v1 = (

�c2
c1

)v2 + � � �+ (
�cm
c1

)vm

"CU= v2; : : : ;vm R= |]N |@}mQD v1 u}=Q@=v@
d2; : : : ; dm uwJ |}=yQr=mU= u}=Q@=v@ "OW=@ v2; : : : ; vm R= |]N |@}mQD v1 s}vm ZQi 'TmaQ@

xm CUy
v1 = d2v � 2 + � � �+ dmvm

s}vm|t |U} wvR=@ Q} R CQwYx@ =Q |w=UD u}=

1v1 + (�d2)v2 + � � �+ (�dm)vm = 0

ltm =t x@ x}[k u}= "Ovm|t pt=m =Q u=yQ@ u}= w xOw@ |]N |xDU@=w fv1; : : : ;vmg xawtHt =Pr
"s}vm xOy=Wt R3 R= Q=OQ@ xU =} wO |=Q@ =Q |]N |oDU@=w |vat =D Ovm|t
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=Q Q=OQ@ l} u=wD@ Qo = \ki w Qo = CU= |]N xDU@=w fv1;v2g xawtHt fv1;v2g |]N |oDU@=w
=DU=Qsy v2 w v1 xm CU= u; |vat x@ u}= "v2 = cv1 s}vm ZQi "CWwv Qo}O Q=OQ@ R= |@ Q[t ?ULQ@

"OwW x_Lqt 6�5 pmW "OvDUy

6�5 pmW

Ov=|]N xDU@=w fv1;v2g Ov=|]N pkDUt fv1; v2g
OvQ=O Q=Qk \N l} QO =yQ=OQ@ OvDU}v \N l} QO =yQ=OQ@

R3 QO fv1;v2g |]N |oDU@=w w pqkDU=

l} u=wD@ Qo = \ki w Qo = CU= |]N xDU@=w fv1;v2;v3g xawtHt fv1;v2;v3g |]N |oDU@=w
v2 w v1 R= |]N |@}mQD v3 ,qFt s}vm ZQi "CWwv Q=OQ@ wO Qo}O R= |]N |@}mQD ?ULQ@ =Q u; Q=OQ@
xLiY QO v3 OvW=@ |]N pkDUt =yQ=OQ@ u}= xm |Dkw '|rm Cr=L QO "v3 = c1v1 + c2v2 TB "OW=@
|wQ v3 x=ov; "OvW=@ |]N xDU@=w v2 w v1 x=oQy "OwW x_Lqt R3 |=Q@ 7�5 pmW "OQ=O Q=Qk v2 w v1

"OQ=O Q=Qk v2 w v1 R= =QPo |]N
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7�5 pmW
Ov=|]N xDU@=w fv1;v2;v3g Ov=|]N pkDUt fv1; v2; v3g
OvQ=O Q=Qk xLiY l} QO =yQ=OQ@ OvDU}v xLiY l} QO =yQ=OQ@

"s}v=UQ|t u=}=B x@ |Q=OQ@ |=y=[i ?=@ QO Qo}O xH}Dv wO =@ =Q VN@ u}= =t

Q=OQ@ pt=W xm V Q=OQ@ xawtHt Qy "OW=@ |Q=OQ@ |=[i l} V s}vm ZQi "x}[k 2�7�5
"CU= |]N |xDU@=w OW=@ QiY
"CU= wHWv=O xOya x@ "u=yQ@

" vi 6= 0(1 � i � m) x=ov; 'OvW=@ |]N pkDUt fv1; : : : ; vmg |=yQ=OQ@ Qo = "xH}Dv

"OW=@ |]N |xDU@=w V |Q=OQ@ |=[i QO fv1; : : : ; vmg xawtHt s}vm ZQi "x}[k 3�7�5
"CU= |]N |xDU@=w R}v OW=@ xawtHt u}= pt=W xm V QO =yQ=OQ@ R= xawtHt Qy CQwYu}= QO
xm CUy c1; : : : ; cm uwJ |}=yQr=mU= 'CU= |]N|xDU@=w fv1; : : : ;vmg uwJ "u=yQ@

c1v1 + cmvm = 0

xawtHt pt=W xm =Q fv1; : : : ;vm;vm+1; : : : ;vng |=yQ=OQ@ xawtHt "ci 6= 0 'il} pk=OL |=Q@ w
"s} Q}o|t Q_v QO =Q c1; : : : ; cm; 0; : : : ; 0 |=yQr=mU= "s} Q}o|t Q_v QO CU= xDU@=w ZwQit Q=OQ@

s} Q=O
c1v1 + � � �+ cmvm + 0vm+1 + � � �+ 0vn = 0
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|]N xDU@=w fv1; : : : ; vm; vm+1; : : : ; vng xawtHt u}=Q@=v@ "ci 6= 0 'il} pk=OL |=Q@ s}v=O|t w
"CU=

pkDUt R}v fv1 +v2; v1�v2g O}vm C@=F "OW=@ |]N pkDUt fv1; v2g xawtHt s}vm ZQi %4 p=Ft
"CU= |]N

s}vm|t |UQQ@ =Q Q} R |w=UD %pL
a(v1 + v2) + b(v1 � v2) = 0

s} Q=O "b = 0 w a = 0 xm CiQo xH}Dv u=wD|t |w=UD u}= R= xm s}yO u=Wv O}=@
av1 + av2 + bv1 � bv2 = 0

(a+ b)v1 + (a� b)v2 = 0

%CU= |]N pkDUt fv1; v2g uwJ
a+ b = 0
a� b = 0

fv1 + v2; v1 � v2g CQwYu}= QO "OW=@|t b = 0 'a = 0 OQix@ QYLvt ?=wH |=Q=O x=oDUO u}=
"CU= |]N pkDUt

u} QtD 4�7�5
"Ov=|]N xDU@=w R2 |=yQ=OQ@ R= Q} R |=yxawtHt O}vm C@=F �1

f(�1; 2); (2;�4)g �hr=
f(3; 1); (9; 3)g �?
f(1; 5); (0; 0)g �G

"Ov=|]N pkDUt R2 |=yQ=OQ@ R= Q} R |=yxawtHt O}vm C@=F �2
f(1; 0); (0; 1)g �hr=
f(1; 2); (3; 2)g �?
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f(2;�4); (5; 3)g �G
CQwYx@ =Q Q=OQ@ l} xawtHt Qy QO "Ov=|]N xDU@=w R3 |=yQ=OQ@ R= Q} R |=yxawtHt O}vm C@=F �3

"O}U} wv@ =yQ=OQ@ Qo}O R= |]N |@}mQD
f(1;�2; 3); (�2; 4; 1); (�4; 8; 9)g �hr=

f(3; 4; 1); (2; 1; 0); (9; 7; 1)g �?
"CU= |]N pkDUt =yQ=OQ@ R= xawtHt Qy O}vm C@=F �4

f(1; 2; 5); (1;�2; 1); (2; 1; 4)g �hr=
f(1; 1; 1); (�4; 3; 2); (4; 1; 2)g �?

f(1; 3;�4); (3;�1; 4); (1; 0;�2)g �G
f(3; 4; 7); (2;�1; 1); (4; 1; 3)g �O

"CU= |]N |xDU@=w =yQ=OQ@ R= xawtHt Qy xm O}vm C@=F 3�9�5 x}[k R= xO=iDU= =@ �5
f(2;�1; 3); (�4; 2;�6); (8; 0; 1)g �hr=
f5; 2;�3); (3; 0; 4); (�3; 0;�4)g �?

"CU= |]N |xDU@=w l}t=Om w |]N pkDUt =yxawtHt R= l}t=Om xm O}vm u}}aD �6
f(1; 2); (�1; 4); (�1; 16)g �hr=

f(1; 3); (�2; 1)g �?
f1; 2; 8); (1;�1;�1); (1; 0; 3)g �G
f(1; 2; 8); (1;�1;�1); (1; 0; 3)g �O

"CU= |]N |xDU@=w xOW xO=O |=yQ=OQ@ R= xawtHt Qy t Q=Okt xJ |=R=x@ �7
f�1; 2); (t;�4)g �hr=
f(3; t); (6; t� 1)g �?

f2;�t); (2t+ 6; 4t)g �G
O}vm C@=F �8
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"CU= |]N pkDUt R2 QO f(1; 2); (0; 2)g xawtHt �hr=
"CU= |]N pkDUt R3 QO f(1; 1; 2); (0;�1; 3); (0; 0; 5)g xawtHt �?

pkDUt R4 QO f(3;�2; 4; 5); (0; 2; 3;�4); (0; 0; 2; 7); (0; 0; 0; 4)g xawtHt �G
"CU= |]N

O} Q}o@ Q_v QO CU= xDi=} p} wLD |v=mrB sQix@ xm =Q Q} R T} QD=t �926641 0 0 7
0 1 0 4
0 0 1 3

3775
T} QD=t Qy |=Q@ =};"OvyO|t |]N pkDUt xawtHt l} p}mWD u; |Q]U |=yQ=OQ@ xm O}yO u=Wv

#OQm C@=F =Q |=xH}Dv u}vJ u=wD|t xDi=} p} wLD |v=mrB
w �?� '�hr=� |=yVUQB |=y`@=D "OvDUy |]N |xDU@=w Q} R |=yxawtHt R= l}t=Om O}vm u}}aD �10
"OvDUy M2�2 |Q=OQ@ |=[i QO �w� w �y� '�O� |=yT} QD=t w P2 |Q=OQ@ |=[i QO |}=y`@=D �G�

h(x) = x2 � 4x+ 1 w g(x) = x2 + 4x 'f(x) = 2x2 + 1 xm 'ff; g; hg �hr=
h(x) = 2x2 � 3x+ 3 w g(x) = x+ 1 'f(x) = x2 + 3 xm 'ff; g; hg �?

h(x) = 2x2 � x+ 1 w g(x) = x+ 3 'f(x) = x2 + 3x� 1 xm 'ff; g; hg �Gn"1 0
0 0

#
;

"0 2
0 0

#
;

"0 0
3 0

#
;

"0 0
0 4

#o
�O

n"1 2
3 1

#
;

"1 1
1 1

#
;

"2 1
4 2

#o
�y

n" 1 2
�1 0

#
;

"1 2
1 1

#
;

"1 2
5 3

#o
�w

xm O}vm C@=F "OW=@ |]N |xDU@=w V |Q=OQ@ |=[i QO fv1;v2g |xawtHt s}vm ZQi �11
"CU= |]N |xDU@=w R}v fv1 + v2; v1 � v2g

"CU= QiYQ}e Qr=mU= l} c u}vJty "OW=@ |]N |xDU@=w fv1;v2;v3g |xawtHt s}vm ZQi �12
Ov=|]N |xDU@=w R}v Q} R |=yxawtHt xm O}vm C@=F

fv1; v1 + v2; v3g �hr=
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fv1; cv2; v3g �?
fv1; v1 + cv2; v3g �G

|Qr=mU= c u}vJty "OW=@ |]N pkDUt V |Q=OQ@ |=[i QO fv1; v2; v3g xawtHt s}vm ZQi �13
OvDUy |]N pkDUt R}v Q} R |=yxawtHt O}vm C@=F "OW=@ QiYQ}e

fv1; v1 + v2; v3g �hr=
fv1; cv2; v3g �?

fv1; v1 + cv2; v3g �G

R}v S xawtHt Q} R Qy O}vm C@=F "OW=@ |]N pkDUt V |Q=OQ@ |=[i QO S xawtHt s}vm ZQi �14
jO=Y R}v �|]N pkDUt� |=Hx@ �|]N |xDU@=w� OQwt QO smL u}vJ =}; "CU= |]N pkDUt

#CU=
OW=@v cv1 + bv2 sQix@ v3 Q=OQ@ x=oQy xm O}yO u=Wv "OW=@ |]N pkDUt fv1; v2g s}vm ZQi �15

"CU= |]N pkDUt R}v fv1; v2; v3g x=ov;
w Qo =� CU= |]N pkDUt Q=OQ@ OvJ =} wO ptDWt |=xawtHt |Q=OQ@ |=[i Qy QO xm O}vm C@=F �16

"OW=@v =yQ=OQ@ Qo}O R= |]N |@}mQD u; |=yQ=OQ@ R= l} I}y �Qo = \ki
|]N pkDUt =} |]N |xDU@=w Q=OQ@ wO u}= xmv; "O}vm ?=NDv= |iO=YD CQwYx@ R3 QO Q=OQ@ wO �17

#Qw]J s}vm ?=NDv= |iO=YD CQwYx@ Q=OQ@ xU Qo = #CU= QDW}@ l}t=Om p=tDL= OvW=@v
xDU@=w =yQ=OQ@ u}= xmv}= "CU= QDW}@ l}t=Om p=tDL= "O}U} wv@ R3 QO |iO=YD CQwYx@ Q=OQ@ xU �18

#OvW=@ |]N pkDUt =} OvW=@ |]N

Oa@ w x}=B 8�5
"s}vm|t O=} |Oa@ wO |W l} u=wvax@ xLiY R= w |Oa@ l} |=[i l} u=wvax@ \N R= ,qwtat
Oa @ R= =t |OwyW lQO = @ swyit u }="s } R=OQ B|t Oa @ swyit |[= } Q h } Qa D x @ =t 'VN @ u }= QO
"s}vm|t j}irD sy =@ =Q |]N pqkDU= w VQDUo xawtHt |=yswyit =OD@= "CW=O Oy=wN Ck@=]t
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x=oQy s}t=v V |Q=OQ@ |=[i x}=B l} =Q fv1; : : : ; vmg Ovv=ty =yQ=OQ@ R= |y=vDt |=xawtHt "h} QaD
"OW=@ |]N pkDUt w V Orwt xawtHt u}=

|vat u}O@ 'CU= |Q=OQ@ |=[i l} uOQm XNWt |=Q@ ;Q=m xawtHt l} x}=B l} '|OwyW Q_v R=
Qo}Om} R= pkDUt x}=B |=yQ=OQ@ w 'xOQm u=}@ x}=B |=yQ=OQ@ R= |@}mQD CQwYx@ u=wD|t =Q =[i Q=OQ@ Qy xm

"OvDUy
uwvm = "s}OQm |iQat |U} QD=t Cq}O@D =@ x]@=Q QO 4�4 VN@ QO Rn |=Q@ ,q@k =Q OQ=Ov=DU= x}=B swyit

"Ovm|t jOY jwi xOW h} QaD x}=B \}=QW QO `k=w QO |=x}=B u}vJ xm s}vm|t x_Lqt
|=yQ=OQ@ xawtHt "h} QaD

f(1; 0; : : : ; 0); (0; 1; : : : ; 0); : : : ; (0; : : : ; 1)g

"s}t=v|t Rn OQ=Ov=DU= x}=B =Q x}=B u}= "CU= Rn |=Q@ x}=B l}
R}v |]N pkDUt Orwt Rn xawtHt u}= xm s}yO u=Wv O}=@ "s} R=U|t jkLt =Q xH}Dv u}= |DUQO

s}U} wv@ s}v=wD|t "OW=@ Rn R= x=wNrO |QYva (x1; x2; : : : ; xn) s}vm ZQi "OW=@|t

(x1; x2; : : : ; xm) = x1(1; 0; : : : ; 0) + x2(0; 1; : : : ; 0) + � � �+ xn(0; : : : ; 1)

"Ovm|t O}rwD =Q Rn jwi xawtHt wQ u}= R=
s} Qw;|t CUOx@ 's} R=OQB|t xawtHt u}= |]N pqkDU= |UQQ@ x@ |Dkw '|yov=w

c1(1; 0; : : : ; 0) + c2(0; 1; : : : ; 0) + � � �+ cn(0; : : : ; 1) = (0; 0; : : : ; 0)

(c1; 0; : : : ; 0) + (0; c2; : : : ; 0) + � � �+ (0; : : : ; cn) = (0; 0; : : : ; 0)

(c1; c2; : : : ; cn) = (0; 0; : : : ; 0)

"CU= |]N pkDUt xawtHt TB "cn = 0 w : : : 'c2 = 0 'c1 = 0 xH}Dv QO
xawtHt u}=Q@=v@

f(1; 0; : : : 0); (0; 1; : : : ; 0); : : : ; (0; 0; : : : ; 1)g

"CU= =yv; u} QDtyt OQ=Ov=DU= x}=B umr "OQ=O OwHw Rn |=Q@ |Q=}U@ |=yx}=B "CU= Rn x}=B l}
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"CU= R3 x}=B l} f(1; 0;�1); (1; 1; 1)(1; 2; 4)g xawtHt xm O}yO u=Wv %1 p=Ft
|Q=OQ@ (x1; x2; x3) s}vm ZQi "OyO|t VQDUo =Q Rn xawtHt u}= xm s}yO|t u=Wv =OD@= %pL

xm |tUk x@ s}vm|t =O}B c3 w c2 'c1 uwJ |}=yQr=mU= "OW=@ R3 QO x=wNrO

c1(1; 0;�1) + c2(1; 1; 1) + c3(1; 2; 4) = (x1; x2; x3)

%OwW|t p}P CqO=at x=oDUO x@ QHvt |w=UD u}= xm s}@=}|t QO

c1+c2+ c3 = x1

c2+2c3 = x2

�c1+c2+4c3 = x3

CU= Q} R ?=wH |=Q=O x=oDUO u}=

c1 = 2x1 � 3x2 + x3 ; c2 = �2x1 + 5x2 � 2x3 ; c3 = x1 � 2x2 + x3

s}vm|t |UQQ@ =Q Q} R |w=UD "CU= |]N pkDUt 'xawtHt u}= xm s}yO|t u=Wv uwvm =
b1(1; 0;�1) + b2(1; 1; 1) + b3(1; 2; 4) = (0; 0; 0)

%OwW|t Q} R CqO=at x=oDUO x@ QHvt |w=UD u}=

b1+b2+ b3 = 0
b2+2b3 = 0

�b1+b2+4b3 = 0

EL@ OQwt xawtHt u}=Q@=v@ "CU= b3 = 0 w b2 = 0 'b1 = 0 OQix@ QYLvt ?=wH |=Q=O x=oDUO u}=
"CU= |]N pkDUt

|]N pkDUt w R3 Orwt f(1; 0;�1); (1; 1; 1); (1; 2; 4)g xawtHt xm s}=xO=O u=Wv xH}Dv QO
"OyO|t R3 |=Q@ |x}=B l} p}mWD =Pr "CU=

h(x)� 4x+ 1 w g(x) = 3x� 1 'f(x) = x2 + 1 u; QO xm 'ff; g; hg O}yO u=Wv %2 p=Ft
"CU= P2 |=Q@ x}=B l}
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3 p=Ft QO "OW=@ |]N pkDUt w xO=O VQDUo =Q =[i u}= xm CU= P2 x}=B l} |Dkw ff; g; hg %pL
P2 Orwt xawtHt u}= s}vm|t C@=F p=L "CU= |]N pkDUt xawtHt u}= xm s}OQm x_Lqt p@k VN@

Ow@ Oy=wN p}P sQix@ |=xrtHOvJ l} p "OW=@ P2 QO x=wNrO |a@=D p s}vm ZQi "CU=

p(x) = bx2 + cx+ d

xm |tUk x@ OwW Ci=} a3 w a2 'a1 Ovv=t |}=yQr=mU= xm OvyO|t VQDUo =Q P2 |Dkw h w g 'f |=y`@=D

p(x) = a1f(x) + a2g(x) + a3h(x)

O};|t CUOx@ u}= R=

bx2 + cx+ d = a1(x2 + 1) + a2(3x� 1) + a3(�4x+ 1)

= a1x2 + (3a2 � 4a1)x+ (a1 � a2 + a3)

OwW|t p}P CqO=at x=oDUO x@ QHvt Q_=Dvt ?}=Q[ xU}=kt =@ xm

a1 = b

3a2�4a3 = c

a1� a2+ a3 = d

a3 = 3b�3d�c w a2 = 4b�4d�c 'a1 = b?=wH |=Q=O CqO=at x=oDUOu}= xm O=O u=Wv u=wD|t
"OQm u=}@ Q} R pmWx@ u=wD|t =Q p |=xrtHOvJ CQwYu}= QO "OW=@|t

p(x) = a1f(x) + a2g(x) + a3h(x)

"OvDUy P2 Orwt h w g 'f |=y`@=D |va}
"OvyO|t P2 x}=B l} p}mWD OvW=@|t |]N pkDUt xO=O VQDUo =Q P2 xm =y`@=D u}=

"OvDUy Q=OQ@ O=OaD l} |=Q=O =yx}=B xty xm OwW|t x}rm |xH}Dv u}= x@ QHvt p}P x}[k

x=oQy "OW= @ V |Q=OQ @ |=[i |=Q @ x }= B l } fv1; : : : ; vng s}vm ZQi "x}[k 1�8�5
"CU= |]N xDU@=w xawtHt u}= x=ov; 'OW=@ V Q=OQ@ n R= V}@ =@ |=xawtHt fw1; : : : ; wmg
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s}vm|t |UQQ@ =Q Q} R |w=UD "u=yQ@
c1w1 + � � �+ cmwm = 0 (1)

QiYQ}e =yv; R= |m} pk=OL w xDW=O OwHw |w=UD u}= |Q=QkQ@ |=Q@ cm w : : : 'c1 Q}O=kt xm s}yO|t u=Wv
"OvDUy |]N xDU@=w EL@ OQwt |=yQ=OQ@ xm Ow@ Oy=wN u}= Qov=Wv Qt= u}= "CU=

=Q wn w : : : 'w2 'w1 |=yQ=OQ@ R= l} Qy wQ u}= R= "CU= V x}=B l} fv1; : : : ; vng |=yQ=OQ@
s}vm ZQi "CWwv vn w : : : 'v1 R= |]N |@}mQD pmW x@ u=wD|t

w1 = a11v1 + a12v2 + � � �+ a1nvn

w2 = a21v1 + a22v2 + � � �+ a2nvn
...

wm = am1v1 + am2v2 + � � �+ amnvn

s} Qw;|t CUOx@ �1� |w=UD QO Q}O=kt u}= |v} Ro}=H =@
c1(a11v1+� � �+a1nvn)+c2(a21v1+� � �+a2nvn)+� � �+cm(am1v1+� � �+amnvn) = 0

s} Q=O ?}DQD |}=Hx@=H =@
(c1a11 + c2a21 + � � �+ cmam1)v1 + � � �+ (c1a1n + � � �+ cmamn)vn = 0

QO 'OvW=@ QiY Q@=Q@ u; ?}=Q[ xty xm s} Q}o|t xH}Dv |w=UD u}= R= Ov=|]N pkDUt vn w : : : 'v1 uwJ
CQwYu}=

a11c1 + a21c2 + � � �+ am1cm = 0
a12c1 + a22c2 + � � �+ am2cm = 0

...

a1nc1 + a2nc2 + � � �+ amncm = 0
xrO=at n =@ Q}N= CqO=at x=oDUO |=y?=wH uDi=} x@ Ovvm jOY �1� xrO=at QO xm |}=yc uDi=} u}=Q@=v@
|=y?=wH xm "CU= CqO=at O=OaD R= QDW}@ CqwyHt O=OaD 'm > n uwJ "OOQo|t p} wLD pwyHt m
QO xm OQ=O OwHw =yci R= |QiYQ}e |=y?=wH u}=Q@=v@ "OQ=O OwHw |voty x=oDUO u}vJ |=Q@ |Q=tW}@

"CU= |]N |xDU@=w fw1; : : : ;wmg xawtHt wQ u}= R= "Ovl|t jOY �1� xrO=at
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OvDUy Q=OQ@ O=OaD l} |=Q=O V |Q=OQ@ |=[i x}=B wO Qy "x}[k 2�8�5
=Q fv1; : : : ; vng xJv=vJ "OvW=@ V x}=B wO fw1; : : : ; wmg w fv1; : : : ; vng s}vm ZQi "u=yQ@
p@k x}[k R= s} Q=ov}@ |]N pkDUt xawtHt l} u=wvax@ =Q fw1; : : : ; wmg w V x}=B l} u=wvax@
=Q fv1; : : : ; vng w xOQm |krD x}=B l} =Q fw1; : : : ;wmg x=oQy 'Tmar=@ "m � n xm s} Q}o|t xH}Dv
u}= w m = n wQ u}= R= "n � m xm s} Q}o|t xH}Dv s} Q}o@ Q_v QO |]N pkDUt |=xawtHt u=wvax@

"OvDUy Q=OQ@ O=OaD l} Q@ ptDWt EL@ OQwt x}=B wO Qy xm OyO|t u=Wv
|=[i l} Oa@ |=Q@ |i} QaD w xOQm =iw s}Ow@ xO=O xOaw xm |rwk x@ s}v=wD|t xm s}=xO}UQ |}=Hx@ uwvm =

"s}yO x�=Q= |Q=OQ@
Oa@ "s}t=v|t n Q@=Q@ =Q V Oa@ "OW=@ Q=OQ@ n Q@ ptDWt |=x}=B |=Q=O V |Q=OQ@ |=[i x=oQy "h} QaD

"s}yO|t u=Wv dimV x@ =Q V

|=[i Oa@ xH}Dv QO "Ov=Rn �OQ=Ov=DU= x}=B� x}=Bl} f(1; 0; : : : ; 0); : : : ; (0; 0; : : : ; 1)g Q=OQ@ n
"CU= n Q@=Q@ Rn

pkDUt xm s}OQm h} QaD =[i |=yQ=OQ@ R= |y=vDt |=xawtHt u=wvax@ =Q x}=B xm s} wW|t QmPDt "xQY@D
�|y=vDt x}=B� |=xawtHt u}vJ |=Q=O |Q=OQ@ |=[i Qy xm CU}v u}vJ "OvyO VQDUo =Q =[i w xOw@ |]N
CQwYu}=Q}e QO 'CU= |y=vDt Oa@ R= =[i s}} wo|t OW=@ xDW=O OwHw |=xawtHt u}vJ xm |Dkw "CU=

"CU= |y=vDt=v Oa@ R= =[i s}} wo|t
QO OwHw u}= =@ 'OvDUy |y=vDt=v Oa@ R= xm OQm s}y=wN OQwLQ@ |a@=D |Q=OQ@ |=y=[i x@ |Oa@ pYi QO

"s}DUy |y=vDt Oa@ =@ |Q=OQ@ |=y=[i xar=]t x@ Ovtkqa ,=U=U= =t TQO u}=
l} =yQ=OQ@ u}= "s} Q}o|t Q_v QO R3 QO =Q f(1; 2; 3); (�2; 4; 1)g |=yQ=OQ@ xawtHt %3 p=Ft

%OvW=@|t Q} R CQwYx@ u; |=yQ=OQ@ xty xm Ovvm|t O}rwD V Ovv=t R3 |=[iQ} R

v = c1(1; 2; 3) + c2(�2; 4; 1)

"Ovvm|t O}rwD =Q =[iQ} R u}= (�2; 4; 1) w (1; 2; 3) |=yQ=OQ@ TB
"OvDUy |]N pkDUt =yQ=OQ@ u}= 'OW=@|tv w= Q=OQ@ R= |Qr=mU= ?Q[t swO Q=OQ@ xm =Hv; R= |yov=w
`k=w QO "dim(V ) = 2 xH}Dv QO "CU= V |Q=OQ@ x}=B l} f(1; 2; 3); (�2; 4; 1)g u}=Q@=v@

"OQPo|t <=O@t R= xm CU= xLiY l} V xm s}v=O|t
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wO |=[iQ} R l} CWPo|t <=O@t R= xm |Y=N xLiY l} xm s}OQm x_Lqt Q}N= p=Ft QO "xQY@D
"OyO|t CUOx@ =yv; Oa@ w R3 |=[iQ} R ?=@ QO |QDW}@ C=aq]= |Oa@ x}[k "Ow@ R3 |Oa@

"s}vm|th} QaD QiY Q@=Q@ =Q =[iQ} R u}= Oa@ "CU=R3 |=[iQ} Rl} <=O@t �hr= "x}[k 3�8�5
"OvQPo|t <=O@t R= xm OvDUy |}=y\N R3 |Oa@ l} |=y=[iQ} R �?
"OvQPo|t <=O@t R= xm OvDUy |}=yxLiY R3 |Oa@ wO |=y=[iQ} R �G

"OwW x_Lqt 8�5 pmW

x}=B =@ R3 |Oa@ l} |=[iQ} R l} CU= |=xLiY R3 |Oa@ wO |=[iQ} R
"OQPo|t <=O@t R= xm CU= |]N fv1g "OQPo|t <=O@t R= xm fv1;v2g x}=B =@

8�5 pmW
ZQi u}vJty "OW=@ R3 QiY Q=OQ@ R= pmWDt f(0; 0; 0)g |v=m} xawtHt V s}vm ZQi �hr= "u=yQ@

uwJ "OW=@ x=wNrO Qr=mU= l} c s}vm
(0; 0; 0) + (0; 0; 0) = (0; 0; 0) ; c(0; 0; 0) = (0; 0; 0)

"CU= R3 |=[iQ} R l} =Q} R "CU= xDU@ Qr=mU= ?Q[ w `tH CLD V
cv sQix@ V Q=OQ@ Qy u}=Q@=v@ "OW=@ R3 R= V |Oa@ l} |=[iQ} R |=Q@ x}=B l} v s}vm ZQi �?

"OQPo|t <=O@t R= xm OvyO|t \N l} p}mWD =yQ=OQ@ u}= s}v=O|t "CU= c uwJ |Qr=mU= |=R=x@
sQix@ V Q=OQ@ Qy "OW=@ R3 R= V |Oa@ wO |=[iQ} R |=Q@ x}=B l} fv1;v2g s}vm ZQi �G

"OW=@|t <=O@t R= =QPo xLiY l} V wQ u}= R= "CU= c1v1 + c2v2

XNWt =Q =[i u; |vat l} x@ CU= |Q=OQ@ |=[i l} Orwt xm Q=OQ@ xawtHt l} xm s}Dio "xQY@D
umtt '|rm Cr=L QO "OW=@|t xawtHt u}= |=yQ=OQ@ R= |]N |@}mQD =[i Q=OQ@ Qy xm Q=Qk u}O@ 'OR=U|t
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xr}Uwx@ xDi=} Orwt |=[i "OW=@ xDW=O OwHw ZwQit Q=OQ@ l} u=}@ |=Q@ |]N ?}mQD l} R= V}@ CU=
u=}@ u}vJ u=wD|t =Q (4; 5; 5) Q=OQ@ "s} Q}o|t Q_v QO =Q f(1; 2; 3); (�1; 1; 4); (3; 3; 2)g xawtHt

%OQm
(4; 5; 5) = �(1; 2; 3) + (�1; 1; 4) + 2(3; 3; 2)

u}vJty
(4; 5; 5) = 5(1; 2; 3)� 2(�1; 1; 4)� (3; 3; 2)

R= "Ow@ Oy=wN OQix@ QYLvt |@}mQD u}vJ OW=@ x}=B l} VQDUo xawtHt x=oQy xm OQ=O|t u=}@ |D; x}[k
"Ovl|t XNWt =Q |Q=OQ@ |=[i l} Orwt xawtHt l} R= QDW}@ Q=}U@ x}=B l} wQ u}=

u}= QO "OW=@ V |Q=OQ@ |=[i x}=B l} fv1; : : : ; v2; : : : ; vng s}vm ZQi "x}[k 4�8�5
"OwW|t xDWwv =yQ=OQ@ u}= R= |]N |@}mQD CQwYx@ OQix@ QYLvt |k} Q]x@ V Q=OQ@ Qy CQwY

=Q v s}v=wD|t 'CU= x}=B l} fv1;v2; : : : ;vng uwJ "OW=@ V QO |Q=OQ@ v s}vm ZQi "u=yQ@
%s}W=@ xDW=O s}vm ZQi "s}U} wv@ =yQ=OQ@ u}= R= |]N |@}mQD CQwYx@

v = av1 + � � �+ anvn ; v = b1v1 + � � �+ bnvn

CQwYu}= QO
a1v1 + � � �+ anvn = b1v1 + � � �+ bnvn

"OwW|t Q} R |w=UD x@ QHvt OwN x@ wvx@ xm

(a1 � b1)v1 + � � �+ (an � bn)vn = 0

: : : '(a1 � b1) = 0 wQ u}= R= "OvDUy |]N pkDUt =yQ=OQ@ u}= 'CU= x}=B l} fv1; : : : ;vng uwJ
=Q v u=wD|t j} Q] l} x@ \ki u}=Q@=v@ "an = bn w : : : 'a1 = b1 xH}Dv QO w (an � bn) = 0 w

"CWwv x}=B |=yQ=OQ@ R= |]N |@}mQD u=wvax@
OyO|t x}=B l} p}mWD xawtHt l} CkwxJ O} wo|t =t x@ xm s} R=OQB|t |=xr-=Ut QmP x@ =Hv}= QO

"s}yO u=Wv =Q =yv; Orwt |oS} w =} w =yQ=OQ@ |]N pqkDU= xm s}W=@ xDW=O R=}v xmv; uwO@
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O}vm C@=F CQwYu}= QO "OW=@ n Oa@ =@ |Q=OQ@ |=[i l} V s}vm ZQi "xr-=Ut 5�8�5
V x}=B l} S x=ov; 'OW=@ Q=OQ@ n R= |]N pkDUt xawtHt l} S = fv1; : : : ; vng x=oQy �hr=

"CU=
S x=ov; 'OyO|t VQDUo =Q V xm xOw@ Q=OQ@ n pt=W xawtHt l} S = fv1; : : : ; vng x=oQy �?

"CU= V x}=B l}
xawtHt xm O} Q}o@ xH}Dv �G

f(1; 3;�1); (2; 1; 0); (4; 2; 1)g

"�CU= |]N pkDUt xawtHt u}= xm O}yO u=Wv %|}=tvy=Q� "CU= R3 x}=B l}

=y=[i |NQ@ Oa)@ 9�5
|=[i |=Q@ xmv=vJty s}vm x@U=Lt s}=xOQm |UQQ@ |r@k |=yp=Ft QO xm =Q |}=y=[i Oa@ s} QO=k uwvm =

"s}OQm pta Rn |Q=OQ@
|=yT} QD=t "s}vm|t pqODU= u}vJ 2� 2 |=yT} QD=t R= M2�2 |Q=OQ@ |=[i |=Q@ �hr="1 0

0 0
#

;

"0 1
0 0

# "0 0
0 1

#
;

"0 0
0 1

#
Oa@ u}=Q@=v@ "OvDUy M2�2 x}=B l} =yQ=OQ@ u}= "OvDUy |]N pkDUt w xO=O VQDUo =Q M2�2 |=[i
mn Q@=Q@ Mm�n |Q=OQ@ |=[i Oa@ xm O=O u=Wv u=wD|t ,=y@=Wt "CU= 4 Q@=Q@ M2�2 |Q=OQ@ |=[i

"CU=
|=xrtHOvJ "s}vm|t x@U=Lt =Q 2 QFm =OL xHQO =@ |=xrtHOvJ |Q=OQ@ |=[i 'P2 Oa@ uwvm = �?

pmW x@ s}v=wD|t =Q ax2 + bx+ c |=xrtHOvJ Qy =Q} R 'OvyO|t VQDUo =Q =[i u}= 1 w x 'x2

ax2 + bx+ c = a(x2) + b(x) + c(1)

Qo = =Q} R 'OvW=@|t R}v |]N pkDUt 1 w x 'x2 "s}U} wv@

ax2 + bx+ c = 0 �x Qy |=Q@�
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|=[i Oa@ TB "CU= P2 x}=B l} fx2; x; 1g wQ u}= R= "c = 0 w b = 0 'a = 0 xm s} Q}o|t xH}Dv
Q@=Q@ Pn Oa@ w CU= Pn x}=B l} fxn; xn�1; : : : ; x; 1g xawtHt ',=y@=Wt "CU= 3 Q@=Q@ P2 |Q=OQ@

"s}t=v|t Pn OQ=Ov=DU= x}=B =Q x}=B u}= "CU= n+ 1
OvyO|t VQDUo =Q C2 |=[i (0; 1) w (1; 0) |=yQ=OQ@ "s} Q}o|t Q_v QO =Q C2 |Q=OQ@ |=[i �G

s}U} wv@ u}vJ s}v=wD|t =Q (a+ bi; c+ di) x=wNrO Q=OQ@ l} =Q} R
(a+ bi; c+ di) = (a+ bi)(1; 0) + (c+ di)(0; 1)

xH}Dv QO w xOw@ C2 |=Q@ x}=B l} =yQ=OQ@ u}= =Pr "OvDUy |]N pkDUt C2 QO (0; 1) w (1; 0) |yov=w
n Q@=Q@ =[i u}= Oa@ w xOw@ Cn x}=B l} f(1; : : : ; 0); : : : ; (0; : : : ; 1)g ,=y@=Wt "CU= 2 Q@=Q@ C2 Oa@

"CU= Cn OQ=Ov=DU= x}=B x}=B u}= "CU=
"OQ=O OwN QO =Hm} =Q xty s}OQm KQ]t |r@k |=yVN@ QO xm =Q |O}rm s}y=it x}rm |Oa@ p=Ft

O}yO K}[wD "Ov=CUQO=v l}t=Om w CUQO l}t=Om Q} R s=mL= R= %5 p=Ft
"OvDUy |]N |xDU@=w R2 QO (5; 2) w (�1; 3) '(1; 2) |=yQ=OQ@ �hr=
"OvyO|t VQDUo =Q R3 (1; 2; 0) w (0; 2; 0) '(1; 0; 0) |=yQ=OQ@ �?

sQix@ |}=yQ=OQ@ R= pmWDt xm |}=[iQ} R 'CU= R3 |=[iQ} R x}=B l} f(1; 0; 2); (0; 1;�3)g �G
"OW=@|t (a; b; 2a� 3b)

"O=O VQDUo R3 R= wO Oa@ =@ |=[iQ} R l} u=wD|t Q=OQ@ wO pt=W xawtHt Qy R= �O
|]N |xDU@=w Q=OQ@ xU pt=W xawtHt Qy xH}Dv QO "CU= 2 Q@=Q@ R2 Oa@ "CU= CUQO �hr= %pL

"OvDUy
|=[i l} Ovv=wD|tv =yQ=OQ@ wQ u}= R= "OvDUy |]N |xDU@=w xOW xO=O Q=OQ@ xU "CU= CUQO=v �?

"OvyO VQDUo |Oa@xU
"OvyO|t VQDUo |Oa@ wO |=[i l} =yQ=OQ@ "CU= CUQO �G

(a; b; 2a� 3b) = a(1; 0; 2) + b(1; 1;�3)

"OvW=@|tv =DU=Qsy =Q} R OvDUy R}v |]N pkDUt =yQ=OQ@ u}=
"CU}v CUQO |rm Cr=L QO smL TB "OvW=@ |]N pkDUt O}=@ Q=OQ@ wO "CU= CUQO=v �O

u} QtD 1�9�5
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=yT} QD=t x@DQ 10�5
=yT} QD=t =D OR=U|t QO=k =Q =t x@DQ swyit "OvwW|t =vW; T} QD=t l} x@DQ =@ u=} wHWv=O VN@ u}= QO
|xty =D OyO|t =Q u=mt= u}= =t x@ xm CU= VN@ COLw Q=R@= l} x@DQ "s} R=U \@DQt =yQ=OQ@ =@ =Q
uOw@ OQivt '|]N CqO=at x=oDUO ?=wH "s} R=U \@DQt sy =@ s}OQm KQ]t TQO u}= QO xm =Q |}=yswyit

"OvQ}o|t Q=Qk x@DQ Q}F-=D CLD |oty 'T} QD=t l} |Q}PBTwmat 'T} QD=t l}
'r1 |Q]U |=yQ=OQ@ x@=Ft x@ s}v=wD|t =Q A |=yQ]U "OW=@m�nT} QD=t l} A s}vm ZQi "h} QaD
|Q]U |Q=OQ@ Qy "s} Q=ov}@ cn w : : : 'c2 'c1 |vwDU |=yQ=OQ@ x@=Ft x@ =Q u; |=yuwDU rm w : : : 'r2
VQDUo =Q Rn R= |}=[iQ} R |Q]U |=yQ=OQ@ "OW=@|t xir-wt m pt=W |vwDU Q=OQ@ Qy xir-wt n pt=W
|vwDU |=[i xm OvyO|t VQDUo =Q Rn R= |=[iQ} R |vwDU |=yQ=OQ@ w A|Q]U |=[i xm OvyO|t

"OwW|t xO}t=v A
s} Q}o|t Q_v QO =Q Q} R T} QD=t %1 p=Ft26641 1 �1 2

3 4 1 6
5 4 1 0

3775
%R= OvDQ=@a A |Q]U |=yQ=OQ@

r1 = (1 1 � 1 2) r2 = (3 4 1 6) r3 = (5 4 1 0)

OvDQ=@a A |vwDU |=yQ=OQ@ "OwW|t xO}t=v A |Q]U |=[i xm Ovvm|t O}rwD R4 R= |=[iQ} R =yQ=OQ@ u}=
%R=

c1 =

26641
3
5

3775 c2 =

26642
4
4

3775 c3 =

2664�1
1
1

3775 c4 =

26642
6
0

3775
"OwW|t xO}t=v A |vwDU |=[i xm Ovvm|t O}rwD R3 R= |}=[iQ} R =yQ=OQ@ u}=

"OvDUy Oa@ l} |=Q=O A T} QD=t |vwDU |=[i w |Q]U |=[i "x}[k 1�10�5
CU= u}vJ s)=i Q=OQ@ "OvW=@ A |Q]U |=yQ=OQ@ un w : : : 'u1 s}vm ZQi "u=yQ@

ui = (ai1ai2 : : : aim)
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"OvW=@ |Q]U |=[i x}=B l} vs w : : : 'v1 Qw]u}ty w "OW=@ s Q@=Q@ |Q]U |=[i Oa@ s}vm ZQi
OW=@ u}vJ xawtHt u}= Q=OQ@ u}t)=j s}vm ZQi xwqax@

vj = (bj1 bj2 : : : bjm)

"CU= vs w : : : 'v1 R= |]N |@}mQD A |Q]U Q=OQ@ Qy

u1 = c11v1 + c12v2 + � � �+ c1svs

u2 = c21v1 + c22v2 + � � �+ c2svs
...

um = cm1v1 + cm2v2 + � � �+ cmsvs

s} Qw;|t CUOx@ =y|w=UD u}= CU=Q w AJ CtU QO =yQ=OQ@ |=yxir-wt u}t=i uO=O Q=Qk |w=Ut =@

a1i = c11b1i + c12b2i + � � �+ c1sbsi
...

ami = cm1b1i + cm2b2i + � � �+ cmsbsi

s}U} wv@ u}vJ s}v=wD|t =Q |w=UD u}= w2666664
a1i
a2i
...

ami

3777775 = b1i

2666664
c11
c21
...

cm1

3777775+ b2i

2666664
c12
c22
...

cm1

3777775+ � � �+ bsi

2666664
c1s
c2s
...

cms

3777775
"OQ=O Q=Qk =yQ=OQ@ R= |=xawtHt xr}Uwx@ xDi=} VQDUo |=[i QO A |vwDU Q=OQ@ Qy xm OyO|t u=Wv u}=

s} Q=O 'CU= A |Q]U |=[i Oa@ s uwJ

dim(�A |vwDU |=[i� � dim �A |Q]U |=[i�

xm s}yO u=Wv s}v=wD|t 'x@=Wt |rqODU= =@

dim(�A |Q]U |=[i� � dim �A |vwDU |=[i�
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u}=Q@=v@
dim(�A |vwDU |=[i� = dim �A |Q]U |=[i�

"O}=tv|t C=@F= =Q x}[k u=yQ@ u}= w
rank(A) O=t*v =@ =Q A |x@DQ "s}t=v|t A x@DQ =Q A T} QD=t �|vwDU� |Q]U |=[i Oa@ "h} QaD

"s}yO|t u=Wv
"OW=@|t O}it |UOvy w |D=@U=Lt R=Q@= l} T} QD=t l} x@DQ xm O}O s}y=wN

O}vm =O}B =Q Q} R T} QD=t x@DQ %2 p=Ft

A =

26641 2 3
0 1 2
2 5 8

3775
%CU= u; Q]U wO R= |]N |@}mQD T} QD=t u}= swU Q]U xm s}@=}|t QO |UQQ@ =@ %pL

(2; ; 5; 8) = 2(1; 2; 3) + (0; 1; 2)

3 R= QDlJwm T} QD=t u}= x@DQ xH}Dv QO "OvDUy |]N |xDU@=w T} QD=t u}= Q]U xU CQwYu}= QO
wO u}="OvDUy |]N pkDUt Q=OQ@ wO u}= 'CU}v (0; 1; 3) R= |Qr=mU= ?Q[t (1; 2; 3) uwJ "CU=

"rank(A) = 2 wQ u}= R= "OvyO|t A |Q]U |=[i |=Q@ x}=B l} p}mWD Q=OQ@
QO "OW=@|tv |rta nQR@ |=yT} QD=t x@DQ x@U=Lt |=Q@ 'CU= Q=wDU= h} QaD x}=B Q@ xm 'VwQ u}=
|=Q@ =Q x=Q xm '|Oa@ x}[k "O=O s}y=wN x�=Q= T} QD=t l} x@DQ uDi=} |=Q@ |QDl}D=tDU}U VwQ l} xOv};
C} Qwi x@ CU= xDi=} p} wLD |v=mrB sQix@ xm |U} QD=t x@DQ u}}aD xm OQ=O|t u=}@ 'Ovm|t Q=wty hOy u}=

"CU= X}NWD p@=k

l} p}mWD OW=@ xDi=} p} wLD |v=mrB sQix@ xm AT} QD=t QiYQ}e |=yQ]U "x}[k 2�10�5
"CU= u; QiYQ}e |Q]U |=yQ=OQ@ O=OaD Q@=Q@ A x@DQ "OvyO|t A |Q]U |=[i |=Q@ x}=B

s}vm ZQi "OW=@ rs w : : : 'r2 'r1 QiYQ}e |=yQ]U =@ m� n T} QD=t l} A s}vm ZQi "u=yQ@
k1r1 + k2r2 + � � �+ ksrs = 0

"OvDUy |}=yQr=mU= ks w : : : 'k1 u; QO xm
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"OQ=O xir-wt u}= QO 1 x}=QO xm CU= |Q]U |Q=OQ@ u}rw= r1 &CU= 1 Q@=Q@ r1 QiYQ}e x}=QO u}rw=
u}rw= xm s} Qw;|t CUOx@ |Q=OQ@ s}vm|t `tH =Q ksrs w : : : 'k2r2 'k1r1 |=yQ=OQ@ |Dkw xH}Dv QO
u}= R= "k1 = 0 xm s} Qw;|t CUOx@ QiY Q=OQ@ =@ Q=OQ@ u}= uO=O Q=Qk |w=UD =@ "CU= k1 u; |=yxir-wt

O};|t QO p}P |w=UD pmW x@ jwi |w=UD wQ

k2r2 + � � �+ ksrs = 0

QO =Q 1 xOa xm CU= xOv=t |k=@ |=yQ=OQ@ u}@ QO |Q=OQ@ =yvD r2 w CU= 1 Q@=Q@ r2 QiYQ}e x}=QO u}rw=
"k2 = 0 xH}Dv QO "CU= =Q=O xir-wt u}=

"OvDUy |]N pkDUt rs w : : : 'r2 'r1 |=yQ=OQ@ u}=Q@=v@ "OvQiY Q@=Q@ |oty ks w : : : 'k3 ',=y@=Wt
=[i u}= |=Q@ x}=B l} p}mWD Qw]u}ty w OvyO|t VQDUo =Q A |Q]U |=[i h} QaD j@] '=yQ=OQ@ u}=
A QiYQ}e |=yQ=OQ@ O=OaD |va} 's Q@=Q@ A |x@DQ xH}Dv QO "CU= s Q@=Q@ |Q]U |=[i Oa@ "OvyO|t

"CU=
O}vm =O}B =Q Q} R T} QD=t x@DQ %3 p=Ft

A =

2666664
1 2 0 0
0 0 1 0
0 0 0 1
0 0 0 0

3777775
Q@=v@ "CU= �pw= Q]U xU� QiYQ}e |Q]U Q=OQ@ xU |=Q=O "CU= xDi=} p} wLD |v=mrB sQix@ T} QD=t u}=

"rank(A) = 3 wQ u}= R= "OvDUy |Q]U |=[i x}=B l} Q=OQ@ xU u}= 'V}B x}[k
"OR=U|t \@DQt pO=at |Q]U |=yT} QD=t =@ =Q |Q]U |=y=[i |Oa@ x}[k

B w A CQwYu}= QO "OvW=@ pO=at |Q]U T} QD=t wO B w A s}vm ZQi "x}[k 3�10�5
"rank(A) = rank(B) w OvDUy |Q]U |=[i l} |=Q=O

|=yQ]U R= |D=tOkt |Q]U C=}rta p=ta= =@ B |=yQ]U "OvDUy pO=at |Q]U B w A uwJ "u=yQ@
|Q]U |=[i Qw]u}ty w "CU= A |=yQ]U R= |]N |@}mQD B Q]U Qy u}=Q@=v@ "OvwW|t pY=L A

"CU= A |Q]U |=[i <RH B

CUOx@ B |=yQ]U R= u=wD|t |D=tOkt |Q]U C=}rta p=ta= =@ =Q A |Q]U |=[i 'x@=Wt j} Q]x@
"CU= B |Q]U |=[i <RH R}v A |Q]U |=[i xH}Dv QO "OQw;
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|Q]U |=y=[i |=Q=O B w A uwJ "OvDUy|m} B w A |Q]U |=y=[i xm s} Q}o|t xH}Dv u}=Q@=v@
"CU= Q@=Q@ =yv;|x@DQ 'OvDUy |w=Ut

l} |Q]U |=[i |=Q@ x}=B l} uDi=} |=Q@ |WwQ w xDN}t; sy@ =Q |r@k xH}Dv wO |Oa@ |xH}Dv
"OyO|t x�=Q= u; |x@DQ xH}Dv QO w T} QD=t

|=yQ=OQ@ "OW=@ A T} QD=t xDi=} p} wLD |v=mrB |Q]U sQi E s}vm ZQi "x}[k 4�10�5
|Q]U |=yQ=OQ@ O=OaD Q@=Q@ A |x@DQ "OyO|t A |Q]U |=[i |=Q@ x}=B l} p}mWD E QiYQ}e |Q]U

"CU= E QiYQ}e
O}vm u}}aD =Q u; x@DQ w xDi=} Q} R ZwQit T} QD=t |Q]U |=[i |=Q@ |=x}=B %4 p=Ft

A =

26641 2 3
2 5 4
1 1 5

3775
"s} Qw;|t CUOx@ A |=Q@ xDi=} p} wLD |v=mrB sQi l} w xOQm xO=iDU= |D=tOkt |Q]U |=yQorta R= %pL

s} Q=O26641 2 3
2 5 4
1 1 5

3775 �
26641 2 3
0 1 �2
0 �1 2

3775 �
26641 0 7
0 1 �2
0 0 0

3775
"rank(A) = 2 'OvyO|t p}mWD A |Q]U |=[i |=Q@ x}=B l} (0; 1;�2) '(1; 0; 7) |=yQ=OQ@

|vwDU |=[i CQwYu}= QO "OvDUy At T} QD=t |Q]U |=yQ=OQ@ u=ty AT} QD=t |vwDU |=yQ=OQ@
CUOx@ =@ A T} QD=t |vwDU |=[i |=Q@ x}=B l} s}v=wD|t xvwou}O@ "CU= At |Q]U |=[i u=ty A

"s} Qw; CUOx@ At |Q]U |=[i |=Q@ x}=B l} uOQw;
O} Qw; CUOx@ Q} R ZwQit T} QD=t |vwDU |=[i |=Q@ x}=B l} %5 p=Ft

A =

2664 1 1 0
2 3 �2
�1 �4 6

3775
%R= CU= CQ=@a A xO=yv=QD %pL

At =

26641 2 �1
1 3 �4
0 �2 6

3775
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l} "s}@=}|t At |Q]U |=[i |=Q@ |=x}=B lv}= "OwW|t At |Q]U |=[i x@ p}O@D A |vwDU |=[i
"s} Qw;|t CUOx@ At |=Q@ xDi=} p} wLD |v=mrB |Q]U sQi26641 2 �1

1 3 �4
0 �2 6

3775 �
26641 2 �1
0 1 �3
0 �2 +6

3775 �
26641 0 5
0 1 �3
0 0 0

3775
At |Q]U |=[i |=Q@ x}=B l} (0; 1;�3) '(1; 0; 5) |va} 'T} QD=t u}= |Q]U QiYQ}e |=yQ=OQ@
Q} R |=yQ=OQ@ "O}; CUOx@ A |vwDU |=[i |=Q@ x}=B l} =D xDWwv |vwDU CQwYx@ =Q =yQ=OQ@ u}= "OvDUy

"OvDUy A |vwDU |=[i |=Q@ x}=B l}26641
0
5

3775 ;

2664 0
1
�3

3775
u=wD|t R}v CU= xOW O}rwD Q=OQ@ xawtHt l} \UwD xm V |=[iQ} R |=Q@ x}=B l} u}}aD |=Q@ =Q Q}N= x}[k
=Q u; xDi=} p} wLD |v=mrB sQi w 'xDWwv T} QD=t l} l} |Q]U |=yQ=OQ@ CQwYx@ =Q =yQ=OQ@ "CiQo Q=m@
p=Ft "OyO|t CUOx@ V |=Q@ x}=B l} xDi=} p} wLD |v=mrB sQi u}= QiYQ}e |=yQ=OQ@ "s}vm|t x@U=Lt

"Ovm|t uWwQ =Q Q=m VwQ |Oa@
O} Qw; CUOx@ OwW|t O}rwD Q} R |=yQ=OQ@ \UwD xm Rn R= V |=[iQ} R |=Q@ |=x}=B %6 p=Ft

(1; 2; 3; 4); (�1;�1;�4;�2); (3; 4; 11; 8)

"OvW=@ u; |Q]U |=yQ=OQ@ jwi |=yQ=OQ@ xm s} R=U|t u=vJ =Q A T} QD=t %pL2664 1 2 3 4
�1 �1 �4 �2
3 4 11 8

3775
s} Q=O "s} Qw;|t CUOx@ A |=Q@ xDi=} p} wLD |v=mrB sQi l}2664 1 2 3 4

�1 �1 �4 �2
3 4 11 8

3775 �
26641 2 3 4
0 1 �1 2
0 �2 2 �4

3775 �
26641 0 5 0
0 1 �1 2
0 0 0 0

3775
|=[iQ} R |=Q@ |=x}=B (0; 1;�1; 2) w (1; 0; 5; 0) |va} 'xDi=} p} wLD |v=mrB sQi u}= QiYQ}e |=yQ=OQ@

"OvDUy V
"Ovvm|t x�=Q= =Hm} Ov=xOt; |}=yC@U=vt QO TQO u}= QO xm =Q |Q@H s}y=it w G}=Dv |Oa@ x}[k
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"OvrO=at Q} R |=yxQ=Ro "OW=@ n� n T} QD=t l} A s}vm ZQi x}[k 5�10�5
"CU= Q}PBuwQ=w A �hr=

"�CU= OQivt=v A� jAj 6= 0 �?
"CU= OQix@ QYLvt ?=wH |=Q=O AX = B CqO=at x=oDUO �G

"CU= |Q]U RQ=sy In =@ A �O
"rank(A) = n �y

C@=F =D CU= xOW xDU=wN =tW R= =yu} QtD QO "OvrO=at �O� w �G� '�?� '�hr=� xm s}=xO}O ,q@k "u=yQ@
"OvrO=at s=mL= xty xm OyO|t u=Wv u}= "OvrO=at R}v �y� w �O� xm O}vm

l} ?=wH |}=Dm} XwYN QO |D=aq]= T} QD=t l} |x@DQ xvwoJ xm O} wo|t =t x@ |r@k x}[k
|=yx=oDUO Q=DiQCN=vW QO|tytVkv x@DQ swyit "OyO|tCUOx@ pwyHt n QO|]N xrO=at n x=oDUO
CqO=at |=yx=oDUO xvwoJ xm s}=xOQm x_Lqt uwvm =D "OyO|t CUOx@ |=xR=Ov= Qy R= |]N CqO=at
=Q |a=[w= u}vJ "OvW=@ ?=wH Ok=i =} w 'Q=tW}@ |=y?=wH 'OQix@ QYLvt ?=wH |=Q=O Ovv=wD|t |]N

"OQm |Ov@xDUO ?}=Q[ T} QD=t w xOwRi= T} QD=t |=yx@DQ ?ULQ@ u=wD|t

"s} Q}o|t Q_v QO =Q pwyHt n =@ xrO=at m x=oDUO l} "x}[k 6�10�5
"CU= OQix@ QYLvt ?=wH 'r = n w xOw@ r Q@=Q@ x@DQ |=Q=O ?}=Q[ T} QD=t w xOwRi= T} QD=t x=oQy �1
OwHw |O=} R |=y?=wH r < n w xOw@ r Q@=Q@ x@DQ |=Q=O ?}=Q[ T} QD=t w xOwRi= T} QD=t x=oQy �2

"OQ=O
"OQ=Ov OwHw |@=wH "OvW=@ hr=Nt |=yx@DQ |=Q=O ?}=Q[ T} QD=t w xOwRi= T} QD=t x=oQy �3

OW=@ xOw@ Q} R CQwYx@ Q_vOQwt x=oDUO s}vm ZQi "u=yQ@
a11x1 + � � �+ a1nxn = b1

...

am1x1 + � � �+ amnxn = bm
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%CWwv u}vJ u=wD|t =Q x=oDUO u}=

x1

2664 a11
...

am1

3775+ � � �+ xn

2664 a1n
...

amn

3775 =

2664 b1...
bm

3775
=} w

x1a1 + � � �+ xnan = b (1)

s}vm|t xHwD xvmtt Cr=L xU x@ uwvm =
an w : : : 'a1 R= |]N |@}mQD b O}=@ 'CU= |m} xOwRi= T} QD=t w ?}=Q[ T} QD=t |x@DQ uwJ �1
|=x}=B wQ u}= R= xOw@ |]N pkDUt an w : : : 'a1 |=yQ=OQ@ 'CU= n Q@=Q@ x@DQ u}= uwJ 'xwqax@ "OW=@
w xOw@ OQix@ QYLvt ?=wH |=Q=O �1� xrO=at u}=Q@=v@ "OvyO|t p}mWD xOwRi= T} QD=t |vwDU |=[i |=Q@

"CU= =Dm} x=oDUO ?=wH
: : : 'a1 |=yQ=OQ@ R= |]N |xDU@=w O}=@ b 'CU= u=Um} xOwRi= w ?}=Q[ |=yT} QD=t x@DQ uwJ �2
b u}=Q@=v@ "Ov=|]N |xDU@=w an w : : : 'a1 |=yQ=OQ@ 'CU= n R= QDmJwm x@DQ u}= uwJ p=Lu}= =@ an w
xrO=at CQwYu}= QO "CWwv an w : : : 'a1 R= |]N |@}mQD CQwYx@ j} Q] l} R= V}@ x@ u=wD|t =Q

"OW=@|tv OQix@ QYLvt =:t= xDW=O OwHw x=oDUO ?=wH &CU= |O=} R |=y?=wH |=Q=O �1�
'a1 |=yQ=OQ@ R= |]N pkDUt b 'OW=@|tv ?}=Q[ T} QD=t x@DQ Q@=Q@ xOwRi= T} QD=t x@DQ uwJ �3

"OQ=Ov OwHw x=oDUO |=Q@ |@=wH w &OQ=Ov ?=wH �1� xrO=at CQwYu}= QO "OW=@|t an w : : :

�257 w 256 xLiY� u} QtD 7�10�5

Q}w=YD w Ot=aDt |=yQ=OQ@ 11�5
uDN=U |=Q@ |WwQ "s} Q=O|t hw]at OvW=@|t R}v xm} xm Ot=aDt |=yQ=OQ@ xawtHt x@ =Q OwN xHwD uwvm =
"OQ}o|t Q=Qk EL@ OQwt R}v =yQ=OQ@ xawtHt u}= X=N |=y|oS} w "s}vm|t |iQat Rn QO =yQ=OQ@ xvwov}=
u}= Q=OQ@ GwR Qy x=oQy s}t=v Ot=aDt xawtHt l} V |Q=OQ@ |=[i QO =Q |Q=OQ@ xawtHt "h} QaD
x:m} |Q=OQ@ u; Q=OQ@ Qy w xOw@ Ot=aDt x=oQy s}t=v Ot=aDt x :m} =Q xawtHt u}vJ OvW=@ Ot=aDt xawtHt

"OW=@
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"CU= Ot=aDt x:m} xawtHt l} f(1; 0; 0); (0; 35 ; 45 ); (0; 45 ;� 35 )g xawtHt O}yO u=Wv %1 p=Ft
"CU= Ot=aDt xawtHt u}= Q=OQ@ GwR Qy xm s}yO|t u=Wv =OD@= %pL

(1; 0; 0):(0; 35 ; 45 ) = 0 ; (1; 0; 0):(0; 45 ;� 35 ) = 0 ; (0; 35 ;
4
5 ):(0; 45 ;� 35 ) = 0

%s} Q=O "CU= x:m} Q=OQ@ l} 'Q=OQ@ Qy xm s}yO|t u=Wv p=L "OvOt=aDt wOx@wO =yQ=OQ@ u}= CQwYu}= QO

k(1; 0; 0)k =
p12 + 02 + 02 = 1

k(0; 35 ; 45 )k =
r

02 + ( 35 )2 + (
4
5 )2 = 1

k(0; 45 ;� 35 )k =
q

02 + ( 45 )2 + (� 35 )2 = 1

"CU= Ot=aDt x:m} xawtHt l} Q_vOQwt xawtHt wQ u}= R= "OvOt=aDt w xOw@ x:m} |=yQ=OQ@ =yQ=OQ@

pkDUt |Q=OQ@ |=[i l} QO �QiYQ}e |=yQ=OQ@ R=� Ot=aDt x:m} xawtHt l} x}[k 1�11�5
"CU= |]N

V |Q=OQ@ |=[i QO QiYQ}e |=yQ=OQ@ R= Ot=aDt x:m} xawtHt l} fv1; : : : ; vmg s}vm ZQi "u=yQ@
s}yO|t Q=Qk |UQQ@ OQwt =Q Q} R |w=UD "OW=@

c1v1 + c2v2 + � � �+ cmvm = 0

vi s}vm ZQi "Ov=|]N pkDUt =yQ=OQ@ u}= Ovm|t C@=F xm cm = 0 w : : : 'c1 = 0 xm s}yO|t u=Wv
R= w xDiQo |w=UD hQ] wO QO =Q Q=OQ@ u}= |=x]kv ?Q[pY=L "OW=@ Ot=aDt x:m} xawtHt u}= Q=OQ@ u}t)=i

s} Q=O "s}vm|t xO=iDU= |=x]kv ?Q[pY=L X=wN

(c1v1 + c2v2 + � � �+ cmvm):vi = 0:vi
c1v1vi + c2v2:vi + � � �+ cmvm:vi = 0

u}=Q@=v@ j = i xmv; Qot vj :vi = 0 'OvOt=aDt wOx@ wO =yQ=OQ@ u}= uwJ

civi:vi = 0
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pY=L 'i = 1; 2; : : : ;m uO=O Q=Qk =@ "ci = 0 u}=Q@=v@ "vi:vi 6= 0 'CU= QiYQ}e |Q=OQ@ vi uwJ
xm OwW|t

c1 = 0 ; c2 = 0 ; : : : ; cm = 0
"OvDUy |]N pkDUt =yQ=OQ@ xm Ovm|t C@=F u}= w

xO=iDU= |=x}=B xJ R= xmv}= "OW=@ xDW=O OwHw |R}J |=yx}=B CU= umtt |Q=OQ@ |=[i l} |=Q@
x]w@ Qt C}akwt x@ |yHw u} QDy@ x@ xm OwW|t ?=NDv= |=x}=B "OQ=O EL@ OQwt xr-=Ut x@ |oDU@ s}vm

"O};|t Q=m@
"OW=@|t Ot=aDt xm} xawtHt l} =} w Ot=aDt x}=B l} x}=B u} QD?U=vt ,=@r=e

xawtHt l} xm =Q |=x}=B "s}t=v|t Ot=aDt x}=B x}=B l} OW=@ Ot=aDt xawtHt l} xm =Q x}=B l} "h} QaD
"s}t=v|t Ot=aDt x :m} x}=B l} OW=@ Ot=aDt x:m}

OQ=Ov=DU= |=yx}=B "OvDUy Ot=aDt x:m} |}=yx}=B OQ=Ov=DU=|=yx}=B xm s} wW|t QmPDt
R2 : f(1; 0); (0; 1)g
R3 : f(1; 0; 0); (0; 1; 0); (0; 0; 1)g
Rn : f(1; 0; : : : ; 0); (0; 1; 0; : : : ; 0); : : : ; (0; 0; : : : ; 0; 1)g

9>>>>>=>>>>>; Ot=aDt x:m} |=yx}=B

R= |]N |@}mQD pmW x@ OQix@ QYLvt |=xvwo x@ u=wD|t =Q |Q=OQ@ |=[i Q=OQ@ l} Qy xm s}v=O|t
|=[i l} |UQQ@ w EL@ QO Ot=aDt x:m} x}=B l xm CU= u; u}@t |Oa@ |x}[k "CWwv x}=B |=yQ=OQ@

"Ci=} u=wD|t QDxO=U =Q |]N C=@}mQD =Q} R CU= Q=OQwNQ@ |QDO}it |oS} w R= |Q=OQ@

"OW=@ V |Q=OQ@ |=[i |=Q@ Ot=aDt x:m} x}=B l} fu1; : : : ; ung s}vm ZQi "x}[k 2�11�5
|=yQ=OQ@ u}= R= |]N |@}mQD pmW x@ Q} R CQwYx@ =Q v "OW=@ V QO Q=OQ@ l} v s}vm ZQi u}vJty

CWwv u=wD|t x}=B
v = (v:u1)u1 + (v:u2)u2 + � � �+ (v:un)un

xm |tUk x@ CUy cn w : : : 'c1 Ovv=t |}=yQr=mU= 'CU= x}=B l} fu1; : : : ; ung uwJ "u=yQ@
v = c1u1 + c2u2 + � � �+ cnun

"cn = v:un w : : : 'c1 = v:u1 xm s}yO|t u=Wv
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R= w xDiQo ui =@ =Q |w=UD u}= hQ] wO |=x]kv ?Q[pY=L "OW=@ x}=B Q=OQ@ u}t)=i 'ui s}vm ZQi
s} Qw;|t CUOx@ s}vm|t xO=iDU= |=x]kv ?Q[pY=L X=wN

v:ui = (c1u1 + � � �+ cnun):ui

= c1u1:ui + (c2u2):ui + � � �+ (cnun):ui

u}=Q@=v@ j = i xmv; Qot uj :ui = 0 'OvOt=aDt wOx@ wO un w : : : 'u2 'u1 |=yQ=OQ@ uwJ
v:ui = ciui:ui

u}=Q@=v@ "ui:ui = 1 'CU= Ot=aDt x:m} EL@ OQwt x}=B uwJ 'xwqax@
v:ui = ci

xH}Dv QO "cn = v:un w c1 = v:u1 s} Qw;|t CUOx@ i = 1; 2; : : : ; n uO=O Q=Qk =@ '?}DQD u}O@
s}U} wv@ s}v=wD|t

v = (v:u1)u1 + (v:u2)u2 + � � �+ (v:un)un

v = (7;�5; 10) Q=OQ@ "OvDUyR3 Ot=aDt x:m} x}=Bl} Q} R QO xOW x�=Q= u3 w u2 'u1 |=yQ=OQ@ %2 p=Ft
"O}U} wv@ =yQ=OQ@ u}= R= |@}mQD CQwYx@ =Q

u1 = (1; 0; 0) ; u2 = (0; 35 ;
4
5 ) ; u3 = (0; 45 ;�

3
5 )

s} Q=O %pL
v:u1 = (7;�5; 10):(1; 0; 0) = 7
v:u2 = (7;�5; 10):(0; 35 ; 45 ) = 5
v:u3 = (7;�5; 10):(0; 45 ;�3

5 ) = �10
u}=Q@=v@

(7;�5; 10) = 7(1; 0; 0) + 5(0; 35 ; 45 )� 10(0; 45 ;� 35 )

CU= u}@t Q} wYD swyit '|OwyW Q_v R= "s}vm|t |iQat Qo}O Q=OQ@ |wQ =Q Q=OQ@ l} Q} wYD swyit uwvm =
p}rLD w |UQQ@ QO xS} wx@ swyit u}= "CU= |Qo}O Q=OQ@ |=DU=Q QO wUty Q=OQ@ l} R= �Q=Okt xJ� xm
R= =t "s}v=O@ |Y=N CyH QO =Q wQ}v l} |m} R}i QF= s}y=wN@ xm CU= |Dkw u; w 'OW=@|t O}it =ywQ}v

"s} Q@|t xO=iDU= Ot=aDt x :m} |=yQ=OQ@ uDN=U Qw_vtx@ Q} w=YD
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Qo}O Q=OQ@ |wQ Q=OQ@ l} Q}wYD 12�5
u; u}@t �!0A Q=OQ@ "OwW x_Lqt 9�5 pmW "OvW=@ � u}@ x} w=R =@ Rn QO |}=yQ=OQ@ u w v s}vm ZQi
|DQ=@a lv}= "s}t=v|t u |wQ v Q}wYD =Q �!0A "CU= u |=DU=Q QO wUty v R= �Q=Okt xJ� xm CU=

xm s}vm|t x_Lqt "s}@=}|t �!0A |=Q@

0A = 0B cos�

= kvk cos�

= kvk( v
kvk :

u
kuk )

= v:
u
kuk

u}=Q@=v@ "s}vm|t h} QaD ukuk OL=w Q=OQ@ Q@=Q@ =Q �!0A Q=OQ@ CyH
�!
0A = (v:

u
kuk )

u
kuk =

v:u
u:u

u

u |wQ v Q} wYD

�!
0A =

v:u
u:u

u

9�5 pmW
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h} QaD u}vJ 'OwW|t xO=O u=Wv projvu x@ xm 'v QO u QiYQ}e Q=OQ@ |wQ v Q=OQ@ Q} wYD "h} QaD
%OOQo|t

projvu =
v:u
u:u

u

OwQ|t Q=mx@ projvu |=Q@ R}v u CyH QO v xir-wt Kq]Y= "OwW x_Lqt 10�5 pmW

10�5 pmW
O}vm =O}B u(1; 4) Q=OQ@ |wQ =Q v = (6; 7) Q=OQ@ Q} wYD %3 p=Ft

s} Q=O =yQ=OQ@ u}= |=Q@ %pL
v:u = (6; 7):(1; 4) = 6 + 28 = 34
u:u = (1; 4):(1; 4) = 1 + 16 = 17

=Pr
projvu =

v:u
u:u

u =
34
17 (1; 4) = (2; 8)

"CU= (2; 8) Q@=Q@ u |wQ v Q=OQ@ Q} wYD TB
QO "Ovm|t QF= <=O@t QO `k=w sUH l} Q@ xm OW=@ |wQ}v QoW}=tv v = (6; 7) Q=OQ@ s}vm ZQi
Q_v R= "OW=@|t u = (1; 4) Q=OQ@ CyH QO xm CU= wQ}v R= |=xir-wt projvu = (2; 8) CQwYu}=

"OW=@|t u Q=OQ@ CyH QO wQ}v u}= QF= (2; 8) |m} R}i
VwQ u}= QO s}vm|t x�=Q= ZwQit x}=B l} T=U=Q@ Ot=aDt x :m} x}=B l} uDN=U |=Q@ |WwQ lv}=

"OwW|t xO=iDU= Q} wYD |=yQ=OQ@ R=
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|R=UOt=aDt x :m} C}tW=�s=Qo Ov};Qi x}[k 13�5
xm fu1; : : : ; ung |=yQ=OQ@ xawtHt "OW=@ V |Q=OQ@ |=[i |=Q@ |=x}=B fv1; : : : ; vng s}vm ZQi
|=DyQ=OQ@ R= l} Qy 'V Ot=aDt x:m} x}=B l} uOQw; CUOx@ |=Q@ "OvOt=aDt OvwW|t h} QaD p}P j} Q]x@

"s}vm|t |R=Ux:m} =Q un w : : : 'u1

u1 = v1

u2 = v2 � projvu1

u3 = v3 � projv3
u1 � projv3

u2

...

un = vn � projvnui � � � � � projvnun�1

pmW "CU= Owta u Q@v � projvu |Q=OQ@ `tH Q@=v@ x=ov; 'OvW=@ V QO |}=yQ=OQ@ v w u Qo = "u=yQ@
"s} Q}o|t Q_v QO =Q ui Q=OQ@ Q=DN=U "s}vm|t xO=iDU= x}[k C=@F= |=Q@ xH}Dv u}= R= "OwW x_Lqt 11�5
|Q=OQ@ xrY=L Q=OQ@ R= projvju2 j} QiD =} CU= Owta u1 xm O};|t CUOx@ |Q=OQ@ vi R= projvju1 j} QiD =@
u}= xt=O= =@ w Ov=t|t ^wiLt u1 Q@ C}Owta Rwvy xm |r=L QO 'CU= Owta u2 Q@ xm OyO|t CUOx@

"CU= Owta uj�1 w : : : 'u2 'u1 |r@k |=yQ=OQ@ R= l} Qy Q@ xm OwW|t uj Ovv=t |Q=OQ@ x@ QHvt

11�5 pmW
wQ u}= R= "CU= |]N pkDUt R4 QO f(1; 2; 0; 3); (4; 0; 5; 8); (8; 1; 5; 6)g xawtHt %4 p=Ft
|=Q@ Ot=aDt x :m} x}=B l} "OvyO|t p}mWD R4 R= V Ovv=t |Oa@�xU |=[iQ} R l} |=Q@ x}=B l} =yQ=OQ@

"O} R=U@ V
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Ov}=Qi R= lv}= "v3 = (8; 1; 5; 6) w v2 = (4; 0; 5; 8) 'v1 = (1; 2; 0; 3) s}vm ZQi %pL
"s} R=U|t =yQ=OQ@ u}= R= fu1; u2; u3g Ot=aDt x :m} |xawtHt l} w s}vm|t xO=iDU= C}tW=�s=Qo

u1 = v1 = (1; 2; 0; 3)

u2 = v2 � projv2
u1 = v2 � (v2:u2)

u1:u1
u1

= (4; 0; 5; 8)� (4; 0; 5; 8):(1; 2; 0; 3)
(1; 2; 0; 3):(1; 2; 0; 3)

(1; 2; 0; 3)

= (4; 0; 5; 8)� 2(1; 2; 0; 3)

= (2;�4; 5; 2)

u3 = v3 � projv1
u2 � projv3

u1 = v3 � v3:u1
u1:u1

u1 � v3:u2
u2:u2

u2

= (8; 1; 5; 6)� (8; 1; 5; 6):(1; 2; 0; 3)
(1; 2; 0; 3):(1; 2; 0; 3)

(1; 2; 0; 3)

� (8; 1; 5; 6):(2;�4; 5; 2)
(2;�4; 5; 2):(2;�4; 5; 2)

(2;�4; 5; 2)

= (8; 1; 5; 6)� 2(1; 2; 0; 3)� 1(2;�4; 5; 2)

= (4; 1; 0;�2)

"CU= V |=Q@ Ot=aDt |xawtHt l} f(1; 2; 0; 3); (2;�4; 5; 2); (4; 1; 0;�2)g xawtHt
"O}vm lJ O}v=wD|t CU= QiY Q@=Q@ =yQ=OQ@ u}= R= GwR Qy |=x]kv ?Q[pY=L xm =Q C}ak=w u}=

Ot=aDt x}=B l} =D xOQm |R=Ux:m} =Q =yQ=OQ@ =Hv; R= w xOQm x@U=Lt =Q =yQ=OQ@ u}= R= l} Qy sQi uwvm =
%s} Q=O "s} Qw; CUOx@

k(1; 2; 0; 3)k =
p12 + 22 + 02 + 32 =

p14
k(2;�4; 5; 2)k =

q
22 + (�4)2 + 52 + 23 = 7

k(4; 1; 0;�2)k =
q

42 + 12 + 02 + (�2)2 =
p21

%s}@=}|t CUO V |=Q@ |Ot=aDt x:m} x}=B x@ C}=yv QO 's}vm|t x:m} =Q =yQ=OQ@ w xOQm xO=iDU= =yQ=Okt u}= R=n
(

1p14 ;
2p14 ; 0;

3p14 ); (
2
7 ;�

4
7 ;

5
7 ;

2
7 ); (

4p21 ;
1p21 ; 0;

�2p21
o
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=[iQ} R l}|wQ Q=OQ@ l} Q}wYD 14�5
|wQ Q@ Q=OQ@ l} Q} wYD x@ =Q swyit u}= lv}= "s}=xOQm h} QaD Qo}O Q=OQ@ |wQ Q@ =Q Q=OQ@ l} Q} wYD uwvm =D
xJ� xm CU= u; u}@t =[iQ} R l} |wQ Q=OQ@ l} Q} wYD '|OwyW Q_v R= "s}yO|t s}taD =[iQ} R l}

"CU= `k=w =[iQ} R u; QO Q=OQ@ l} R= �Q=Okt
s}vm ZQi "OwW x_Lqt 12�5 pmW "OW=@ Rn QO u Q=OQ@ |wQ v Q=OQ@ Q} wYD �!0A s}vm ZQi
u xr}Uwx@ xOW h} QaD \N Q@ xm CU= |}=yQ=OQ@ xty R= pmWDt xm OW=@ Rn |Oa@ l} |=[iQ} R W
"CU= �!0A u=ty OW=@ `k=w =[iQ} R u}= QO xm u Qo}O Q=OQ@ Qy |wQ v Q} wYD xm OwW|t |Qw;O=} "Ov=`k=w
Q@=Q@ 'OwW|t xO=O u=Wv projvW O=tv =@ xm '=Q W |=[iQ} R |wQ v Q=OQ@ |Q=OQ@ Q} wYD s}v=wD|t u}=Q@=v@

Q=OQ@ =Q u xm O};|t CUOx@ |Dkw �!0A u=}@ u} QDxO=U "s}vm h} QaD �!0A

"CU= OL=w Q=OQ@ u

projvW =
�!
0A = (v:u)u

12�5 pmW
s} Qw;|t CUOx@ CQwYu}= QO "s}vm Q=}DN= x:m}

projvW =
�!
0A = (v:u)u �x:m} Q=OQ@ l} u

"s}yO s}taD |a}@] |rmW x@ s}v=wD|t =Q Q} wYD swyit u}= x=ov; 'OW=@ xOw@ n Oa@ R= |}=[iQ} R W x=oQy
"OOQo|t h} QaD p}P QO xm OW=@|t W R= Ot=aDt x:m} |}=yQ=OQ@ R= |]N |@}mQD W |wQ v Q} wYD
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fu1; : : : ; ung s}vm ZQi u}vJty "OW=@ �V |rm |=[i =} w�Rn R=|}=[iQ} RW s}vm ZQi "h} QaD
u=Wv projvW =@ xm 'W |wQ v Q}wYD 'OW=@ �V � Rn QO |Q=OQ@ v x=oQy "OW=@ W Ot=aDt x:m} x}=B l}

"OOQo|t h} QaD u}vJ 'OwW|t xO=O

projvW = (v:u1)u1 + (v:u2)u2 + � � �+ (v:un)un

OwW x_Lqt 13�5 pmW

w CU= W Ot=aDt x:m} x}=B l} fu1; u2; : : : ; ung

projvW = (v:u1)u1 + (v:u2)u2 + � � �+ (v:un)un

13�5 pmW
u}@t |Oa@ x}[k "OW=@ Owta W Q=OQ@ Qy Q@ v x=oQy CU= Owta W |=[iQ} R Q@ v Q=OQ@ s}} wo
CQwYx@ =Q v s}v=wD|t x=ov; 'OW=@ Rn R= |}=[iQ} R W w �V � Rn QO |Q=OQ@ v x=oQy xm CU= u;
xm |Dkw |=Q@ |OwyW Q_v R= xm CU= |k}kL u}= w s}vm x} RHD W Q@ Owta |Q=OQ@ w W QO `k=w |Q=OQ@

"OW=@|t Twtrt p@=k CU= �n � 3� Rn Twtrt |=y=[i V

|DQwYx@ u=wD|t =Q Rn QO v Q=OQ@ Qy "OW=@ Rn R= |}=[iQ} RW s}vm ZQi "x}[k 1�14�5
pmW x@ OQix@ QYLvt

v = w1 + w2

%R= OvDQ=@a w2 w w1 |=yQ=OQ@ "CU= Owta W Q@ w2 w w1 2W u; QO xm CWwv
w1 = projvW ; w2 = v � projvW
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"OwW x_Lqt 14�5 pmW

v = w1 + w2

w1 = projvW ; w2 = v � projvW

14�5 pmW
xm s}vm|t x_Lqt "u=yQ@

w1 + w2 = projvW + (v � projvW )

u=Wv =OD@= "CU= Owta W Q@ v � projvW xmv}= C=@F= Ov=t|t |k=@ �#=QJ� CU= W QO w1 xwqax@
projvW xm s} Q}o@ xH}Dv s}v=wD|t |v=U; x@ TBU "CU= Owta W x}=B Q=OQ@ Qy Q@ projvW xm s}yO|t

%s} Q=O 'CU= Owta W x=wNrO Q=OQ@ Qy Q@
uj :(v � projvW ) = uj :(v � (v:u1)u1 � � � � � (v:un)un)

= uj :v � uj :(v:u1)u1 � � � � � uj :(v:un)un

= uj :v � (v:u1)uj :u1 � � � � � (v:un)uj :un

= uj :v � v:uj uj :ui = 0 =Q} R
= 0

s} Q=O "OW=@ W R= x=wNrO |Q=OQ@ w1 = c1u1 + � � �+ cnun s}vm ZQi uwvm =
w1:(v � projvW ) = (c1u1 + � � �+ cnun):(v � projvW )
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= c1u1:(v � projvW ) + � � �+ cnun:(v � projvW )

= 0

"CU= Owta W Q@ v � projvW wQ u}= R=
"OwW|t Q=Po =w wHWv=O x@ w xOw@ u=U; x} RHD |}=Dm} C=@F=

R= pmWDt R3 R= |}=[iQ} R W s}vm ZQi "s} Q}o|t Q_v QO R3 QO =Q v = (3; 2; 6) Q=OQ@ %5 p=Ft
Owta |Q=OQ@ w W QO |Q=OQ@ `tHpY=L CQwYx@ =Q v Q=OQ@ "OW=@ (a; b; b) CQwYx@ |}=yQ=OQ@ xty

"O}vm x} RHD W Q@
s}U} wv@ s}v=wD|t Q} R CQwYx@ =QW x=wNrO Q=OQ@ Qy "s}DUyW R= Ot=aDt x:m} x}=B l} G=DLt =OD@= %pL

(a; b; b) = a(1; 0; 0) + b(0; 1; 1)

"OW=@|t R}v |]N pkDUt w xOQm O}rwD =Q W |=[iQ} R f(1; 0; 0); (0; 1; 1)g xawtHt
%s}UQ|t W |=Q@ fu1; u2g Ot=aDt x :m} x}=B l} x@ w xOQm p=tQv =Q =yQ=OQ@"OvOt=aDt =yQ=OQ@ u}=

u1 = (1; 0; 0):u2 = (0; 1p2 ;
1p2 )

s} Q=O

w1 = projvW = (v:u1)u1 + (v:u2)u2

= ((3; 2; 6):(1; 0; 0))(1; 0; 0) + ((3; 2; 6):(0; 1p2 ;
1p2 ))(0; 1p2 ;

1p2 )

= (3; 0; 0) + (0; 4; 4) = (3; 4; 4)

u}vJty
w2 = v � w1 = (3; 2; 6)� (3; 4; 4) = (0;�2; 2)

%R= CU= CQ=@a v ?wr]t x} RHD CQwYu}= QO

(3; 2; 6) = (3; 4; 4) + (0;�2; 2)

"CU= Owta W Q@ (0;�2; 2) Q=OQ@ w xOw@ `k=w W QO (3; 4; 4) Q=OQ@ x} RHD u}= QO
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=[iQ} R l} R= x]kv l} xrY=i 15�5

R= x]kv l} xrY=i =D s} QO=k uwvm = "s}=xO=O Q=Qk |UQQ@ OQwt Rn QO =Q Qo}O |=x]kv R= x]kv l} xrY=i
w Rn QO |=x]kv x = (x1; : : : ; xn) s}vm ZQi "s}yO Q=Qk |UQQ@ w EL@ OQwt Rn QO =Q =[iQ} R l}
u} QD|a}@] "OW=@ W QO |=x]kv y = (y1; : : : ; yn) s}vm ZQi u}vJty "OW=@ Rn R= |}=[iQ} R W
st}v}t u=wvax@ =Q u; xm CU= u; 'OwW|t xO=O u=Wv d(x;W ) x@ xm 'W R= x xrY=i h} QaD |=Q@ x=Q

"s} Q=ov}@ W \=kv R= x |=yxrY=i

d(x;W ) = minfd(x;yjy 2Wg

s}U} wv@ s}v=wD|t "s}@=}@ d(x:W ) |=Q@ |rwtQi s}vm|t |aU uwvm =

x� y = (xprojxW ) + (projxW � y)

Q=OQ@ w W Q@ Owta xm (x � projxW ) Q=OQ@ `tHpY=L x@ x � y Q=OQ@ R= |=x} RHD CQ=@a u}=
"OW=@|t CU= W QO `k=w xm (projxW � y)

s} Q=O TQwe=F}i x}[k Q@=v@ wQ u}= R=

kx� yk2 = kx:projxW k2 + kprojxW � yk2

xm CU= kx � projxW k Q@=Q@ |tt}v}t |=Q=O |Dkw 'CU= d(x;y) Q@=Q@ xm 'kx � yk u}=Q@=v@
=Pr "y = projxW xm |Dkw '|va} &projxW � y = 0

d(x;W ) = kx� projxW k

x]kv l} xrY=i Qo}O CQ=@ax@ "CU= h} QaD p@=k R}v V Ovv=t |QD|rm |Q=OQ@ |=[i Qy |=Q@ CQ=@a u}= w
x_Lqt 15�5 pmW "CU= =[iQ} R u}= QO �x]kv Q=OQ@� Q} wYD R= x]kv u; xrY=i u=ty =[iQ} R l} R=

"OwW
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W R= x xrY=i
d(x;W ) = kx� projxW k

15�5 pmW
(a; b; b) sQix@ |=yQ=OQ@ R= pmWDt W |=[iQ} R R= =Q R3 QO x = (4; 1;�7) x]kv xrY=i %6 p=Ft

"O}vm =O}B
u; QO xm fu1;u2g xawtHt xm s}v=O|t |r@k p=Ft R= %pL

u1 = (1; 0; 0) ; u2 = (0; 1p2 ;
1p2 )

s}vm|t x@U=Lt =Q projxW uwvm = "CU= W |=Q@ Ot=aDt x:m} x}=B l}

projxW = (x:u1)u1 + (x:u2)u2

= ((4; 1;�7):(1; 0; 0))(1; 0; 0) + ((4; 1;�7):(0; 1p2 ;
12 ))(0; 1p2 ;

1p2 )

= (4; 0; 0) + (0;�3;�3) = (4;�3;�3)

u}=Q@=v@

kx� projxW k = k(4; 1;�7)� (4;�3;�3)k = k(0; 4;�4)k =
p32

"CU= p32 Q@=Q@ W R= x xrY=i xH}Dv QO
p}mWD =yQ]U =} w =yuwDU R= |rmW x@ =yT} QD=t x@ =Q u=ty=ov |Dkw xm s}OQm x_Lqt u}= R= p@k
|iQat =Q =yT} QD=t R= |tyt xOQ uwvm = "s}O} R=} CUO T} QD=t x@DQ syt swyit x@ s}vm|t Q}@aD Ov=xOW
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xvwou}= xm O}O s}y=wN "OvyO|t Ot=aDt x:m} |=yxawtHt p}mWD =yv; |=yQ]U w =yuwDU xm s}vm|t
=yT} QD=t xvwou}= xm OQm s}y=wN x_Lqt |Oa@ pYi QO "Ovvm|t =i}= |tyt |D=@U=Lt Vkv =yT} QD=t

"Ov};|t Q=mx@ |Q=OQ@ |=[i l} Q@ `@=wD h} QaD |=Q@ w xDW=O |=xS} w |UOvy X=wN

Ot=aDt |=yT} QD=t 16�5
T} QD=t l} OvyO|t Ot=aDt x:m} xawtHt l} p}mWD u; |=yuwDU xm =Q |a@ Qt T} QD=t l} "h} QaD

"s}t=v|t Ot=aDt
CU= Ot=aDt T} QD=t l} A T} QD=t xm O}yO u=Wv %7 p=Ft
A =

24 1p2
1p2

� 1p2
1p2

35
%R= OvDQ=@a A |vwDU |=yQ=OQ@ %pL

u1 =

24 1p2
� 1p2

35 ; u2 =

24 1p2
1p2

35
xm s}vm|t x_Lqt

ku1k =
q

( 1p2 )2 + (� 1p2 )2 = 1
ku2k =

q
( 1p2 )2 + ( 1p2 )2 = 1

u1:u2 = (
1p2 )(� 1p2 ) + (

1p2 )(
1p2 ) + (

1p2 )(
1p2 ) = 0

"CU= Ot=aDt T} QD=t l} A xH}Dv QO "OvDUy Ot=aDt w xOw@ x:m} |}=yQ=OQ@ A |vwDU |=yQ=OQ@ u}=Q@=v@
"s}yO|t KQW =Q Ot=aDt |=yT} QD=t syt |oS} w Q=yJ lv}=

CQwYu}= QO "OW=@ Ot=aDt T} QD=t l} A s}vm ZQi "x}[k 1�16�5
"OvyO|t Ot=aDt x:m} xawtHt l} p}mWD A |Q]U |=yQ=OQ@ �1

A�1 = At u; QO xm CU= Q}PBuwQ=w A �2
"CU= Ot=aDt T} QD=t l} R}v A�1 �3

jAj = �1 �4
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"OwW|t pY=L u; R= Qo}O |=yCtUk "s}vm|t C@=F =Q �2� CtUk =OD@= "u=yQ@
?Q[ x@U=Lt sRrDUt ?Q[pY=L u}= x@U=Lt "s} Q}o|t Q_v QO =Q P = AtA ?Q[pY=L �2
'OvDUy A |=yuwDU u=ty At |=yQ]U uwJ "OW=@|t A T} QD=t |=yuwDU QO At Q]U Qy |=x]kv
x=oQy pij = 0 w i = j x=oQy pij = 1 xm s} Q}o|t xH}Dv 'OvOt=aDt x:m} xawtHt l} =yQ]U u}= w

"CU= |v=ty T} QD=t I xm 'AtA = I =Pr "i 6= j

=yuwDU u}= 'OvOt=aDt x:m} xawtHt l} A |=yuwDU uwJ 'OW=@ n� nT} QD=t l} A s}vm ZQi
hQ] wO ?Q[pY=L "OQ=O OwHw A�1 xH}Dv QO "CU= n Q@=Q@ A x@DQ wQ u}= R= w xOw@ |]N pkDUt

"O};|t CUOx@ At = A�1 w s}vm|t ?Q[ A�1 QO =Q AtA = I

A |Q]U |=yQ=OQ@ xm OwW|t xH}Dv u}= R="AAt = I TB 'A�1 = At w AA�1 = I uwJ �1
"OvyO|t Ot=aDt xawtHt l} p}mWD

xawtHtl} R}vAt |=yuwDU "OvyO|t Ot=aDt x:m} xawtHtl} p}mWDA |Q]U |=yQ=OQ@ uwJ �3
"CU= Ot=aDt x:m} A�1 |va} 'CU= Ot=aDt T} QD=t l} At u}=Q@=v@ "OvDUy Ot=aDt x:m}

xm O};|t CUOx@ =yu=v}tQDO |=y|oS} w R= 'AAt = I uwJ �4

jAAtj = 1 ; jAjjAtj = 1 ; jAjjAj = 1 ; jAj2 = 1

.jAj = �1 xH}Dv QO
u} QtD 2�16�5

#CU= Ot=aDt xawtHt l} Q} R |=yQ=OQ@ xDUO R= l}t=Om �1

f(3;�1); (0; 5)g �? f(1; 2); (2;�1)g �hr=
f(4; 1); (2;�3)g �O f0;�2); (3; 0)g �G

#CU= Ot=aDt xawtHt l} Q} R |=yQ=OQ@ xDUO R= l}t=Om �2
f(1; 2; 1); (4;�2; 0); (2; 4;�1; 0)g �hr=
f(3;�1; 1); (2; 0; 1); (1; 1;�2)g �?

f(1; 4; 2); (�2;�1; 3); (6;�1;�1)g �G
f(1; 2;�1; 1); (3; 1; 4;�1); (0; 1;�1;�3)g �O
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#CU= Ot=aDt x:m} xawtHt l} Q} R |=yxawtHt R= l}t=Om �3
f( 13 ; 23 ; 23 ); ( 23 ;� 23 ; 13 ); ( 23 ; 13 ;� 23 )g �hr=

f( 1p10 ;
3p10 ); ( �3p10 ;

1p10 )g �?
f( 1p2 ; 0; 1p2 ); ( 1p2 ; 0; 1p2 ); (0; 1; 0)g �G

f( 1p6 ;
�1p6 ;

2p6 ); (0; 2p5 ;
1p5 ); ( 3p30 ;

1p30 ;
�2p30 )g �O

v = (2;�3; 1) Q=OQ@ "OvW=@|t R3 Ot=aDt x:m} x}=B l} p}P QO KwQWt u3 w u2 'u1 |=yQ=OQ@ �4
"O}U} wv@ =yQ=OQ@ u}= R= |]N |@}mQD CQwYx@ =Q

u1 = (0;�1; 0) ; u2 = ( 35 ; 0;� 45 ) ; u3 = ( 45 ; 0; 35 )

CQwYx@ =Q v = (7; 5;�1) Q=OQ@ "OvDUy R3 Ot=aDt x:m} x}=B l} p}P u3 w u2 'u1 |=yQ=OQ@ �5
"O}U} wv@ =yQ=OQ@ R= |@}mQD

u1 = (1; 0; 0) ; u2 = (0; 1p2 ;
1p2 ) ; u3 = (0; 1p2 ;

�1p2 )

"O}vm =O}B OQwt Qy QO u Q=OQ@ |wQ =Q v Q=OQ@ Q} wYD �6
u = (1; 2) w v = (7; 4) �hr=

u = (3;�2) w v = (�1; 5) �?
u = (1; 2; 3) w v = (4; 6; 4) �G

u = (�1; 3; 0) w v = (6;�8; 7) �O
"O}vm =O}B OQwt Qy QO u Q=OQ@ |wQ =Q v Q=OQ@ Q} wYD �7

u = (2; 5) w v = (1; 2) �hr=
u = (2; 4) w v = (�1; 3) �?

u = (�1; 3; 2) w v = (1; 2; 3) �G
x:m} xawtHt l} =yQ=OQ@ u}= R= C}tW=�s=Qo Ov}=Qi R= xO=iDU= =@ "OvDUy R2 x}=B l} Q} R |=yQ=OQ@ �8

"O} R=U@ R2 |=Q@ Ot=aDt
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(1; 1) w (6; 2) �? (1; 2) w (�1; 3) �hr=
(1;�1) w (4;�2) �G

x:m} xawtHt l} =yQ=OQ@ u}= R= C}tW=�s=Qo Ov}=Qi R= xO=iDU= =@ "OvDUy R3 x}=B l} Q} R |=yQ=OQ@ �9
"O} R=U@ Ot=aDt

(1; 1; 1); (2; 0; 1); (2; 4; 5) �hr=
(3; 2; 0); (1; 5;�1); (5;�1; 2) �?

"O} R=U@ OwW|t O}rwD Q} R |=yQ=OQ@ =@ xm R3 |=[iQ} R |=Q@ Ot=aDt x:m} x}=B l} �10

(1; 0; 2); (�1; 0; 1) �hr=
(1; 2;�1); (1;�1; 1) �?

"O} R=U@ 'OwW|t O}rwD Q} R |=yQ=OQ@ \UwD xm 'R3 R= |}=[iQ} R |=Q@ Ot=aDt x:m} x}=B l} �11

(�1; 1; 0; 1) w (1; 2; 3; 4) �hr=
(0;�1; 3; 2) w (0; 1; 2; 1) '(3; 0; 0; 0) �?

"OW=@ Owta (1; 2;�1; 1) Q=OQ@ Q@ xm O}yO x�=Q= R4 QO |Q=OQ@ �12
"OW=@ Owta (2; 0; 1; 1) Q=OQ@ Q@ xm O}yO x�=Q= R4 QO |Q=OQ@ �13

Q} wYD "OW=@|t (0;�1; 3) w (1; 1; 2) x}=B |=Q=O xm OW=@ R3 R= |}=[iQ} R W s}vm ZQi �14
"O}@=}@ W Q@ =Q Q} R |=yQ=OQ@

(4; 2; 1) �G (1; 1; 1) �? (3;�1; 2) �hr=
"OW=@|t (1;�1; 0; 3) w (�1; 0; 2; 1) x}=B |=Q=O xm OW=@ R4 R= |}=[iQ} R W s}vm ZQi �15
�G (2; 0; ; 1;�1) �? (1;�1; 1;�1) �hr= "O}@=}@ W Q@ =Q Q} R |=yQ=OQ@ Q} wYD

(3; 2; 1; 0)

R= xm OW=@ R3 R= |}=[iQ} R V s}vm ZQi "s} Q}o|t Q_v QO R3 QO =Q v = (1; z;�1) Q=OQ@ �16
Owta |Q=OQ@ w V QO |Q=OQ@ `tHpY=L CQwYx@ =Q v "OwW|t p}mWD (a; a; b) sQix@ |}=yQ=OQ@

"�O}vm x} RHD� O}U} wv@ V Q@
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pmWDt xm OW=@ R3 R= |}=[iQ} R V s}vm ZQi"s} Q}o|t Q_v QO R3 QO =Q v = (4; 1;�2) Q=OQ@ �17
Q@ |Owta |Q=OQ@ w V QO |Q=OQ@ `tHpY=L CQwYx@ =Q v "CU= (a; 2a; b) sQix@ |}=yQ=OQ@ R=

"O}U} wv@ V
(a; a; b) sQix@ |}=yQ=OQ@ xty Q@ ptDWtW |=[iQ} R R= =Q R3 QO x = (1; 3;�2) x]kv xrY=i �18

"O}vm =O}B
sQix@ |}=yQ=OQ@ xty Q@ ptDWt W |=[iQ} R R= =Q R3 R= x = (2; 4;�1) x]kv xrY=i �19

"O}vm =O}B (a;�2a; b)

(a; 2a; 3a) sQix@ |}=yQ=OQ@ xty Q@ ptDWt |=[iQ} R R= =Q R3 R= x = (1; 3;�2) x]kv xrY=i �20
"�\N l} R= x]kv l} xrY=i� O}vm =O}B

"OW=@ (6; 1; 4) w (1; 2;�2) |=yQ=OQ@ Q@ ptDWt xm O}vm =O}B R3 |=Q@ Ot=aDt x}=B l} �21

s}vm ZQi u}vJty "OW=@ V |Q=OQ@ |=[i |=Q@ Ot=aDt x:m} x}=B l} fu1; : : : ; ung s}vm ZQi �22
%CWwv Q} R CQwYx@ u=wD|t =Q kvk xm O}yO u=Wv "v 2 V

kvk =
q

(v:u1)2 + (v:u2)2 + � � �+ (v:Un)2

x}=B l} xawtHt u}= xm O}vm C@=F "OW=@ V Ot=aDt x:m} xawtHt l} fu1; : : : ; ung s}vm ZQi �23
"CU= V

v�projvu xm OW xDioC}tW=�s=Qo x}[k u=yQ@ QO "OvW=@ (V )Rn QO|}=yQ=OQ@ v w u s}vm ZQi �24
xmv}= uO=O u=Wv =@ "CU= Owta u Q@

(v � projvu):u = 0

"O}vm C@=F ,=tUQ =Q Ck}kL u}= projvu h} QaD R= xO=iDU= w

&OvDUy Ot=aDt |=yT} QD=t Q} R |=yT} QD=t O}vm C@=F �25
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26641 0 0
0 0 �1
0 1 0

3775 �?
"1 0
0 1

#
�hr=2664 0 1p2

�1p2
�2p6

1p6
1p6

1p3
1p3

1p3

3775 �O
"�p32 12
�12

p32

#
�G

27X x}[k QO GQOvt |=y|oS} w xty =yT} QD=t u}= O}vm C@=F "OvDUy Ot=aDt Q} R |=yT} QD=t �26
&OvDUy =Q=O =Q

"p32 12
12 �p32

#
�?

24 1p2
1p2

1
�p2

1p2

35 �hr=

Ot=aDt R}v AB T} QD=t O}vm C@=F "OvW=@ xR=Ov= l} R= w Ot=aDt |=yT} QD=t B w A s}vm ZQi �27
"CU=

u=Wv "s} Q}o|t Q_v QO |vwDU T} QD=t l} CQwYx@ =Q u "OW=@ x:m} T} QD=t l} u s}vm ZQi �28
"CU= Ot=aDt A = I � 2uut O}yO

"A�1 = At Qo = \ki w Qo = CU= Ot=aDt A T} QD=t O}vm C@=F �29
x=oQy s}t=v 1|v=m} T} QD=t l} =Q A \rDNt T} QD=t �30

A�1 = �At

"�#=QJ� OW=@|t \rDNt |=[i QO Ot=aDt T} QD=t swyit s}taD h} QaD u}=
"CU= |v=m} R}v A�1 'OW=@ |v=m} A x=oQy O}vm C@=F

xm xOw@ x:m} |=yQ=OQ@ R= |=xawtHt u; |=yuwDU Qo = \ki w Qo = CU= |v=m} AT} QD=t O}vm C@=F �31
"OvOt=aDt wOx@ wO

5 pYi |=xQwO |=yu} QtD 3�16�5
|=[iQ} R xawtHt s=Om xm O}vm u}}aD "s} Q}o|t Q_v QO �OQwt Qy QO� =Q p}O sQix@ |}=yQ=OQ@ xawtHt �1

"CU= R3
1) unitary matrix
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(a;�2a; 3a) �? (a; b; a� 2) �hr=
(a; b; 2a� 3b) �G

p(1; 2; 3) sQix@ |}=yQ=OQ@ |xty xawtHt #OvDUy =[iQ} R R3 R= Q} R |=yxawtHtQ} R R= l}t=Om �2
%R= CU= CQ=@a p u; QO xm

K}LY OOa l} �? |k}kL OOa l} �hr=
=} wo OOa l} �O |ivt=v |k}kL OOa l} �G

#OvyO|t =[iQ} R p}mWD M22 R= Q} R |=yxawtHtQ} R R= l}t=Om �3
"CU= QiYQ}e |=yx}=QO =@ |rY= Q]k pt=W xm |=xawtHtQ} R �hr=

"CU= QiY u; |=yx}=QO `tHpY=L xm |}=yT} QD=t Q@ ptDWt |=xawtHtQ} R �?
"�OW=@|t |U} QD=t u}vJ

" 2 1
�7 4

#
p=Ft |=Q@�

"
"
a b

�b c

#
sQix@ |}=yT} QD=t Q@ ptDWt |=xawtHtQ} R �G

"
"
a 3
b c

#
sQix@ |=yT} QD=t R= |=xawtHtQ} R �O

"CU= QiY Q@=Q@ =yu; u=v}tQDQO xm 2� 2 |=yT} QD=t R= |=xawtHtQ} R �y
|O=Oa= b w a u; QO xm 'OW=@ f(x) = 3x2 +ax� b sQix@ |}=y`@=D xty xawtHt S s}vm ZQi �4

#CU= P2 |=[iQ} R l} S =}; "Ov=|k}kL
|i=m w sRq \QW l} OW=@ QiY Q=OQ@ pt=W |Q=OQ@ |=[i l} R= xawtHtQ} R l} xmv; \QW =}; �5

#CU= xawtHtQ} R u; uOw@ =[iQ} R |=Q@
=yQ=OQ@ |k@=t R= |]N |@}mQD CUNv Q=OQ@ =}; xm O}vm u}}aD 'Q} R |=yQ=OQ@ xawtHt R= OQwt Qy QO �6

"CU=
(0; 6; 4) w (�2; 4; 1) '(1; 2; 3) �hr=

(�1; 8;�3) w (1; 2;�1) '(�2; 1; 0) �?
w g(x) = 2x2 + x � 3 R= |]N |@}mQD f(x) = 13x2 + 8x � 2 xm O}yO u=Wv �7

"CU= h(x) = �3x2 � 2x+ 5
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"Ov=|]N pkDUt =} |]N |xDU@=w xOW xO=O |=yQ=OQ@ xawtHt xm O}vm u}}aD OQwt Qy QO �8
f(2; 0; 12); (0; 1; 3); (1;�2; 0)g �hr=
f(�1; 18; 7); (�1; 4; 1); (1; 3; 2)g �?
f(5;�1; 3); (2; 1; 0); (3;�2; 2)g �G

"CU= R3 =} R2 |=Q@ x}=B l} =yQ=OQ@ xawtHt xm O}vm C@=F �9
f(�1; 2); (3; 1)g �hr=
f(4; 2); (1;�1)g �?

f(1; 2; 3); (�1; 0; 5); (0; 2; 7)g �G
f(8; 1; 0); (4;�1; 3); (5; 2� 3)g �O

f(01; 3; 1); (4; 1; 2)g xr}Uwx@ xOW O}rwD |Q=OQ@ |=[i QO (10; 9; 8) Q=OQ@ xm O}yO u=Wv �10
"OQ=O Q=Qk

"OvDUy P2 xOvvmO}rwD h(x) = �x2 w g(x) = �3x 'f(x) = 2 `@=wD xm O}yO u=Wv �11
"OW=@ (4; 1;�1) w (1;�2; 3) |=yQ=OQ@ pt=W xm O}vm =O}B R3 |=Q@ x}=B l} �12

"OW=@ (a; b; c; a� 2b+ 3c) sQix@ |}=yQ=OQ@ pt=W xm O}vm =O}B R4 R= |}=[iQ} R |=Q@ |=x}=B �13
"O}vm =O}B 3� 3 1|FrFt q=@ |=yT} QD=t |Q=OQ@ |=[i |=Q@ x}=B l} �14

"CU= P3 x}=B l} fx2 + 2x� 3; 3x2 + 2� 1; 4x2 + 3x� 3g O}yO u=Wv �15
"O}vm =O}B =Q Q} R |=yT} QD=t x@DQ �16

2664�2 4 8
1 �2 4
4 �8 16

3775 �?
2664 1 2 �1
�1 3 4
0 5 3

3775 �hr=2664 2 1 4
�2 0 �1
3 2 7

3775 �G

1) upper trianguler
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|=[i u=ty QO Qo}O |Q=OQ@ v3 s}vm ZQi u}vJty "OW=@ v2 w v1 R= |]N |@}mQD v s}vm ZQi �17
"OW=@|t R}v v3 w v2 'v1 R= |]N |@}mQD v xm O}yO u=Wv "OW=@ v2 w v1

Q} R |=yxawtHtQ} R R= l} Qy xm O}vm C@=F "OW=@ |]N pkDUt V QO fv1;v2;v3g s}vm ZQi �18
"CU= |]N pkDUt R}v

fv1;v2g ; fv1;v2g ; fv2;v3g ; fv1g ; fv2g ; fv3g

"O}yO s}taD =Q xr-=Ut u}=
|]N |xDU@=w R}v fv1 + 2v2; 3v1 � v2g O}vm C@=F "OW=@ |]N xDU@=w fv1; v2g s}vm ZQi �19

"CU=
"Ov=CUQO=v =} CUQO p}P s=mL= xm O}vm u}}aD QYDNt |L}[wD =@ �20

sQ ix @ | }=yQ=OQ @ R= pmWDt R3 R= | }=[ iQ } R |=Q @ x }= B l } f(1; 0; 1); (2; 1; 5)g �hr=
"CU= (a; b; a+ 3b)

"OQ=O OwHw R3 QO |]N pkDUt Q=OQ@ xU �?
"Ovvm|t O}rwD =Q =[i u}= OvW=@ |]N pkDUt xm R3 Q=OQ@ xU R= xawtHt Qy �G

"OvDUy 1\Nsy OvyOv p}mWD x}=B xm R2 QiYQ}e Q=OQ@ wO Qy �O
u}= "OvwW|t ?=NDv= |iO=YD CQwYx@ xm OvW=@ R3 QO Q=OQ@ xU v3 w v2 'v1 s}vm ZQi �y

"OvDUy |]N |xDU@=w ,q=tDL= =yQ=OQ@
CUQO=v l}t=Om w CUQO smL s=Om xm O}vm u}}aD "OW=@ n Oa@ R= |Q=OQ@ |=[i l} V s}vm ZQi �21

"CU=
"CU= |]N |xDU@=w |=yQ=OQ@ O=OaD R= |OOa u} QDoQR@ n �hr=

"CU= |]N pkDUt |=yQ=OQ@ O=OaD R= |OOa u} QDoQR@ Q@=Q@ n �?
"OW=@|tv V Orwt Q=OQ@ n R= |QDtm O=OaD I}y �G

"OW=@ |]N |xDU@=w O}=@ Q=OQ@ n R= V}@ R= pmWDt xawtHt Qy �O
"OW=@|tv |]N |xDU@=w =:t= Ovm O}rwD =Q V Ov=wD|t Q=OQ@ n R= V}@ =@ xawtHt Qy �y

1) colinear
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"rank(A) = n Qo = \ki w Qo = CU= In |Q]U RQ=sy A n� n T} QD=t O}vm C@=F �22
"O}vm =O}B OQwt Qy QO u Q=OQ@ Q@ =Q v Q=OQ@ Q} wYD �23

u = (2; 4) w v = (1; 3) �hr=
u = (�1; 2; 4) w v = (�1; 3; 4) �?

(3; 2; 0; 1) w (2; 0;�1; 1) '(1; 2; 3;�1) xr}Uwx@ xm R4 |=[iQ} R |=Q@ Ot=aDt x:m} x}=B l} �24
"O} R=U@ OwW|t O}rwD

"O} R=U@ (x; y; x+ 2y) sQix@ |}=yQ=OQ@ R= pmWDt R3 R= |}=[iQ} R |=Q@ Ot=aDt x:m} x}=B l} �25
Q=OQ@ Q} wYD "CU= f(1;�1; 3); (2; 1; 1)g x}=B |=Q=O xm OW=@ R3 R= |}=[iQ} R W s}vm ZQi �26

"O}@=}@ W |wQ =Q (3; 1;�2)

"O}vm =O}B (a; 3a; b) sQix@ |}=yQ=OQ@ |=[iQ} R R= =Q (1; 2;�4) x]kv xrY=i �27
"OW=@ Ot=aDt At Qo = \ki w Qo = CU= Ot=aDt A |a@ Qt T} QD=t l} O}vm C@=F �28

R= pmWDt R3 |=[iQ} R W s}vm ZQi "s} Q}o|t Q_v QO R3 QO =Q v = (1; 3;�1) Q=OQ@ �29
W Q@ Owta |Q=OQ@ w W QO |Q=OQ@ `tHpY=L CQwYx@ =Q v "OW=@ (a; b; a� 2b) |=yQ=OQ@

"O}U} wv@
"OvDUy |]N pkDUt 'OvW=@ Ot=aDt v w u Q=OQ@ wO x=oQy xm O}vm C@=F �30

v xr}Uwx@ xOW O}rwD |=[iQ} R QO `k=w Q=OQ@ Q@ 'OvW=@ Owta w w v Q=OQ@ wO Q@ u x=oQy O}vm C@=F �31
"CU= Owta R}v w w

GvB pYi xirDNt |=yxr-=Ut 17�5
=@ xm 'U2 w U1 `tHpY=L "OvW=@ V |=[iQ} R wO U2 w U1 w |Q=OQ@ |=[i l} V s}vm ZQi �1

OOQo|t h} QaD u}vJ 'OwW|t xO=O u=Wv U1 + U2 O=tv

U1 + U2 = fu1 + u2ju1 2 U1; u2 2 U2g

"(i = 1; 2) 'Ui � U1 + U2 w CU= V |=[iQ} R l} R}v U1 + U2 O}vm C@=F
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QO Un w : : : 'U2 'U1 |va} 'V |=[iQ} R n xm |Dkw |=Q@ =Q �1� xr-=Ut QO xOW xDio h} QaD �2
V R= |}=[iQ} R u} QDmJwm U1 +U2 + � � �+Un xm O}vm C@=F TBU "O}yO s}taD CU= CUO

"OQ=OQ@ QO =Q =yUi xty xm CU=
w OvW=@ V |=[iQ} R n 'Un w : : : 'U2 'U1 s}vm ZQi �h} QaD� �3

V = U1 + U2 + � � �+ Un

sQix@ u=wD|t =Q V QYva Qy u}=Q@=v@
u1 + � � �+ un

"(1 � j � n) uj 2 Uj xm CWwv
V = U1 + � � �+ Un x=oQy "h} QaD

CQwYx@ |OQix@ QYLvt pmWx@ =Q v Ovv=t V Q=OQ@ Qy w

v = u1 + � � �+ un

|=y=[iQ} R s}kDUt `tHpY=L V s}} wo|t (1 � j � n) uj 2 Uj u; QO xm CWwv u=wD@
s}U} wv|t w CU= Un w : : : 'U1

V = U1 � U2 �+ : : :� Un

s}vm ZQi �4

U = f(x; y; 0)jx; y 2 Rg ; V = f(0; 0; z)jz 2 Rg

xm O}vm C@=F
R3 = U � V

V = U+W Qo =\ki w Qo = V = U�W O}vmC@=F "OvW=@ V |=[iQ} R wOW w U s}vm ZQi �5
"U \W = f0g w

Ov=CUQO=v O}vm|t Qmi xm =Q |}=yv; w O}vm C@=F Ov=CUQO O}vm|t Qmi xm =Q |}=yv; p}P s=mL= R= �6
"O}vm OQ Zkv p=Ft =@
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xm |tUk x@ OvW=@ V |=y=[iQ} R U2 w U1 'W s}vm ZQi �hr=

U1 +W = U2 +W

"U1 = U2 CQwYu}= QO
xty R= pmWDt �R |wQ =y|=xrtHOvJ |=[i� P (R) R= |}=[iQ} R U s}vm ZQi �?

sQix@ |}=y|=xrtHOvJ

p(z) = az2 + bz5

xm |tUk x@ CUy P (R) R= W OOv=t |}=[iQ} R "a; b 2 R xm OW=@

P (R) = U �W

xm |tUk x@ OvW=@ V |=y=[iQ} R W w U2 'U1 s}vm ZQi �G

V = U1 �W ; V = U2 �W

"U1 = U2 CQwYu}= QO

w dimW = 5 'dimU = 3 xm |tUk x@ OvW=@ R8 R= |}=y=[iQ} R W w U s}vm ZQi �7
"U \W = f0g O}vm C@=F "U +W = R8

O}vm C@=F "OvW=@ 5 Oa@ R= w R9 |=[iQ} R wO Qy W w U s}vm ZQi �8

U \W 6= f0g

x=ov; 'OvW=@ |y=vDt Oa@ =@ V R= |}=y=[iQ} R U2 w U1 x=oQy �9

dim(U1 + U2) = dimV1 + dimV2 � dim(U1 \ U2)

"O}yO s}taD =Q 8 xr-=Ut �10
"O}vm C=@F= w u=}@ 's}vm u} Ro}=H � =@ =Q + xm |Dkw |=Q@ =Q 8 xr-=Ut �11
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|Q=DiQ�|WRwt; |=yhOy
%Ov=wD@ O}=@ pYi u}= |xar=]t R= Oa@ xOvv=wN

"OW=@ Or@ =Q xS} w |=yQ=OQ@ w xS} w Q}O=kt x@U=Lt |ovwoJ w xDUv=O =Q h} Q=aD �1
"OyO x�=Q= |twywt � w |k}kL � |=Q@ =Q Ax = �x |x]@=Q R= |UOvy |i}YwD �2
"Ovm p}rLD =Q x=wNrO x}=B Qy x@ C@Uv |]N CW=ov xS} w Q}O=kt uOw@ |m} p}rO �3

"Ovm u=}@ =Q u; |DUQO p}rO w QUit |xrO=at |rm CQwY �4
"Ovm h}YwD w p}rLD =Q xS} w Q=Okt Qy |xS} w |=[iQ} R �5

"OyO KQW xS} w Q=OQ@ |wQ =Q \rDNt |xS} w Q}O=kt =@ 2� 2 |k}kL T} QD=t pta ẁv �6
"Ovm C@=F =Q =yv; w xOQ@ Q=m x@ =Q u} QwoWQo |=}=[k �7

"OyO x�=Q= =Q |FrFt u}}=B w |FrFt q=@ '|Q]k 'Qr=mU= |=yT} QD=t xS} w Q}O=kt CaQU x@ �8
"CU= xS} w 'Q}O=kt |xty uOw@ QiY hr=Nt |Q}PBuwQ=w |=Q@ |i=m w sRq \QW xm Ovm C=@F= �9

|wQ R= =Q A+mI w Am 'KA 'At 'A�1 |=yT} QD=t |xS} w Q}O=kt xm Ovm u=}@ p}rO =@ x=Qty �10
=Q xS} w Q=OQ@ xOQm x�=Q= =Q ?wr]t xS} w Q=Okt pwtQi p=L Qy QO w Ov};|t CUOx@ A |xS} w Q}O=kt

"Ovm XNWt

"OyO x�=Q= =Q
"
a b

b a

#
T} QD=t xS} w |=yQ=OQ@ w xS} w Q}O=kt �11

|k}kL |xS} w Q}O=kt OwHw
"
a b

b a

#
T} QD=t QO c w b uOw@ Ctqa sy =QJ xm Ovm u=}@ p}rO =@ �12

"OyO|t xH}Dv =Q R}=tDt
"OyO x�=Q= 2� 2 T} QD=t xS} w |=yQ=OQ@ |=DU=Q u}@ x} w=R |=Q@ |rwtQi �13

=yT} QD=t u}= |=Q@ =Q xS} w |=yQ=OQ@ uOw@ Owta w uQ=kDt T} QD=t Qy |=Q@ |k}kL xS} w Q}O=kt OwHw �14
"Ovm C@=F

"OU=vW@ =Q Qr=mU= w |Q]k |=yT} QD=t xS} w |=yQ=OQ@ �15
R= |m} OW=@ s |w=Ut T} QD=t uwDU =} Q]U Qy |=yx}=QO ẁtHt Qo = xm Ovm u=}@ p}rO =@ x=Qty �16

"CU= s Q@=Q@ xS} w Q}O=kt
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"OyO x�=Q= CaQU x@ =Q OQi |x@DQt R= |aQi Q]k |=yT} QD=t xS} w Q}O=kt �17
"OQw; CUOx@ =Q |FrFt |mwr@ |=yT} QD=t |xYNWt |=xrtHOvJ �18

"Ovm u=}@ =Q BA w AB |=yT} QD=t |xS} w Q}O=kt |Q@=Q@ p}qO �19
"OQw; CUOx@ BA w AB |xYNWt |=y|=xrtHOvJ u}@ |]=@DQ= �20

"OQw; CUOx@ =Q x=wNrO |=xrtHOvJ Qy x=Qty T} QD=t �21
"OyO x�=Q= p}rO =@ x=Qty =Q =yv; u}@ |w=Ut=v w xS} w Q}O=kt |Q@H w |UOvy |ov=oOvJ �22

xO=iDU= OQwt =yT} QD=t uwQ=w uOQm =O}B QO =Q u; w xOQm C=@F= w u=}@ =Q uwDr}t=y�|r}m |x}[k �23
"OyO Q=Qk

"Ovm u=}@ AkX |x@U=Lt |=Q@ =Q |WwQ �24
xO=iDU= =wy |v}@V}B w |U=vWC}atH QO xS} w Q=OQ@ w xS} w Q=Okt swyit R= xvwoJ OyO K}[wD �25

"OwW|t
"Ovm xO=iDU= pw= x@DQt |r[=iD CqO=at pL QO xS} w |=yQ=OQ@ w xS} w Q}O=kt R= �26

"Ovm u=}@ sRq \}=QW =@ x=Qty =Q =yT} QD=t uOQm |Q]k xk} Q] w h} QaD =Q x@=WDt |=yT} QD=t �27
"Ovm xO=iDU= =yT} QD=t uOv=UQ u=wD QO =yT} QD=t uOQm |Q]k R= �28

"Ovm K} QWD =Q Ot=aDt |R=U|Q]k �29
"OyO KQW |]wQNt `]=kt ẁv CN=vW QO =Q uOQm |Q]k OQ@ Q=m �30
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sWW pYi

xS}w |=yQ=OQ@ w xS}w Q}O=kt
Ovv=t C=}[=} Q Kw]U R= |Q=}U@ QO 'xOw@ |]NQ@H u} w=va u} QDO}it R= xS} w |=yQ=OQ@ w xS} w Q}O=kt
QO "OvwW|t xO=iDU= l}t=v}OwQ�; w l}t=v}OwQO}y '|tD= l} R}i 'l}vwQDmr= |UOvyt 'l}v=mt 'l} R}i
xO=iDU= OQwt RoQy xS} w |=yQ=OQ@ w xS} w Q}O=kt u; QO xm Ci=} swra R= |OQ@=m |=xN=W u=wD@ CU= O}a@ `k=w
=Q} R 'CU= xOW KQ]t =yT} QD=t R= p@k =yT} QD=t |xS} w Q}O=kt O}; Q_vx@ ?}Ha O}=W OvJ Qy "OvwWv `k=w
OvW=@ xOW h} QaD xmv; R= p@k �=yu=v}tQDO |Qw�D pqN R=� =yT} QD=t |Qw�D xm CU= O}a@ 1|r}m Q}@aD x@
swyit QO ,=U=U= xS} w Q}O=kt 2u}qm T} Qwt |x} Q_v x@ =v@ "OvW=@ xOW h} QaD xS} w Q}O=kt xDi=} xaUwD
|xrO=at |xYNWt |=yxW} Q u=wvax@ xOW x�=Q= �C=Q=}U CmQL� |r=a l}v=mt w swO xHQO |=ysQi
|UOvy h}YwD |=Q@ =Q xS} w Q}O=kt CL=QY x@ 3Qr}w= 1740 p=U QO u; R= p@k "Ov=xOW xDN=vW s=a
p}Uv=Qi}O xrO=at VW R= |y=oDUO 4Sv=Qo q 1760 p=U QO "OQ@ Q=mx@ xQ}eDt xU swO xHQO |=ysQi
xm OQw; CUOx@ VW |xHQO R= w |=xrtHOvJ |=xrO=at u; R= xOQm xar=]t xQ=}U VW CmQL |=Q@ =Q
u}}aD QO xS} w Q}O=kt C}ty= x@ 1820 p=U QO 5|Wwm "OvOw@ 6�6 |U} QD=t |xS} w Q}O=kt u; |=yxW} Q
|Qw�D QO OwN C=}iWm R= u}vJty |w "OQ@ |B swO xHQO |xQ}eDt�n sQi l} |aQi w |rY= |=yQwLt
|=Q@ =Q �xYNWt |xrO=at� w �xYNWt Q}O=kt� C=Q=@a xm |Um u}rw= "OQm xO=iDU= C=Q=}U lQL

"Ow@ 1840 p=U QO |Wwm 'OQ@ Q=mx@ 'Ovvm|t jOY u; QO xS} w Q}O=kt xm |rY= xrO=at w xS} w Q}O=kt
V}=tv |=Q@ ?DQt |=yx}=B R= |y=vDt Oa@ =@ |Q=OQ@ |=y=[i |wQ |]N |=yCW=ov |xar=]t QO
CN=vW OQwt QO |tyt syU V}=tv ẁv u}= xm CU= |y}O@ "s}OQm xO=iDU= =yCW=ov R= ẁv u}= |U} QD=t
1) Cayley 2) Morris Kline 3) Euler 4) Lagranje 5) Cauchy
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334 xS} w |=yQ=OQ@ w xS} w Q}O=kt 6 pYi

"CW=O Oy=wN =yCW=ov u}= |r=wDt |=y?}mQD XwYNx@ =yv; Q=DiQ
|y=vDt Oa@ =@ |Q=OQ@ |=[i |wQ |]N CW=ov l} \ki xm CU= u; hOy Ot; Oy=wN xm xJv; QO
u=}@ 'x=Q u} QDxO=U "OQPo|t xJ u; uwQO QO xm s}vm |UQQ@ x}k@ R= u; uOQm =OH =@ w xOQm ?=NDv= =Q V

%CU=yT} QD=t u=@ R x@ hOy u}=
T} QD=t x}=B u}= x@ C@Uv xm s}vm =O}B V QO |@DQt x}=B T ZwQit |]N CW=ov |=Q@ s}y=wN|t

"OW=@ xDW=O |@NDvt |xO=U pmW T

|Q]k |=yT} QD=t '|v=ty T} QD=t R=Q}ex@ =yv; |wQ Q=m s=Hv= Q_v R= =yT} QD=t u} QDxO=U O}=W

D =

2666666664
�1 0 0 : : : 0
0 �2 0 : : : 0
0 0 �3 : : : 0
...

...
...

...

0 0 0 : : : �n

3777777775
%Ovv=t |@DQt |x}=B s}v=wD@ w OW=@ V |Oa@ n |=[i |wQ |]N |DW=ov T Qo = "OvDUy

B = fx1; : : : ; xng

T OQwt QO |tyt C=aq]= ,=trUt OwW xO=O V}=tv q=@ |Q]k T} QD=t \UwD T u; QO xm s}@=}@ V QO
R}v kerT w OQ@ ut[ QO "s} Qw;|t CUOx@ D T} QD=t x@ x=ov l} =@ =Q T u=v}tQDO =} u; |x@DQ Ovv=t

Qo = =yvD w Qo = CU= D 'B ?DQt |x}=B x@ C@Uv T T} QD=t =Q} R 'O};|t CUOx@ |v=U;x@
T (xk) = �kxk k = 1; : : : ; n

O}rwD |=[iQ} R kerT w � 6= 0 =yv; |=R=x@ xm CU= |}=yxk \UwD xOW O}rwD |=[iQ} R |w=Ut OQ@ w
"CU=yxk |x}k@ |xr}Uwx@ xOW

xm s}DN=vW|t D uwJ |Q]k |U} QD=t w B uwJ ?DQt |=x}=B Qo = xm s}@=}|t QO CWPo xJv; R=
MU=B |v=U;x@ T OQwt QO |r=tDL= Cq=-wU x@ s}v=wD|t OW|t DT} QD=t B |x}=B x@ C@Uv T T} QD=t

"s}yO@
%R= Ov=CQ=@a s}DUy =yv; MU=B |B QO xm |Dq=-wU |NQ@

u}vJ Qo = #OwW xO=O V}=tv ?DQt |=x}=B QO |Q]k |U} QD=t \UwD Ov=wD|t T |]N CW=ov Qy =};
|=x}=B u}vJ s}=wD|t Qw]J OwHw CQwY QO #OQ=O OwHw |=x}=B u}vJ T |=yQorta s=Om |=Q@ CU}v
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=Q T s}v=wD|t u; |xr}Uwx@ xm |U} QD=t ẁv u} QDxO=U OW=@ xDW=Ov OwHw |=x}=B u}vJ Qo = #s}vm =O}B =Q
#CU= s=Om s}yO V}=tv

Qr=mU= |=y?Q[t x@ T \UwD xm s}vm xar=]t V QO =Q |}=yQ=OQ@ Ovm|t O=yvW}B jwi C=tOkt
"OvwW|t xDW=ov u=WOwN

|xS} w Q=Okt l} "OW=@ V |wQ |]N |DW=ov T w F u=O}t |wQ |Q=OQ@ |}=[i V s}vm ZQi "h} QaD
T (X) = �X C}Y=N =@ V QO X Ovv=t |QiYQ}e Q=OQ@ u; |=Q@ xm CU= F QO � Ovv=t |Qr=mU= T

"OW=@ xDW=O OwHw
|xDU@=w T |xS} w Q=OQ@ l} T (X) = �X C}Y=N =@X Qy x=ov; OW=@ T |xS} w Q=Okt l} � Qo =

"OwW|t xO}t=v � |xS} w Q=Okt x@
sy |i}] Q}O=kt =} xQU Q}O=kt 'Om =Q |=yxW} Q '=tvCWQU |=yxW} Q '=tvCWQU Q}O=kt 'xS} w Q}O=kt

"OvwW|t xO}t=v
|=yQ=OQ@ |xawtHt xm O=O u=Wv u=wD|t |v=U;x@ OW=@ x=wNrO |Qr=mU= � w |]N |DW=ov T Qo =
|=[i '=[iQ} R u}= |iQ] R= "CU= V R= |}=[iQ} R f0g =@ `=tDH= x=Qty T (X) = �X xm |Qw]x@ X
QiY |=[iQ} R '=[iQ} R u}= x=oQy s}t=v|t T |xS} w Q=Okt l} =Q � "CU= (T ��I) |]N CW=ov IwB
,=k}kO (T ��I) OW=@ |=yvDt Oa@ =@ V |xv}tR |=[i Qo = "OW=@v l}x@l} (T ��I) x=oQy |va} OW=@v

"OyO|t xH}Dv =Q Q} R |x}[k ?r]t u}= |xYqN "OW=@ QiY u; u=v}tQDO xm CU}v l}x@l} |v=tR

x=wNrO |Qr=mU= � w V |y=vDt Oa@ =@ |=[i |wQ |]N |DW=ov T s}vm ZQi "x}[k 1�0�6
%OvRQ=sy Q} R s=mL= "CU=

"CU= T |xS} w Q=Okt l} � �1
"CU}v Q}PBTwmat (T � �I) CW=ov �2

det(T � �I) = 0 �3

xOw@ V |=Q@ |@DQt |x}=B B Qo = "OvwW wHDUH xvwoJ xS} w Q}O=kt xm OyO|t u=Wv �3� |v=v}tQDO Q=}at
T} QD=t Qo = =yvD w Qo = CU= Q}PBTwmat (T � �I) x=ov; OW=@ ?DQt |x}=B u}= x@ C@Uv T T} QD=t A

%O}=tv|t |a}@] Q} R h} QaD xH}Dv QO OW=@ Q}PBTwmat (A� �I)
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Ovv=t |Qr=mU= 'F u=O}t QO A |xS} w Q=Okt l} OW=@ F u=O}t |wQ n� n |U} QD=t A Qo = "h} QaD
"OW=@ Q}PB=vTwmat (A� �I) T} QD=t xm CU= F R= �

Qo = =yvD w Qo = RQ=sy Qw]x@ =} det(A� �I) = 0 Qo = =yvD w Qo = CU= A |xS} w Q=Okt l} � uwJ
|=xrtHOvJ xO=O p}mWD =Q (xI �A) T} QD=t TB 'det(�I �A) = 0

f(x) = det(xI �A)

f(�) = 0 xm OvDUy F QO � uwJ |}=yQr=mU= ,=k}kO F QO A |xS} w Q}O=kt Kw[wx@ "s} Q}o|t Q_v QO =Q
"OW=@

|=xrtHOvJ f(x) xm s}vm|t x_Lqt|v=U;x@ =yCWo}=Hswyitltm x@ =yu=v}tQDO\U@ R= xO=iDU= =@
"s}t=v|tA|=tvCWQU =} QUit |=xrtHOvJ =Q |=xrtHOvJ u}= "CU= n|xHQO R= ,=k}kO xmCU=|v}mD
Qy |=tvCWQU |=xrtHOvJ u=wvax@ =Q T |=tvCWQU |=xrtHOvJ xm OR=U|t QO=k =Q =t |Oa@ sr
T} QD=t `k=w QO 's}vm h} QaD OyO|t V}=tv V R= |@DQt |x}=B QO =Q T xm |y=wNrO n � n T} QD=t
u=Wv ?r]t u}= "O=O Oy=wN xH}Dv u=Um} |=xS} w Q}O=kt O}; CUOx@ xm |y=wNrO |x}=B Qy x@ C@Uv T
xS} w Q=Okt I}y T CU= umtt xD@r= "OW=@ xDW=O R}=tDt |xS} w Q=Okt n R= V}@ Ov=wD|tv T xm OyO|t

"OW=@ xDW=Ov |k}kL

"OvQ=O |w=Ut |=tvCWQU |=xrtHOvJ 'x@=WDt T} QD=t "sr

x=ov; OW=@ B = P�1AP Qo = "u=yQ@

det(xI �B) = det(xI � P�1AP ) = det(xIP�1P � P�1AP ) = det(P�1(xI �A)P )

= detP�1 � det(xI �A)� detP = det(xI �A): �
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2� 2 |=yT} QD=t xS} w |=yQ=OQ@ w |k}kL xS} w Q}O=kt |UQQ@ 1�6 337

|=yT} QD=t xS}w |=yQ=OQ@ w |k}kL xS}w Q}O=kt |UQQ@ 1�6
2� 2

det(�I � A) = 0 |=tvCWQU |xrO=at p}mWD =@ 'Ov=|k}kL =yx}=QO w A =

"
a b

c d

#
s}vm ZQi

%s} Q=O������� a �b
�c �� d

����� = 0 =) (�� a)(�� d)� bc = 0 =) �2 � (a+ d)�+ ad� bc = 0

=) �2 � tr(A)�+ detA = 0

%s} Q=O OW=@ �2 w �1 |k}kL |xW} Q wO |=Q=O xrO=at u}= Qo =8>><>>:�1 + �2 = tr(A)

�1�2 = detA

Ax = �x |w=UD x@ xHwD =@ OQw; CUOx@ |k}kL |=� u=wD@ |}=tvCWQU |xrO=at R= xm xm |DQwY QO
%CWwv u=wD|t 'x QiY=v Q=OQ@ |=Q@

"
a b

c d

#"
x

y

#
= �

"
x

y

#
=)

8>><>>:(�� a)x� by = 0
�cx+ (�� d)y = 0

=Q y 'x x=wNrO Q}O=kt |=R=x@ xO=O Q=Qk q=@ uoty x=oDUO CqO=at R= |m} QO =Q xOt; CUOx@ � p=L
"O};|t CUOx@ � =@ Q_=vDt xS} w |=yQ=OQ@ R= |m} CQwYu}= QO "s}v} Ro|tQ@ QiYQ}e |=X xOQm x@U=Lt
Ax = �x w k 6= 0 Qo = |rm Cr=L QO =Q} R Ow@ Oy=wN xS} w |Q=OQ@ 'xS} w Q=OQ@ u}= Qr=mU= ?Q[t Qy

s} Q=O x=ov;
A(kx) = kAx = k(�x) = �(kx)

"O} Qw; CUOx@ =Q A =

"4 1
2 3

#
|xS} w |=yQ=OQ@ w xS} w Q}O=kt %p=Ft

%pL
�2 � (trA)�+ detA = 0 =) �2 � 7�+ 10 = 0 =) �1 = 2 ; � = 5
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8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

(�� 4)x� y = 0 �1 = 2 =) 2x+ y = 0 x=1=) y = �2

=)
2664 1
�2

3775 =) m

2664 1
�2

3775
�2x+ (�� 3)y = 0 �2 = 5 =) �x+ y = 0 x=1=) y = 1

=)
26641
1

3775 =) k

26641
1

3775
A =

"0 �1
1 0

#
T} QD=t =@ hQ=aDt ?DQt x}=B QO xm OW=@ R2 |wQ |]N |DW=ov T s}vm ZQi %p=Ft

"O}vm XNWt =Q T xS} w Q}O=kt "OwW|t xO=O V}=tv
%pL

det(�I �A) =

����� � 1
�1 �

����� = �2 + 1 = 0

"OQ=Ov j}kO |xS} w Q=Okt I}y T 'CU}v |k}kL |xW} Q |=Q=O QUit |xrO=at uwJ
U x=ov; 'OwW xO=O V}=tv A |xr}Uwx@ hQ=aDt ?DQt |x}=B QO xm OW=@ C2 |wQ |]N |DW=ov U Qo =

"CU= �i w i |xS} w Q=Okt wO |=Q=O
Q_v OQwt u=O}t K} QYD �u; R= A T} QD=t =}� T |]N CW=ov |xS} w Q}O=kt x@ \w@ Qt EL@ QO TB

"OQ=O C QO �i w i xS} w Q=Okt wO =t= OQ=Ov R QO xS} w Q=Okt I}y A q=@ p=Ft QO ,qFt "CU= |t=Rr=
=} T (X) = �X |w=UD CU= wOQOwO |U} QD=t xLiY QO T p}O@D Qy T} QD=t xmv; x@ xHwD =@ %QmPD
Q}}eD =Q X �xS} w Q=OQ@� |=DU=Q T xm CU= |vat u}= x@ xLiY QO � 2 R =@ AX = �X pO=at Qw]x@
Q=Okt Ok=i OyO Q}}eD =Q xLiY |=yQ=OQ@ |xty |=DU=Q |k}kL |=yx}=QO =@ |U} QD=t Qo = TB "OyO|tv
|=DU=Q |rm Cr=L QO 'CU= K}LY R}v |rm Cr=L QO EL@ u}="Tmar=@ w CU= xS} w Q=OQ@ w |k}kL xS} w
xm |Qw]x@ OQ=O OwHw � |k}kL OOa OvW=@ |R=wt |}=yQ=OQ@ X w AX Qo = =t= CU= Cw=iDt X w AX

"AX = �X

w |k}kL |xS} w Q=Okt |=Q=O K� |xR=Ov= x@ u=QwO T} QD=t \ki 'u=QwO |=yT} QD=t u}@ QO "xH}Dv
"CU= xS} w Q=OQ@
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"OyO Q}}eD =Q xLiY |=yQ=OQ@ |xty |=DU=Q Q} R T} QD=t xm O}vm u}}aD |tUk x@ =Q m OwOL %p=Ft
A =

"�1 �2
m 3

#
OW=@ |k}kL |xS} w Q=Okt Ok=i O}=@ A T} QD=t %pL

�2 � (trA)�+ jAj = 0 =) �2 � 2�� 3 + 2m = 0

�0 < 0 =) 1 + 3� 2m < 0 =) m > 2

'p}Uv=Qi}O CqO=at |=yx=oDUO pL QO OQ=ov|t u; =@ |R=wt |Q=OQ@ x@ =Q ZwQit |Q=OQ@ xm|DW=ov |xO}=
"OQ=O |tyt syU sD= |SQv= Ovv=t |m} R}i |=ypOt OQwt QO

3� 3 |=yT} QD=t |xS} w |=yQ=OQ@ w xS}w Q}O=kt |UQQ@ 2�6

%s} Q=O det(�I �A) = 0 |=tvCWQU xrO=at p}mWD =@ A =

2664a b c

d e f

g h i

3775 s}vm ZQi

��������
�� a �b �c
�d �� e �f
�g �h �� i

�������� = 0

=) (�� a)

������� e �f
�h �� i

�����+ b

������d �f
�g �� i

������ c ������d �� e
�g �h

����� = 0

(�� a)[�2 � (e+ i)�+ ei� hf ] + b(�d�+ di� gf)� c(dh+ g�� gc) = 0

�3 � (e+ i)�2 + ei�� hf�� a�2 + ae�+ ai�� aei+ ahf

� bd�+ bdi� bgf � cdh� cg�+ cge = 0

�3 � (a+ e+ i)�2 + (ci� hf + ae+ ai� bd� cg)�� jAj = 0
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%xH}Dv QO

�3 � (jaj+ jej+ jij)�2 + (

�����a b

d c

�����+

�����e f

h i

�����+

�����a c

g i

�����)�� jAj = 0

ẁtHt �?} Q[ xm s} Q=O xHwD "CU= l} QOl} |=yT} QD=t u=v}tQDO jij w jej w jaj R= Qw_vt u; QO xm
A T} QD=t |rY= Q]k QY=va R= |O=OaD =yv; |rY= Q]k xm CU= 2 � 2 |}=yT} QD=t |=yu=v}tQDO

"�A |rY= Q]k QYva xU u=}t R= QYva wO� "OW=@|t
%CU= Q} R |rm CQwYx@ A '3� 3 T} QD=t Qy |}=tvCWQU |xrO=at u}=Q@=v@

�3 � (trA)�2 + (

�����a b

d c

�����+

�����e f

h i

�����+

�����a c

g i

�����)�� jAj = 0

QO xU T} QD=t Qy xH}Dv QO 'OQ=O |k}kL |xW} Q l} pk=q xU |xHQO R= xrO=at Qy xmv; x@ xHwD =@
|xS} w Q=Okt xU Qo}O Cq=L "OQ=O |k}kL |xS} w Q=Okt l} pk=q R u=O}t QO |k}kL |=yx}=QO =@ xU

"OvW=@|t xO=U |k}kL xS} w Q=Okt l} 'ha=[t |k}kL xS} w Q=Okt l} =} R}=tDt |k}kL
AX = �X uoty x=oDUO QO =Q xOt; CUOx@ |k}kL xS} w Q=Okt xOW QmP |=yCr=L R= l} Qy QO

%s}yO|t Q=Qk p@=kt x=oDUO |va}8>>>>>><>>>>>>:
(�� a)x� by � cz = 0
�dx+ (�� c)y � fz = 0
�gx� hy + (�� i)z = 0

xS} w |=yQ=OQ@ =D s}vm wHDUH Cr=L Qy QO =Q uoty x=oDUO u}= QiYQ}e |=y?=wH CU= |i=m p=L
"Ov}; CUOx@ Q_=vDt |xS} w Q=Okt x@ xDU@=w

"O}vm XNWt =Q A =

2664 1 0 �2
0 0 0
�2 0 4

3775T} QD=t |xS} w |=yQ=OQ@ w xS} w Q}O=kt %p=Ft

%pL
trA = 5 ;

�����1 0
0 0

�����+

�����0 0
0 4

�����+

����� 1 �2
�2 4

����� = 0 ; jAj = 0

�3 � 5�2 + 0�+ 0 = 0 =) �3 � 5�2 = 0
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=) �2(�� 5) = 0 =) � = 0 =} � = 58>>>>>><>>>>>>:
(�� 1)x+ 2z = 0
�y = 0
2x+ (�� 4)z = 0

� = 0 =) x = 2z =) (2k;m; k) xS} w Q=OQ@ |rm CQwY

X1 =

26640
1
0

3775 ; X2 =

26642
0
1

3775 �|]N pkDUt� |xS} w |=yQ=OQ@

� = 5 =)
8>><>>:�2x = z

y = 0
=) (a; 0;�2a) =) X3 =

2664 1
0
�2

3775 xS} w Q=OQ@

|=Q@ =Q u; sQi 'QUit |xrO=at uOQw; CUOx@ |=Q@ det(�I �A) = 0 |rm smL R= xO=iDU= =@ Oa@ x}[k
s}vm ZQi "OyO|t xH}Dv A 'n� n x=wNrO T} QD=t Qy

f(�) =

�����������
�� a11 �a12 : : : �a1n
�a21 �� a22 : : : �a2n

...
...

...

�an1 �an2 : : : �� ann

�����������
?Q[pY=L xrtH Qy xm |DqtH ?w=vDt ẁtHt� =yu=v}tQDO ?w=vDt |DWo}=H \U@ R= xO=iDU= =@
� |=Q@ =Q xHQO u} QDoQR@ xm f(�) R= |=xrtH �OvwW|t ?=NDv= uwDU w Q]U Qy R= xm CU= |}=yx}=QO

CQ=@a R= OQ=O
(�� a11)(�� a22) : : : (�� ann)

u}=Q@=v@ "Ov};|t CUOx@ q=@ CQ=@a u=ty R= R}v n� 1 |xHQO =@ CqtH "CU= �n |w=Ut xOt; CUOx@
=@ CU= Q@=Q@ �n�1 ?} Q[

�(a11 + a22 + � � �+ ann) = �tr(A)
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(�1)njAj Q@=Q@ xm O};|tCUOx@ f(x) = det(�I�A) QO � = 0 uO=O Q=Qk =@ R}v f(�)C@=F |xrtH
xH}Dv QO w CU=

f(�) = �n � trA)�n�1 + � � �+ (�1)njAj
|=yu=v}tQDOQ} R ?ULQ@ `k=w QO ?}=Q[ u}= 'CU}v u=U; xYNWt |=xrtHOvJ QO ?}=Q[ x}k@ h}YwD
wOx@ =yxrtH u}= "s} Q}o|t Q_v QO =Q �n�2 pt=W |=yxrtH p=Ft u=wvax@ "OvDUy u=}@ p@=k detA

x}@W |}=y?Q[pY=L R= =} w (�� a11)(�� a22) : : : (�� ann) CQ=@a R= %Ov};|t O}OB CQwY

�a12a21(�� a33) : : : (�� ann)

ẁtHt '?} Q[ u}= xH}Dv QO xOw@ (a11a22 � a12a21) =

�����a11 a12
a21 a22

����� ẁv R= �n�2 ?}=Q[ u}=Q@=v@

"OW=@|t i < j =@
�����aii aij
aji ajj

����� sQix@ 2� 2 |=yu=v}tQDO |xty

CU= p}P sQix@ u; |xYNWt |xrO=at OW=@ n� n |U} QD=t A Qo = "x}[k 1�2�6
f(�) = det(�I �A) = �n + s1�n�1 + s2�n�2 + � � �+ sn�1�+ (�1)njAj = 0

|xty ẁtHt QO (�1)m ?Q[pY=L =@ CU= Q@=Q@ � m = 1; 2; : : : ; n � 1 |=Q@� sm u; QO Om
R= |WN@ u; Q]k |wQ |=yx}=QO xm CU= |O=ym |rY= O=ym� A T} QD=t m �m |rY= |=yO=ym
Q]k |wQ QYva n u=}t R= QYva m 'AT} QD=t m�m |=yO=ym QO |va} OvDUy A Q]k |wQ QY=va

"�OvwW|t ?=NDv= A
%CWwv Q} R CQwYx@ u=wD|t =Q f(�) "u=yQ@

det(�I �A) =

�����������
�� a11 0� a12 : : : 0� a1n
0� a21 �� a22 : : : 0� a2n

...
...

...

0� an1 0� an2 : : : �� ann

�����������
n�n

n� n u=v}tQDO 2n ẁtHt q=@ u=v}tQDO pY=L u=v}tQDO X=wN x@=v@ "OwW|t |=xrtHwO l} x}=QO Qy
|m} "OW=@|t �n u; Q=Okt OvDUy QiY V}=yx}=QO x}k@ xDW=O |rY= Q]k |wQ =Q � =yv; R= |m} "CU=
uwDU m pt=W =yu=v}tQDO |k@=t "CU= (�1)njAj u; Q=Okt xOw@ � R= pkDUt =yu=v}tQDO u}= R= Qo}O
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pt=W =yuwDU R= l} Qy xm |DQwY CU= Qo}O uwDU n�m w (�A) R= (m = 1; 2; : : : ; n� 1)

|=yuwDU |w=Ut xm =Q u; R= |}=yuwDU xDiQo Q_v QO =Q =yu=v}tQDO u}= R= |m} "OW=@|t QiY=v �l} ,=k}kO
|=yuwDU w Qw=Ht |=yQ]U |}=Hx@=H R= Oa@ "s}vm|t |Q=PoxQ=tW i1; i2; : : : ; im =@ OvDUy (�A)

%OwW|t p}O@D Q} R CQwYx@ xOW QmP u=v}tQDO 'GwR C=aiO x@ Qw=Ht

(�1)m

������������������������������

ai1i1 ai1i2 : : : ai1im
...

ai2i1 ai2i2 : : : ai2im
...

...
...

...
... 0

aimi1 aimi2 : : : aimim
...

: : : : : : : : : : : :
... : : : : : : : : : : : :
... � 0 : : : 0

: : : : : : : : : : : :
... � 0 : : : 0
... : : : : : : : : : : : :

aini1 aini2 : : : ainim
... 0 0 : : : �

������������������������������

= (�1)m
���Ai1i2:::imi1i2:::im

����n�m

CWwv u=wD|t p=L "CU= A R= m�m |rY= O=ym l}
���Ai1i2:::imi1i2:::im

��� u; QO xm
Sm = (�1)m

X
�

���Ai1i2:::imi1i2:::im

����n�m
u=}t R= hQL m ?}mQD � = Cmn = n(n�1)(n�2):::(n�m+1)

1�2�:::�m QO (i1; i2; : : : ; im) |w=UD u}= QO
"Ovm|t Q}}eD hQL n

"O}vm x@U=Lt =Q det(�I �A) p@k |x}[k R= xO=iDU= =@ %p=Ft

A =

2666664
1 �4 �1 �4
2 0 5 �4
�1 1 �2 3
�1 4 �1 6

3777775
%s} Q=O %pL

s1 = 1 + 0� 2 + 6 = 5

s2 =

�����1 �4
2 0

�����+

����� 1 �1
�1 �2

�����+

����� 1 �4
�1 6

�����+

�����0 5
1 �2

�����+

�����0 �4
4 6

�����+

������2 3
�1 6

�����
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= 8� 3 + 2� 5 + 16� 9 = 9

s2 |=yO=ym O=OaD = C24 =
4!

2!2!
= 6

s3 =

��������
1 �4 �1
2 0 5
�1 1 �2

��������+

��������
1 �4 �4
2 0 �4
�1 4 6

��������+

��������
1 �1 �4
�1 �2 3
�1 �1 6

��������+

��������
0 5 �4
1 �2 3
4 �1 6

��������
= �3 + 16� 8 + 2 = 7

s3 |=yO=ym O=OaD = C34 =
4!

3!1!
= 4

jAj = 2
det(�I �A) = �4 � 5�3 + 9�2 � 7�+ 2

jDWt QwDUO R= xO=iDU= =@ "OW=@ f(�) = det(�I � A) w 3 � 3 |U} QD=t A s}vm ZQi %p=Ft
QDq=@ ?D=Qt C=kDWt OQwt QO "O}vm xO=U =Q G}=Dv w xOQw; CUOx@ =Q f 000(�) w f 00(�) 'f 0(�) u=v}tQDO

#Cio u=wD|t xJ f(�)

%CWwv u=wD|t f(�) = det(�I �A) =

��������
�� a11 �a12 �a13
�a21 �� a22 �a23
�a31 �a32 �� a33

�������� uwJ %pL

f 0(�) =

��������
1 0 0
�a21 �� a22 �a23
�a31 �a32 �� a33

��������+

��������
�� a11 �a12 �a13

0 1 0
�a31 �a32 �� a33

��������+

��������
�� a11 �a12 �a13
�a21 �� a22 �a23

0 0 1

��������
=

������� a22 �a23
�a32 �� a33

�����+

������� a11 �a13
�a31 �� a33

�����+

������� a11 �a12
�a21 �� a22

�����
= (�I �A)T} QD=t |rY= 2� 2 |=yO=ym |xty ẁtHt

f 00(�) =

����� 1 0
�a32 �� a33

�����+

������� a22 �a23
0 1

�����+

����� 1 0
�a31 �� a33

�����+

������� a11 �a13
0 1

�����
+

����� 1 0
�a21 �� a22

�����+

������� a11 �a12
0 1

�����
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= 2[(�� a11) + (�� a22) + (�� a33)]

= 2!� (�I �A T} QD=t |rY= 1� 1 |=yO=ym |xty ẁtHt)

f 000(�) = 3! =) f (4)(�) = f (5)(�) = � � � = 0

|=xS} w Q=Okt det
� x=ov; OW=@ A 'n�n OQivt=v T} QD=t R= |QiY=v |xS} w Q=Okt � Qo = O}vm C@=F %p=Ft

"CU= adjA R=
p@k |x}[k Q@=v@ %pL

�n + �1�n�1 + � � �+ �n�1�+ (�1)n detA = 0 (�)

i � i |rY= |=yO=ym |xty ẁtHt QO@ Q[ (�1)i |w=Ut (i = 1; 2; : : : ; n � 1) si u; QO xm
w CU= A T} QD=t

(�I � adjA) = �n + s1�n�1 + � � �+ sn�1�+ (�1)njadjAj

j � j |rY= |=yO=ym |xty ẁtHt QO@ Q[ (�1)j |w=Ut (j = 1; 2; : : : ; n � 1) sj u; QO xm
%s} Q=O sj w �i h} QaD x@ =v@ w jadjAj = jAjn�1 s}v=O|t "CU= adjA T} QD=t

s1 = (�1)n�n�1; s2 = (�1)njAj�n�2; : : : ; sn�1 = (�1)njAjn�2�1

xH}Dv QO
j�I � adjAj = (�1)n

n
(�1)n�n + �n�1�n�1 + �n�2jAj�n�2 + : : :

+ �2jAjn�3�2 + �1jAjn�2�+ jAjn�1o
w

jAj1�nj�I � adjAj = (�1)n
n
1 + �1

�
jAj + � � �+ �n�1(

�
jAj )n�1 + (�1)n(

�
jAj )njAj

o
= f(�)

CWwv u=wD|t p=L
f(
jAj
�

) = (�1)n
n
1 + �1

1
�

+ � � �+ �n�1(
1
�

)n�1 + (�1)n(
1
�

)njAjo
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�nf(
jAj
�

) = (�1)n
n
�n + �1�n�1 + � � �+ �n�1�+ (�1)n detA

o �== (�1)n � 0 = 0

"CU= adjA R= |=xS} w Q=Okt jAj� u}=Q@=v@
u; R= xO=iDU = =@ TBU CU= xUwmat |=xrO=at Ot=aDt T} QD=t Qy QUit |xrO=at O}vm C@=F =OD@= %p=Ft

"OvQ=O l} |w=Ut |kr]tQOk Ot=aDt |=yT} QD=t xS} w QO=kt O}yO u=Wv
%CWwv u=wD|t w CU= jpj = �1 w ppt = I CQwYu}= QO OW=@ Ot=aDt |U} QD=t p s}vm ZQi %pL
f(�) = j�I � pj = j�pIpt � pj = j � p�(

1
�
I � pt)j = �nj � pjj1

�
I � ptj

= ��nj1
�
I � pj = ��nf(

1
�

)

|kr]tQOkV}=yxW} Q xUwmat CqO=at X=wN x@ =v@ xH}Dv QO wCU= xUwmat |=xrO=at QUit xrO=atTB
"OvQ=O l} |w=Ut

|xty |xawtHt "OW=@ A R= |=xS} w Q=Okt � w n�n |U} QD=t A s}vm ZQi "x}[k 2�2�6
� |xS} w |=[i =Q =[iQ} R u}= "CU= Rn R= |}=[iQ} R 'QiY Q=OQ@ =@ x=Qty � =@ Q_=vDt |xS} w |=yQ=OQ@

"s}t=v|t
Qr=mU= ?Q[ x@ C@Uv s}vm C@=F O}=@ CU= |Q=OQ@ |=[iQ} R 'xS} w |=[i s}yO u=Wv xmv; |=Q@ "u=yQ@

"CU= xDU@ =yQ=OQ@ `tH w
CQwYu}= QO "OW=@ Qr=mU= l} c w � |xS} w |=[i R= |}=yQ=OQ@ X2 w X1 s}vm ZQi

AX1 = �X1 ; AX2 = �X2

%xH}Dv QO

AX1 +AX2 = �X1 + �X2 =) A(x1 + x2) = �(x1 + x2)

"CU= xS} w |=[i R= |QYva x1 + x2 TB

Ax1 = �x1 =) cAx1 = c�x1 =) A(cx1) = �(cx1)

� "CU= xDU@ R}v Qr=mU= ?Q[ x@ C@Uv xS} w |=[i |va}
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"O} Qw; CUOx@ A =

26645 4 2
4 5 2
2 2 2

3775T} QD=t |xS} w |=y=[i R= |=x}=B %p=Ft

%pL

jA� �I3j =
��������
5� � 4 2

4 5� � 2
2 2 2� �

�������� �r2+r1===

��������
1� � �1 + � 0

4 5� � 2
2 2 2� �

�������� c1+c2===

=

��������
1� � 0 0

4 9� � 2
2 4 2� �

�������� = (1� �)[(9� �)(2� �)� 8]

= (1� �)(�2 � 11�+ 10) = (1� �)(�� 10)(�� 1)

= �(�� 10)(�� 1)2

(A� �I3)x = 0 |xrO=at QO Q}O=kt u}= |Q=Po}=H =@ "� = 10 =} 1 %R= OvDQ=@a A |xS} w Q}O=kt TB
%s} Q=O

(A� 10I3)x = 0 =)
2664�5 4 2

4 �5 2
2 2 �8

3775
2664x1
x2
x3

3775 = 0 =) x1 = x2 = 2r ; x3 = 3

"CU= r
26642
2
1

3775 sQix@ |}=yQ=OQ@ R= |Oa@lD |}=[i � = 10 |xS} w |=[i TB

(A� 1I3)x = 0 =)
26644 4 2
4 4 2
2 2 1

3775
2664x1
x2
x3

3775 = 0 =) x1 = �s� t ; x2 = s ; x3 = 2t

=)
2664x1
x2
x3

3775 =

2664�s� ts

2t

3775 =

2664�ss
0

3775+

2664�t0
2t

3775 = s

2664�1
1
0

3775+ t

2664�1
0
2

3775
"CU= B =

8>><>>:
2664�1

1
0

3775 ;

2664�1
0
2

3775
9>>=>>; x}=B =@ |Oa@ wO |}=[i � = 1 |xS} w |=[i xH}Dv QO
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B
... �In

37775 =

26664�Im
... A

: : : : : : : : : : : : : : : : :

0 ... �2In �BA

37775
26664�Im

... �A
: : : : : : : : : : :

0 ... In

37775
26664�Im

... A

: : : : : : : : : : :

B
... �In

37775 =

26664�
2Im �AB ... 0
: : : : : : : : : : : : : : : : :

B
... �In

37775
%s} Q=O

26664�Im
... A

: : : : : : : : : : :

B
... �In

37775 = X ZQi =@ "s} Q}o|t u=v}tQDO q=@ |=y|w=UD u}iQ] R=

8>><>>:�
n detX = �m det(�2In �BA)

?Q[ �m QO���! �m+n detX = �2mj�2In �BAj
�n detX = �n det(�2Im �AB)

?Q[ �n QO���! �m+n detX = �2nj�2Im �ABj
%s} Q=O �2 = � s}yO Q=Qk Qo = w CU= Q@=Q@ =yv; CU=Q hQ] TB Ov} w=Ut Q}N= |=y|w=UD AJ hQ]

�nj�Im �ABj = �mj�In �BAj

|xYNWt |=y|=xrtHOvJ |va} j�Im � ABj = j�In �BAj x=ov; � 6= 0 w m = n Qo = p=L
"CU= |w=Ut BA w AB xS} w Q}O=kt xH}Dv QO w OvDUy |m} BA w AB

xYNWt |=xrtHOvJ u=wD|t xQ=wty s}O}O xm Qw]u=ty n � n ZwQit T} QD=t l} |=Q@ �18
Ovv=t |=xrtHOvJ l} |=Q@ =}; TmaQ@ 'O=O p}mWD

p(x) = xn + an�1xn�1 + an�2xn�2 + � � �+ a1x+ a0
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#OW=@ u; |xYNWt |=xrtHOvJ p(x) xm Ci=} |U} QD=t u=wD|t
OvDUy xr-=Ut ?=wH =yv; |xO=yv=QD =} Q} R |=yT} QD=t R= l} Qy `k=w QO CU= C@Ft p=-wU u}= x@ MU=B

%OwW|t p(x) u=ty xm Owtv x_Lqt xOQw; CUOx@ =Q =yv; |xYNWt |=xrtHOvJ CU= |i=m w

A1 =

2666666664
0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1
�a0 �a1 �a2 : : : �an�1

3777777775 A2 =

2666666664
�an�1 �an�2 : : : �a1 �a0

1 0 : : : 0 0
0 1 : : : 0 0
...

...
. . .

...
...

0 0 : : : 1 0

3777777775
"Ovt=v|t �Tw}v@ wQi T} QD=t =}� p(x) |=xrtHOvJ x=Qty T} QD=t =Q =yT} QD=t u}=

|ov=oOvJ u=ty � |Q@H |ov=oOvJ "OW=@ A 'n� nT} QD=t R= |=xS} w Q=Okt � s}vm ZQi "h} QaD
"OwW|t h} QaD QUit |xrO=at R= |=xW} Q u=wvax@ �

xDiQo Q_v QO � x@ Q_=vDt xS} w |=yQ=OQ@ |xr}Uwx@ xOW O}rwD xS} w |=[iQ} R Oa@ � |UOvy |ov=oOvJ
"OwW|t

|Oa@n |}=[i v w T : v �! v |]N CW=ov R= |=xS} w Q=Okt � s}vm ZQi "x}[k 1�7�6
"Ovm|tv Rw=HD u; |Q@H |ov=oOvJ R= � |UOvy |ov=oOvJ CQwYu}= QO "OW=@

|]N pkDUt xS} w Q=OQ@ r pt=W � CQwYu}= QO "OW=@ r Q@=Q@ � |UOvy |ov=oOvJ s}vm ZQi "u=yQ@
fv1; v2; : : : ; vr; w1; : : : ; wsg Q=OQ@ n pt=W -x}=B x@ =Q fv1; : : : ; vrg |xawtHt "CU= v1; : : : ; vr

%s} Q=O "s}yO|t xaUwD v |=[i R=

T (v1) = �v1

T (v2) = �v2

::::::::::::::::::::::::::::

T (vr) = �vr

T (w1) = a11v1 + � � �+ a1rvr + b11w1 + � � �+ b1sws

T (wr) = a21v1 + � � �+ a2rvr + b21w1 + � � �+ b2sws

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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T (ws) = as1v1 + � � �+ asrvr + bs1w1 + � � �+ bssws

%R= CU= CQ=@a QmPr=jwi |x}=B x@ C@Uv T T} QD=t

M =

2666666666666666666666664

� 0 � � � 0 ... a11 a21 � � � as1
0 � � � � 0 ... a12 a22 � � � as2
� � � � � � � � � � � � ... � � � � � � � � � � � �
0 0 � � � �

... a1r a2r � � � asr
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 � � � 0 ... b11 b21 � � � br1
0 0 � � � 0 ... b12 b22 � � � br2
� � � � � � � � � � � � ... � � � � � � � � � � � �
0 0 � � � 0 ... b1s b2s � � � bss

3777777777777777777777775

=

26664�Ir
... A

: : : : : : : : :

0 ... B

37775

QUit |=xrtHOvJ 'CU= |FrFt |mwr@ T} QD=t M uwJ "CU= B = [bij ]0 w A = [aij ]0 u; QO xm
|Q@H |ov=oOvJ u}=Q@=v@ "Ovm O=a =Q T xH}Dv QO w M QUit |=xrtH OvJ O}=@ CU= (t� �)r xm �Ir

"CU= r pk=OL T CW=ov |=Q@ �

2uwDr}t=y�1|r}m x}[k 8�6
|xrO=at w n � n |U} QD=t A Qo = |va}� "Ovm|t jOY V=xYNWt |xrO=at QO `@ Qt T} QD=t Qy
An + cn�1An�1 + � � �+ c0I = 0 x=ov; OW=@ �n + cn�1�n�1 + � � �+ c0 = 0 V=xYNWt

"�OwW|t
&s} Q=O OW=@ A |xYNWt |=xrtHOvJ �(�) Qo = "u=yQ@

�(�) = j�I �Aj = �n + cn�1�n�1 + � � �+ c1�+ c0

�I�AT} QD=t |=yxR=Uty B(�) QY=va 'OW=@ �I�AT} QD=t l}Uqm |k=Lr= B(�) s}vm ZQi
u}=Q@=v@ 'OvW=@|t n� 1 R= QDW}@=v xHQO =@ w � ?ULQ@ |}=y|=xrtHOvJ =Pr w OvDUy

B(�) = Bn�1�n�1 + � � �+B1�+B0
2) Cayley 2) Hamilton
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%CWwv u=wD|t "OvW=@|t � R= pkDUt xm OvDUy R |wQ n� n |}=yT} QD=t =yBi u; QO xm
(�I �A)B(�) = j�I �AjI

=Hv; R= w

(�I �A)(Bn�1�n�1 + � � �+B1�+B0) = (�n + cn�1�n�1 + � � �+ c1�+ c0)I

%CW=O s}y=wN � Q}_v |=yu=wD ?}=Q[ uDiQo OLDt =@
Bn�1 = I

Bn�2� ABn�1 = cn�1I

Bn�3� ABn�2 = cn�2I

:::::::::::::::::::::::::::::::::::::::::::

B0 � AB1 = c1I

� AB0 = c0I

s} Qw;|t CUOx@ An w An�1 '� � � 'A w I QO ?}DQD x@ q=@ |U} QD=t CqO=at ?Q[ R=

AnBn�1 = An

An�1Bn�2� AnBn�1 = cn�1An�1

An�2Bn�3�An�1Bn�2 = cn�2An�2

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::

AB0 � A2B1 = c1A

� AB0 = c0I

OyO|t xH}Dv q=@ \@=wQ ẁtHt

0 = An + cn�1An�1 + cn�2An�2 + � � �+ c1A+ c0I

� "Ovm|t jOY V=xYNWt |xrO=at QO A |va} '�(A) = 0 |va}
"CU= =yT} QD=t uwQ=w uOQm =O}B uwDr}t=y�|r}m x}[k |=yOQ@ Q=m R= |m}
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A =

" 0 2
�1 3

#
Ovm|t jOY V=xYNWt |xrO=at QO Q} R T} QD=t O}yO u=Wv %p=Ft

%pL
�2 � (trA)�+ jAj = 0 =) A2 � (0 + 3)A+ (0 + 2)I ?= �0

A2 � 3A+ 2I ?= �0 (�)

A2 =

" 0 2
�1 3

#" 0 2
�1 3

#
=

"�2 6
�3 7

#

(�) =)
"�2 6
�3 7

#
� 3

" 0 2
�1 3

#
+ 2

"1 0
0 1

#
=

"�2 + 2 6� 6
�3 + 3 7� 9 + 2

#
=

"0 0
0 0

#
uwQ=w uwDr}t=y�|r}m |x}[k R= xO=iDU= =@ AB = I x=oQy s}t=v|t A uwQ=w =Q B T} QD=t %p=Ft

"O} Qw; CUOx@ =Q p@k p=Ft T} QD=t
%pL

A =

" 0 2
�1 3

#
=) : : : =) A2 � 3A+ 2I = �0

=) A(A� 3I) = �2I =) A(�1
2A+

3
2I) = I

=) A uQw=w = �1
2A+

3
2I = �1

2
" 0 2
�1 3

#
+

3
2
"1 0
0 1

#
=

"0 �1
12 �32

#
+

" 32 0
0 32

#
=

" 32 �1
12 0

#
p�=Ut w l} R}i 'C=}[=} Q |=yxN=W R= |Q=}U@ QO xm s}yO|t x�=Q= =Q ?r=H Q=}U@ |OQ@ Q=m p=L

"CU= ptLt |=Q=O |m}t=v}O |=ysDU}U w p}UvQi}O CqO=at '|UOvyt

AkX |x@U=Lt 9�6
u}= CU= |y}O@ "s} Qw; CUOx@ X |=xir-wt n Q=OQ@ w A 'n � n T} QD=t |=Q@ =Q AkX s}y=wN|t
|xS} w |=yQ=OQ@ |]N ?}mQD Ov=wD@ X s}vm ZQi "Ow@ Oy=wN pmWt n =} k nQR@ Q}O=kt |=Q@ x@U=Lt
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|xS} w Q}O=kt �1; : : : ; �m Qo = "X = c1v1 + � � �+ cmvm ,qFt OwW xDWwv A R= v1; v2; : : : ; vm

x=ov; OvW=@ Q_=vDt

AX = A(c1v1 + � � �+ cmvm) = c1Av1 + : : : cmAvm = c1�1v1 + � � �+ cm�mvm

&s} Qw;|t CUOx@ xOQm Q=QmD xaiO k � 1 'X |=Hx@ Ax uOQ@ Q=mx@ =@ =Q pta u}=

AkX = c1�k1v1 + � � �+ cm�kmvm

xO=U Q=}U@ AkX |x@U=Lt =yvi uDUv=O TBU w =y�i w =yci Q}O=kt CN=vW =@ xm s}vm|t CkO
"CU}v |U} QD=t |@ Q[ pt=W q=@ |x]@=Q CU=Q CtU =Q} R 'OwW|t

"
"2 2
2 �1

#8 "�6
�8
#

|x@U=Lt CU= ?wr]t %p=Ft
s} Q=O "OvDUy xS} w Q}O=kt 3 w �2 w T} QD=t |xS} w |=yQ=OQ@ (2; 1) w (1;�2) %pL"�6

�8
#

= 2
" 1
�2
#
� 4

"2
1
#

xH}Dv QO

?wr]t CQ=@a = 2� (�2)8
" 1
�2
#
� 4� 38

"2
1
#

=

"�51976
�27268

#
"OwW xDWwv A |xS} w |=yQ=OQ@ R= |]N |@}mQD Ov=wD@ X xm CU= xO=iDU= p@=k |Dkw jwi VwQ %QmPD

|U=vW C}atH 10�6
xO=iDU= OQwt QwO |=yxrtH QO hwmQ=t |=yQ}HvR Q=DiQ |v}@V}B w |UQQ@ QO xS} w |=yQ=OQ@ w xS} w Q}O=kt

"OW Oy=wN x�=Q= |U=vWC}atH QO OQ@ Q=m u}= OvQ}o|t Q=Qk
xvq=U C}atH `} RwD xm s}OQm x_Lqt "CiQo Q=Qk xar=]t OQwt C}atH |=y|}=H@=H 2"6 VN@ QO
P "OwW K} QWD x0; x1(= Px0); x2(= Px1); x3(= Px2); : : : |=yQ=OQ@ R= |=xr=@vO =@ Ov=wD|t
=yxr=@vO ẁv u}= "OQ@|t Qo}O Q=OQ@ x@ xr=@vO QO |Q=OQ@ R= =Q =t xm CU= C}a[w Q}}eD |=yp=tDL= T} QD=t
xm Ov=xHwD OQwt QDW}@ |=hwmQ=t |=yQ}HvR "OvwW|t xO}t=v hwmQ=t Q}HvR '=yQ=OQ@ R= pmWDt |=yQ}HvR =}

www.iedoc.ir



372 xS} w |=yQ=OQ@ w xS} w Q}O=kt 6 pYi

Cr=L� C}atH Iwm u; R= TB "Px = x u; QO w CU=Qoty x C@=F Q=OQ@ x@ x0; x1; x2; : : : |xr=@vO
s}U} wv@ s}v=wD|t w Ov=t|t |k=@ C@=F =yv; xtwL w =yQyW pm C}atH w xDiQo OwNx@ �=}=B

x0; x1; x2; : : : �! x

"OW=@ 1 |xS} w Q=Okt =@ Q_=vDt P R= |=xS} w Q=OQ@ O}=@ 'Ovm|t jOY Px = x QO x Q=OQ@ Qy xm =Hv; R=
|=yp=U CWPo R= Oa@ C}atH `} RwD OQwt QO |O}it C=aq]= OQ=O OwHw |Q=OQ@ u}vJ xm s}v=O@ Qo =

"CW=O s}y=wN |vqw]
xOQm h} QaD =Q xOQ u}= "OW=@|t xOW QmP X=wN u}= |=Q=O hwmQ=t |=yQ}HvR R= |Y=N |xOQ
|=yp=U C}a[w |v}@V}B Qw_vt x@ C}atH Iwm pOt QO =Q pY=L G}=Dv w s}vm|t |UQQ@ =Q =yv; X=wN

"s} Q@|t Q=mx@ xOv};QwO
OwHw P R= |v=wD x=oQy OwW|t xO}t=v s_Dvt 'hwmQ=t Q}HvR l} R= P C}a[w Q}}eD T} QD=t "h} QaD
s_Dvt hwmQ=t Q}HvR l} =Q Q}HvR 'Cr=L u}= QO "OvW=@ C@Ft ,=O}m = =yx}=QO |xty u; QO xm OW=@ xDW=O

"s}t=v|t
#OvDUy s_Dvt Q} R |=yT} QD=t R= l}t=Om %p=Ft

C =

"0 4 0
0 6 1

#
�G B =

"0 7 1
0 3 0

#
�? A =

"0 3 0 6
0 7 0 4

#
�hr=

"CU= s_Dvt A TB OvDUy C@Ft A |=yx}=QO |xty %pL

B2 =

"0 79 0 7
0 21 0 3

#
=) CU= s_Dvt B

C2 =

"0 16 0
0 84 1

#
=) C3 =

"0 064 0
0 936 1

#
; : : :

"CU}v s_Dvt C 's} Q}o|t xH}Dv TB 'Ov=t|t |k=@ QiY xW}ty swO uwDU pw= Q]U QO `k=w QYva
|=yxrtH QO s_Dvt hwmQ=t |=yQ}HvR Q=DiQ OQwt QO |D=aq]= s} Q}PB|t C=@F= uwO@ =Q u; xm 'Q} R |x}[k

"OyO|t x�=Q= QwO

Q_v QO =Q P C}a[w Q}}eD T} QD=t w x0 x}rw= Q=OQ@ =@ |iwmQ=t Q}HvR "x}[k 1�10�6
CQwYu}= QO "s} Q}o|t

"Ovm|t jOY Px = x QO x u; QO xm x0; x1; x2; : : : �! x �1
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"CU= |iO=YD |U} QD=t Q u; QO xm P; P 2; P 3; : : : �! Q �2
Iwm p}rLD |=Q@ =Q x}[k u}= "OvDUy � = 1 =@ Q_=vDt P |xS} w |=yQ=OQ@ xty w OvQ@=Q@ sy =@ Q |=uwDU

"s} Q@|t Q=mx@ C}atH
XNWt |O=tDt |=yp=UCWPo R= Oa@ =Q =m} Qt; |=yxtwL w =yQyW u}@C}atH Iwm |=yCiQW}B %p=Ft

"O}vm
2000 p=U QO =m} Qt; |=yxtwL w =yQyW C}atH "s}vm|t |Qw;O=} s}OQm |UQQ@ ,q@k xm =Q |rOt %pL
=@ hwmQ=t Q}LvR =@ |Oa@ |=yp=U QO C}atH w �uw}r}t l} OL=w ?ULQ@� Q} R CQwYx@ x0 Q=OQ@ =@

OwW|t xO=O Q} R pmW x@ P C}a[w Q}}eD T} QD=t

x0 =

x}rw= |=yC}atH" 58
14244

# QyW
xtwL P =

�R=�QyW xtwL"0 96 0 01
0 04 0 99

# QyW
xtwL

QO CiQW}B |=Q@ s}v=wD|t =Q p@k |x}[k w CU= s_Dvt Q}HvR 'OvDUy C@Ft ,=O}m = P |=yx}=QO s=tD
Q=OQ@ w xDW=O 1 Q@=Q@ |=xS} w Q=Okt P x}[k u}= j@=]t "s}yO Q=Qk xO=iDU= OQwt |Oa@ |vqw] |=yp=U

u}=Q@=v@ "CU= Q_=vDt |xS} w Q=OQ@ �=}=B Cr=L�

Px = x =) (P � I)x = 0

"0 96� 1 0 01
0 04 0 99� 1

#"
x1
x2

#
= 0 =)

8>><>>:�0 04x1 + 0 01x2 = 0
0 04x1 � 0 01x2 = 0

r 2 R u; QO xm x2 = 4r w x1 = r %R= OvDQ=@a CqO=at x=oDUO u}= |=y?=wH "x2 = 4x1 s} Q=O
"OvDUy r

"1
4
#

sQix@ QiYQ}e |=yQ=OQ@ � = 1 =@ Q_=vDt P |xS} w |=yQ=OQ@ u}=Q@=v@ "CU=
"Ovmv Q}}eD =yp=U |] xv=}r=U C}atH pm s}vm ZQi "CU= xOW QmP CQwYx@ x |=}=B Cr=L Q=OQ@

"Ov} w=Ut x0 w x ||=[a= ẁtHt xH}Dv QO

r + 4r = 58 + 142 =) r = 40 =) x =

" 40
160

#
%R= OvDQ=@a =y|v}@V}B u}=Q@=v@ w

=m} Qt; |=yQyW C}atH �! 40uw}r}t
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=yxtwL C}atH �! 160uw}r}t
T} QD=t R= uwDU Qy "OyO|t xH}Dv |O}it C=aq]= |Oa@ |=yp=U |=yCiQW}B OQwt QO xOW QmP |x}[k
|U} QD=t Q uwJ ' Q =

"
S S

4S 4S
#
s}vm ZQi "CU= 1 |xS} w Q=Okt =@ Q_=vDt |xS} w Q=OQ@ Q

TB 'CU= l} |w=Ut uwDU Qy |=yx}=QO ẁtHt CU= |iO=YD

S + 4S = 1 =) S = 0 2

xH}Dv QO w
P"0 96 0 01

0 04 0 99
#
;

P 2"0 92 0 02
0 08 0 98

#
;

P 3"0 89 0 03
0 11 0 97

#
: : : �!

Q"0 2 0 2
0 8 0 8

#
O};|t CUOx@ Q} R |xr=@vO '�p=Ft Qw]x@� s}vm CkO pw= uwDU w swO Q]U QO `k=w |x}=QO |wQ Qo =

0 04; 0 08; 0 11; : : : �! 0 8

"OvDUy """ w p=UxU 'p=UwO 'p=Um} QO xtwL x@ QyW R= Iwm |=yp=tDL= =yu}=

Q =

�R=�QyW xtwL"0 2 0 2
0 8 0 8

# QyW
xtwL

"CU= s_Dvt hwmQ=t |=yQ}HvR R= |=xYNWt OwN u}= w OvDUy |}=OD@= C}a[w R= pkDUt =yp=tDL= u}=

|r[=iD CqO=at 11�6
x�=Q= OwN s=n |xrtH =@ Ov=wD|t xr=@vO u}= "OW=@ |k}kL O=Oa= R= |=xr=@vO a1; a2; a3; : : : s}vm ZQi

"OwW
2; 5; 10; 17; : : : CQwYx@ =Q xr=@vOCqtHn = 1; 2; 3; : : : uO=O Q=Qk =@ xman = n2+1 %p=Ft Qw]x@

"O};|t CUOx@ |v=U;x@ R}v X=N |xrtH Qy xwqax@ 'CW=O s}y=wN
%s} Q=O s}y=wN@ =Q a20 Qo = %p=Ft Qw]x@

n = 20 =) a20 = (20)2 + 1 = 401
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p=Ft Qw]x@ "OvwW|t xO=O xr=@vO xrtHOvJ u}@ |]=@DQ= =@ x=Qty =OD@= R= |}=yxrtH =yxr=@vO EL@ QO ,=twta8>><>>:a1 = 0; a2 = 1
an = 2an�1 + 3an�2 ; n = 3; 4; 5; : : :

|R=e; |=y\QW =Q xOW xO=O CqtH w xO}t=v �|DWoR=@ |=x]@=Q =}� |r[=iD |xrO=at =Q |=xrO=at u}vJ
%p=Ft Qw]x@ "OQw; CUOx@ |r[=iD |xrO=at w |R=e; |=y\QW |wQ R= u=wD|t =Q CqtH x}k@ "Ov} wo|t

n = 3 =) a3 = 2a2 + 3a1 = 2(1) + 3(0) = 2
n = 4 =) a4 = 2a3 + 3a2 = 2(2) + 3(1) = 7
n = 5 =) a5 = 2a4 + 3a3 = 2(7) + 3(2) = 20

|xrtH O}=@ w OQw; CUOx@ =Q a20 Ovv=t |Y=N |xrtH CaQU x@ w |v=U;x@ q=@ VwQ =@ u=wD|tv |rw
"s}t=v|t |r[=iD xrO=at ?=wH =Q s=n |xrtH "OQw; CUOx@ =Q s=n =} |twta

s} Q}o|t Q_v QO p; q 2 R w n = 3; 4; 5; : : : =@ =Q an = pan�1 + qan�2 |r[=iD |xrO=at
=@ =yai =Q} R s}t=v|t |]N =Q xrO=at u}= "�|R=e; CqtH� s}vm|t ZQi swrat R}v =Q a2 w a1 CqtH
xOW u=}@ an�2 w an�1 |xrtHwO ?ULQ@ an =Q} R CU= wO R}v |xrO=at x@DQt "Ov=xOW Qy=_ l} u=wD

%Ov};|t CUOx@ Q} R \@=wQ xH}Dv QO w bn = an�1 s}vm|t O=H}= |twO |x]@=Q "CU=8>><>>:an = pan�1 + qbn�1

bn = an�1 n = 3; 4; 5; : : :

|U} QD=t sQi QO"
an
bn

#
=

"
p q

1 0
#"

an�1
bn�1

#
n = 3; 4; 5; : : :

xH}Dv QO Xn = AXn�1 s} Q=O A =

"
p q

1 0
#

w Xn =

"
an
bn

#
s}vm ZQi Qo =

Xn = AXn�1 = A2Xn�2 = A3Xn�3 = � � � = An�2X2 ; X2 =

"
a2
b2

#
=

"
a2
a1

#
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|]N pkDUt |xS} w Q=OQ@ wO xH}Dv QO w OQ=O �2 w �1 R}=tDt |xS} w Q}O=kt A =yOQ@ Q=m R= |Q=}U@ QO
|xS} w |=yQ=OQ@ V}=yuwDU xm CU= |U} QD=t C s}vm ZQi "OwW |Q]k Ov=wD|t =Pr "CW=O Oy=wN

w OvDUy A |]N pkDUt

D = C�1AC =

"
�1 0
0 �2

#
=) An�2 = (CDC�1)n�2 = (CDC�1)(CDC�1) : : : (CDC�1)

=) An�2 = CDn�2C�1 = C

"
�1 0
0 �2

#n�2
C�1 = C

"
�n�21 0

0 �n�22

#
C�1

xH}Dv QO w
Xn = C

"
�n�21 0

0 �n�22

#
C�1X2

a1 = 0 x}rw= |=y\QW =@ n = 3; 4; 5; : : : |=Q@ =Q an = 2an�1 +3an�2 |r[=iD |xrO=at %p=Ft
"O}vm XNWt =Q a15 C}=yv QO "O}vm pL a2 = 1 w

s}vm ZQi %pL8>><>>:an = 2an�1 + 3an�2

bn = an�1 n = 3; 4; 5; : : :
xH}Dv QO"

an
bn

#
=

"2 3
1 0

#"
an�1
bn�1

#
; n = 3; 4; 5; : : :

A =

"2 3
1 0

#
=) �1 = �1; v1 =

" 1
�1
#
; �2 = 3; v2 =

"3
1
#

C =

" 1 3
�1 1

#
=) C�1 =

1
4
"1 �3
1 1

#
=)

"
ab
bn

#
= C

"
�n�21 0

0 �n�22

#
C�1

"
a2
b2

#
=

1
4
" 1 3
�1 1

#"
(�1)n�2 0

0 3n�2

#"1 �3
1 1

#"1
0
#
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TB b2 = a1 = 0 =Q} R"
an
bn

#
=

1
4
"

(�1)n�2 + 3(3)n�2

(�1)(�1)n�2 + 3n�2

#
=

1
4
"

(�1)n�2 + 3n�1

(�1)n�1 + 3n�2

#

=) an =
1
4
h
(�1)n�2 + 3n�1

i
; n = 3; 4; 5; : : :

n = 15 =) a15 =
1
4
h
(�1)13 + 314

i
'n � 0 |=Q@ w a1 = 1 w a0 = 0 xr}Uwx@ |DWoR=@ Qw]x@ xOW h} QaD 1|J=vw@}i |xr=@vO %p=Ft

"O} Qw; CUOx@ =Q xr=@vO u}= |twta |xrtH "s} Q}o|t Q_v QO =Q an+2 = an+1 + an

s}vm|t ZQi %pL8>><>>:an+2 = an+1 + bn+1

bn+2 = an+1

A |xS} w Q}O=kt "Xn+2 = AXn+1 s} Q=O A =

"1 1
1 0

#
w Xn =

"
an
bn

#
ZQi =@ CQwYu}= QO

xS} w |=yQ=OQ@ "OvDUy �2 = 12 (1�p5) w �1 = 12 (1 +
p5) |va} �2 � �� 1 = 0 |=y?=wH

xH}Dv QO "OvW=@|t
" 1
� 12 (1 +

p5)

#
w
" 1

12 (�1 +
p5)

#
Xn = �nX0 =)

"
an
bn

#
= (

1
2 (1 +

p5))n
" 1
� 12 (1�p5)

#
"
an
bn

#
= (

1
2 (1�p5))n

" 1
� 12 (1 +

p5)

#
=)an = �

1
2n (1 +

p5)n + �
1
2n (1�p5)n8>><>>:n = 0 =) 0 = a0 = �+ �

n = 1 =) 1 = a1 = �2 (1 +
p5) + �

2 (1�p5)
=)

8>><>>:�+ � = 0
�+ �

p5 + � � �p5 = 2

=) � =
1p5 ; � =

�1p5
1) Fibonacci
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=) an =
1p5 [

1
2 (1 +

p5)]n � 1p5 [
1
2 (1�p5)]n

sQix@ |=yQUm R= |=xr=@vO %p=Ft
2; 2 +

1
2 ; 2 +

1
2 + 12

; 2 +
1

2 + 1
2+ 12

; : : :

"O} Qw; CUOx@ =Q xr=@vO u}= |twta |xrtH "s} Q}o|t Q_v QO =Q
s} Q=O CQwYu}= QO s}yO|t u=Wv anbn =@ =Q xr=@vO |twta |xrtH %pL
an+1
bn+1

= 2 +
1
an
bn

=
2an + bn

an

=Hv; R= w8>><>>:an+1 = 2an + bn

bn+1 = an

Xn =

"
an
bn

#
; A =

"2 1
1 0

#
=) Xn+1 = AXn

w �2 = 1�p2 w �1 = 1 +
p2 |va} �2 � 2�� 1 = 0 |xrO=at |=y?=wH A |xS} w Q}O=kt

xH}Dv QO "OvDUy X2 =

" 1
�1�p2

#
w X1 =

" 1
�1 +

p2
#

xS} w |=yQ=OQ@

Xn = �nX0 =)

8>>>>>>>>>><>>>>>>>>>>:

2664an
bn

3775 = (1 +
p2)n

2664 1
�1 +

p2

37752664an
bn

3775 = (1�p2)n

2664 1
�1�p2

3775
an = �(1 +

p2)n + �(1�p2)n = bn+18>><>>:n = 1 =) 2 = a1 = �+ �
p2 + � � �p2

n = 2 =) 52 = a2 = �+ 2�+ 2�p2 + � + 2� � 2�p2

=) � =
7p2� 6

8 ; � =
�7p2� 6

8
"OwW|t XNWt an

bn w xOt; CUOx@ bn = an�1 xH}Dv QO 'an =Hv; R=
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xH}Dv u=wD|t """ w Xn�1 = AXn�2 uwJ 'Xn = AXn�1 'p=Ft Qw]x@ q=@ ?r=]t QO Qo = %QmPD
%CiQo

Xn = An�2X2

Xn xOQm xO=iDU= p@k QmPD R= OvW=@v R}=tDt =yxW} Q Qo = A |xYNWt |xrO=at p}mWD R= TB %QmPD
|=yu=wD s}v=wD@ xmv; |=Q@ "CU= A |q=@ |=yu=wD uOQw; CUOx@ sRrDUt OwN u}= "s} Qw;|t CUOx@ =Q
CQ=@a A |xYNWt |=xrtHOvJ CQwYu}= QO A =

"
a b

c d

#
s}vm ZQi s} Qw; CUOx@ =Q A |q=@

%R= CU=
f(X) = X2 � (a+ b)X + ad� bc

|iQ] R=

A2 =

"
a2 + bc b(a+ d)

c(a+ d) bc+ d2

#
= (a+ b)

"
a b

c d

#
� (ad� bc)

"1 0
0 1

#
= (a+ d)A� (ad� bc)I2

wO |xHQO R= f uwJ "s} Q}o|t Q_v QO f(X) Q@ =Q Xn s}UkD CQ=@a n � 2 |=Q@ "f(A) = 0 |va}
f(A) = 0 xmv; x@ xHwD w x]@=Q u}= QO A uO=O Q=Qk =@Xn = f(X)q(X) +�1X+�2 s} Q=O CU=

%s} Q=O
An = �1A+ �2I2

Xn = f(X)q(X) + �1X + �2 x]@=Q u}iQ] R= Qo = "s}vm|t x@U=Lt Q} R VwQ x@ =Q �2 w �1

CWwv u=wD|t CU= f(�) = 0 uwJ s}}=tv X u} Ro}=H =Q A |xS} w Q=Okt =yvD |va} � w xDiQo jDWt

n�n�1 = �1

%s} Q=O f(�) = 0 x@ xHwD =@ xO=O Q=Qk Xn = f(X)q(X) + �1X + �2 QO X |=Hx@ =Q � p=L

�n = �1�+ �2 = n�n + �2 =) �2 = (1� n)�n

OwW|t xH}Dv C}=yv QO w

An = n�n�1A+ (1� n)�nI2
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%O} Qw; CUOx@ =Q Q} R n� n T} QD=t u=v}tQDO %p=Ft

An =

2666666666664

2 1 0 0 � � � 0 0
1 2 1 0 � � � 0 0
0 1 2 1 � � � 0 0
...

...
...

...
. . .

...
...

0 0 0 0 � � � 2 1
0 0 0 0 � � � 1 2

3777777777775
s}yO|t \U@ pw= Q]U x@ C@Uv w an = detAn s}vm ZQi %pL

an = 2an�1 � det

2666666664
1 1 0 0 � � � 0
0 2 1 0 � � � 0
0 1 2 1 � � � 0
...

...
...

...
. . .

...

0 0 0 0 � � � 2

3777777775 = 2an�1 � an�2

%CWwv u=wD|t p=L8>><>>:an = 2an�1 � bn�1

bn = an�1
; Xn =

"
an
bn

#
; A =

"2 �1
1 0

#
=) Xn = AXn�1

u=wD|t p=L "OQ=O l} =@ |w=Ut |xS} w Q=Okt l} \ki xOw@ (��1)2 = 0 CQwYx@ A QUit |xrO=at
%CWwv

An = n�n�1A+ (1� n)�nI2 �=1=) An = nA+ (1� n)I2 =

"
n+ 1 �n
n 1� n

#

Xn = An�2X2 =)
"
an
bn

#
=

"
n� 1 �n+ 2
n� 2 3� n

#"3
2
#

=

"
n+ 1
n

#

OwW|t xOy=Wt xH}Dv QO �CU= X2 =

"
a2
b2

#
�

detAn = an = n+ 1
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=yT} QD=t uOQm |Q]k 12�6
T} QD=t x=oQy CU= A =@ x@=WDt B s}} wo|t "OvW=@ xR=Ov= sy `@ Qt |=yT} QD=t B w A s}vm ZQi

"B = C�1AC xm |Qw]x@ OW=@ xDW=O OwHw C Q}PBuwQ=w
|=Q@ =Q C�1AC x@=WD p}O@D "CU= Q}PBuwQ=w C "s} Q}o|t Q_v QO =Q Q} R C w A |=yT} QD=t %p=Ft

"O} Q@@ Q=mx@ B x@ A p}O@D

A =

"7 �10
3 �4

#
; C =

"2 5
1 3

#
%pL

B = C�1AC =

"2 5
1 3

#�1 "7 �10
3 �4

#"2 5
1 3

#
=

" 3 �5
�1 2

#"7 �10
3 �4

#"2 5
1 3

#
=

" 6 �10
�1 2

#"2 5
1 3

#
=

"2 0
0 1

#
xm |Qw]x@ OW=@ xDW=O OwHw C T} QD=t x=oQy OwW|t xO}t=v |vOW |Q]k A `@ Qt T} QD=t "h} QaD

"OW=@ |Q]k |U} QD=t D = C�1AC

"OW=@ n� n |U} QD=t A s}vm ZQi "x}[k 1�12�6
V}=yuwDU xm C T} QD=t "CU= |vOW |Q]k 'OW=@ |]N pkDUt |xS} w Q=OQ@ n |=Q=O A Qo = �hr=
|=yx}=QO "OyO|t xH}Dv =Q D |Q]k T} QD=t 'xDiQ Q=mx@ C�1AC QO OvDUy xS} w |]N pkDUt Q=OQ@ n

"OvDUy A |xS} w Q}O=kt u=ty D |Q]k
"CW=O Oy=wN |]N pkDUt |xS} w Q=OQ@ n x=ov; OW=@ |vOW |Q]k A Qo = �?

|=yQ=OQ@ =yv; =@ Q_=vDt xm OvW=@ A R}=tDt ,=twRr xv |xS} w Q}O=kt �n w : : : '�1 s}vm ZQi "u=yQ@
uwJ "OvDUy V}=yuwDU =yvi xm OW=@ |U} QD=t C Qo = "OvDUy vn w : : : 'v1 |]N pkDUt |xS} w

CWwv u=wD|t C = [v1 : : : vn] ZQi =@ Avn = �nvn w """ w Av1 = �1v1

AC = A[v1 : : : vn] = [Av1 : : : Avn] = [�1v1 : : : �nvn]
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= [v1 : : : vn]

2664�1 0
. . .

0 �n

3775 = C

2664�1 0
. . .

0 �n

3775
xH}Dv QO w CU= Q}PBuwQ=w C TB OvDUy |]N pkDUt |=yQ=OQ@ 'C |=yuwDU uwJ

C�1AC =

2664�1 0
. . .

0 �n

3775
|=yuwDU Ovv=wD|t =yQ=OQ@ u}= OW=@ |]N pkDUt xS} w Q=OQ@ n |=Q=O A 'n � n T} QD=t Qo = u}=Q@=v@
'|rY= Q]k|wQ |=yx}=QO CU= |Q]k xm |U} QD=t QO "Ovm |Q]k =Q A =D OvQ}o@ Q=Qk C Ovv=t |U} QD=t

"OvDUy A |xS} w Q}O=kt
|Q]k =Q A xm OW=@ |U} QD=t C = [v1 : : : vn] s}vm ZQi "CU= K}LY R}v ?r]t Tma �?

xm |Qw]x@ OvQ=O OwHw n w : : : '1 |=yQr=mU= TB Ovm|t

C�1AC =

26641 0
. . .

0 n

3775
%s} Q=O p@k Cr=L pL=Qt Tma |] QO '|rqODU= =@

Av1 = 1v1; : : : ; Avn = nvn

pkDUt �C |=yuwDU |va}� =yQ=OQ@ u}= CU= Q}PBuwQ=w C uwJ "OvDUy A |xS} w |=yQ=OQ@ vn w : : : 'v1

� "CU= |]N pkDUt |xS} w Q=OQ@ n |=Q=O w CU= |vOW |Q]k A T} QD=t xH}Dv QO "Ov=|]N

"CU= |vOW |Q]k A =

"�4 �6
3 5

#
T} QD=t O}yO u=Wv %p=Ft

"O} Qw; CUOx@ OR=U|t |Q]k =Q A xm =Q |r}O@D "O}vm =O}B =Q A =@ x@=WDt D |Q]k T} QD=t
%pL

�2 � �� 2 = 0 =) �1 = 2 ; v1 = r

"�1
1
#
; �2 = �1 ; v2 = S

"�2
1
#
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"CU= |vOW |Q]k TB OQ=O |]N pkDUt |xS} w Q=OQ@ wO A T} QD=t uwJ
"CU= x@=WDt D =

"2 0
0 �1

#
T} QD=t =@ A

C =

"�1 �2
1 1

#
=) C�1AC =

"�1 �2
1 1

#�1 "�4 �6
3 5

#"�1 �2
1 1

#
=

" 1 2
�1 �1

#"�4 �6
3 5

#"�1 �2
1 1

#
=

"2 0
0 �1

#
= D

=yT} QD=t uOQm |Q]k OQ@ Q=m 13�6
T} QD=t =@ x@=WDt A Qo = "OQm xO=iDU= =yT} QD=t |=yu=wD |x@U=Lt QO u=wD|t =yT} QD=t uOQm |Q]k R=

&s} Q=O OW=@ C�1AC p}O@D CHD |Q]k

D = C�1AC =) Dk = (C�1AC)k = C�1ACC�1AC : : : C�1AC| {z }
Q=@ k

= C�1AkC

=) Dk = C�1AkC =) Ak = CDkC�1

u; x@ =Q VQ]k |wQ |=yx}=QO CU= |i=m \ki w CU= u=U; D |Q]k |=yu=wD x@U=Lt s} wW|t Qw;O=}
"s}v=UQ@ u=wD

"A9 CU= ?wr]t CU= A =

"�4 �6
3 5

#
s}vm ZQi %p=Ft

p@k |=yp=Ft R= "s} Qw; CUOx@ =Q D w C CU}i=m p=Ft u}= QO %pL
D =

"2 0
0 �1

#
; C =

"�1 �2
1 1

#

A9 = CD9C�1 =

"�1 �2
1 1

#"512 0
0 �1

#"�1 �2
1 1

#�1
=

"�514 �1026
513 1025

#
"CU}v Q}PB|Q]k A =

"5 �3
3 �1

#
T} QD=t O}vm C@=F %p=Ft
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%pL
�2 � 4�+ 4 = 0 =) (�� 2)2 = 0 =) � = 0

(A� 2I2)x = 0 =)
"5 �3
3 �1

#"
x1
x2

#
=

"0
0
#

=) 3x1 � 3x2 = 0 =) x1 = x2 = r =) r

"1
1
#

pkDUt xS} w Q=OQ@ wO w CU= 2 � 2 |U} QD=t A xm|r=L QO CU= |Oa@ lD |=[i l} xS} w |=[i
"CU}v |vOW |Q]k A xH}Dv QO 'OQ=Ov |]N

Ot=aDt |R=U|Q]k 14�6
|=x@=WD p}O@D QO |U} QD=t u}vJ Qo = TB C�1 = Ct s}v=O|t CU= Ot=aDt |U} QD=t C xm |Dr=L QO
x@=WD |=yp}O@D R= ẁv u}= =@ x@U=Lt "Ow@ Oy=wN D = CtAC CQwYx@ CiQo Q=Qk xO=iDU= OQwt

"CU= D = C�1AC |x@U=Lt R= QDu=U; |a}@] CQwYx@
"OvQ}o|t Q=Qk xO=iDU= OQwt Qo}O sDU}U x@ C=YDNt R= |tDU}U p}O@D QO Ot=aDt x@=WD |=yp}O@D

OW=@ xDW=O OwHw C Ot=aDt T} QD=t x=oQy 's}t=v|t Ot=aDt |vOW |Q]k =Q A `@ Qt T} QD=t "h} QaD
"OwW |Q]k |U} QD=t D = CtAC xm |Qw]x@

=yvD w Qo = 'CU= Ot=aDt |vOW|Q]k A 'CU= `@ Qt |U} QD=t A s}vm ZQi "x}[k 1�14�6
"OW=@uQ=kDt |U} QD=t Qo =

|Q]kD = CtAC xm |tUk x@ C Ot=aDt T} QD=t CN=U pL=Qt "OW=@ uQ=kDt A s}vm ZQi "u=yQ@
%CU= p}P KQW x@ OW=@

"s} Qw;|t CUOx@ A |xS} w |=[i |=Q@ |=x}=B �1
"�C}tW=�s=Qo Ov};Qi R= xO=iDU= =@ swRr CQwYQO� s} Qw;|tCUOx@ xS} w |=[i Qy|=Q@ Ot=aDt|=x}=B �2

"OvDUy V}=yuwDU Ot=aDt |=yQ=OQ@ u}= xm CU= |U} QD=t C s}vm ZQi �3
"Ow@ Oy=wN |Q]k |U} QD=t D = CtAC T} QD=t �4
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xm |tUk x@ OQ=O OwHw C Ovv=t Ot=aDt |U} QD=t x=ov; OW=@ Ot=aDt |vOW|Q]k A Qo = TmaQ@
=Hv; R= w A = CDCt u}=Q@=v@ "D = CtAC

At = (CDCt)t = (Ct)t(CD)t = CDCt = A

"CU= uQ=kDt A TB

"O}vm |Q]k Ot=aDt Qw]x@ =Q A =

" 1 �2
�2 1

#
uQ=kDt T} QD=t %p=Ft

xm s}vm|t xOy=Wt %pL

�1 = �1 ; v1 = s

"1
1
#

; �2 = 3 ; v2 = r

"�1
1
#

=@ "CU= Ot=aDt v2 w v1 xS} w |=[i "OwW|t D =

"�1 0
0 3

#
w xOw@ Q}PB|Q]k CU= uQ=kDt A uwJ

%s} Q=O C |=yuwDU QO =yv; uO=O Q=Qk w uOQm |=xm}

C =

24 1p2
�1p2

1p2
1p2

35 =) CtAC =

24 1p2
1p2

�1p2
1p2

35" 1 �2
�2 1

#24 1p2
�1p2

1p2
1p2

35 :
swO xHQO |=ysQi 15�6

u=}@ =Q C=YDNt p}O@D |xO}= =OD@= "O}O s}y=wN xUOvy QO =Q uOQm |Q]k OQ@ Q=m |ovwoJ VN@ u}= QO
"OQm s}y=wN

C=YDNt |=yQwLt u=QwO
u=QwO =@ u; |wQ R= x0y0 Ot=aDt sDU}U w xOW xO=O xy C=YDNt Ot=aDt |=yQwLt sDU}U s}vm ZQi
CU= Q} R CQwYx@ y0 w x0 'y w x u}@ \=@DQ= s}v=O|t "OW=@ xOt; CUOx@ =O@t pwL � |x} w=R u=R}t x@8>><>>:x

0 = x cos � + y sin �

y0 = �x sin � + y cos �

www.iedoc.ir



386 xS} w |=yQ=OQ@ w xS} w Q}O=kt 6 pYi

s} Q=O R}v |U} QD=t sQi QO"
x0

y0

#
=

"
cos � sin �

� sin � cos �

#"
x

y

#

p}O@D Q} R CQwYx@
"1
3
#

|x]kv 'C=YDNt |=yQwLt =O@t pwL 450 |xR=Ov= x@ u=QwO QO 'p=Ft Qw]x@
OOQo|t"

x0

y0

#
=

24 1p2
1p2

�1p2
1p2

35"1
3
#

=

"2p2p2
#

swO xHQO |=ysQi h} QaD 16�6
"OwW|t xO}t=v swO xHQO sQi w OvDUy C@=F Q}O=kt c w b 'a u; QO xm ax2 + bxy+ cy2 |Q@H CQ=@a

CWwv Q} R |U} QD=t sQix@ u=wD|t =Q |Q@H CQ=@a u}=

ax2 + bxy + cy2 =
h
x y

i "a b2
b2 c

#"
x

y

#
= XtAX

"O}U} wv@ |U} QD=t sQix@ =Q 5x2 + 6xy � 4y2 swO xHQO CQ=@a %p=Ft
%pL

5x2 + 6xy � 4y2 =
h
x y

i " 5 +3
+3 �4

#"
x

y

#
= XtAX

|]wQNt `]=kt CN=vW 17�6
pt=W xrO=at u}= "s}W=@ xDW=O ax2 + bxy+ cy2 + d = 0 sQix@ CqO=at Q=Owtv R= |r}rLD s}y=wN|t

CWwv u=wD|t |U} QD=t sQix@ "CU= ax2 + bxy + cy2 swO xHQO sQi

XtAX + d = 0
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6�6 pmW
D |Q]k T} QD=t CtAC xm |Qw]x@ OQ=O OwHw C Ot=aDt T} QD=t 'CU= uQ=kDt |U} QD=t A uwJ

xH}Dv QO CtC = I w C�1 = Ct w CU= Ot=aDt C xwqax@ "CU=

XTAX + d = 0 =) Xt(CCt)A(CCt)X + d = 0

XtC(CtAC)CtX + d = 0 =) XtCDCtX + d = 0

X 0Y 0 Ot=aDt sDU}U x@ =Q Ot=aDt Xt = CtX |=yQwLt u=QwO w CU= Ot=aDt |U} QD=t Ct T} QD=t
%s} Q=O X 0Y 0 sDU}U QO "Ovm|t h} QaD

(X 0t)tDXt + d = 0

x=ov; OW=@ X 0 =

"
x0

y0

#
w D =

"
p 0
0 q

#
Qo =

h
x0 y0

i "p 0
0 q

#"
x0

y0

#
+ d = 0 =) px02 + qy02 + d = 0

d 6=0=) x02
�d
p

+
y02
�d
q

= 1

"CU= |]wQNt `]kt l} xrO=at OwN u}= w
"O}vm XNWt =Q u; Q=Owtv w |UQQ@ =Q Q} R sQi %p=Ft

6x2 + 4xy + 9y2 � 20 = 0
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%pLh
x y

i "6 2
2 9

#"
x

y

#
� 20 = 0

A =

"6 2
2 9

#
=) �1 = 10; v1 = r

"1
2
#

; �2 = 5; v2 = s

"�2
1
#

=) C =

24 1p5
�2p5

2p5
1p5

35 =) h
x0 y0

i "10 0
0 5

# h
x0 y0

i� 20 = 0

C=YDNt p}O@D =@ w"
x0

y0

#
=

24 1p5
2p5

�2p5
1p5

35"x
y

#
=) x02

2 +
y02
4 = 1 a = 2; b =

p2

"CU= x0y0 C=YDNt QO |[}@ l} u}= w
CWwv u=wD|t u=QwO u=R}t u}}aD |=Q@"

cos � sin �

� sin � cos �

#
=

24 1p5
2p5

�2p5
1p5

35 =) cos � =
1p5 ; sin � =

2p5 =) � ' 63 50

7�6 pmW

u} QtD 1�17�6
xm CU= u; OvW=@ QiY A T} QD=t |xS} w Q}O=kt |xty xmv; |=Q@ |i=m w sRq \qQW O}vm C@=F �1

"OW=@ u=wD IwB A
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|=y|=xrtHOvJ |Q=OQ@ |=[i |wQ xm =Q jDWt |]N CW=ov |xS} w |=yQ=OQ@ w xS} w Q}O=kt �2
"O} Qw; CUOx@ Ovm|t pta n |xHQO R= QFm =OL

%O} Qw; CUOx@ =Q Q} R n� n |=yT} QD=t|xS} w |=yQ=OQ@ w xS} w Q}O=kt �3266666666666664

a b b � � � b

b a b � � � b

b b a � � � b

: : : : : : : : : : : : : :

: : : : : : : : : : : : : :

: : : : : : : : : : : : : :

b b b � � � a

377777777777775
�?

266666666664

1 1 � � � 1
1 1 � � � 1
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: : : : : : : : : : :

1 1 � � � 1

377777777775
�hr=

=yv; |xS} w |=yQ=OQ@ u}@ |]=@DQ= xJ 'Ov} w=Ut x@=WDt T} QD=t wO |xS} w Q}O=kt xQ=wty xm s}v=O|t �4
#CU= Q=QkQ@

|=yQ=OQ@ w xS} w Q}O=kt u=mt= CQwY QO xOQw; CUOx@ =Q Q} R |=yT} QD=t |xYNWt |=xrtHOvJ �5
%O}vm XNWt =Q xS} w266666666666664
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c1 c2 � � � cn�1 a

377777777777775
�?

266666666666664

x1y1 x1y2 � � � x1yn
x2y1 x2y2 � � � x2yn
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xny1 xny2 � � � xnyn

377777777777775
�hr=

=Q A�1 w A |=yT} QD=t |xYNWt |=y|=xrtHOvJ w xOw@ Q}PBuwQ=w n� n |U} QD=t A Qo = �6
%O}vm C@=F s}t=v@ g(�) w f(�)

g(�) =
(��)n

detA
� f(

1
�

)

xS} w Q=Okt u=wD|t xvwoJ OvW=@ u; |xS} w Q}O=kt �n�1 w : : : '�2 '�1 w n� n |U} QD=t A Qo = �7
#OQw; CUOx@ =Q u; R= �n

'OvW=@ f(�) �l} xHQO u} QDoQR@ ?} Q[=@� |=xrtHOvJ R}=tDt |=yxW} Q �4 w �3 '�2 'la1 Qo = �8
"O} Qw; CUOx@ =Q |=xrtHOvJ u}= x=Qty T} QD=t |xS} w |=yQ=OQ@
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f + g R= |xS} w Q=OQ@ v O}yO u=Wv OW=@ g w f |]N |=yCW=ov R= |=xS} w Q=OQ@ v s}vm ZQi �9
"CU=

x=ov; OvW=@ x@=WDt |=yT} QD=t B w A Qo = O}vm C@=F �10
jAj = jBj �hr=

rank(A) = rank(B) �?
tr(A) = tr(B) �G

OvDUy x@=WDt Bt w At �O
OW=@ Q}PBuwQ=w B Qo = =yvD w Qo = CU= Q}PBuwQ=w A �y

OvDUy x@=WDt B�1 w A�1 x=ov; OW=@ Q}PBuwQ=w A Qo = �w
#CU= =Dm} |Q]k T} QD=t u}= =}; "CU= x@=WDt |Q]k |U} QD=t =@ OW=@ uQ=kDt |U} QD=t A Qo = �11

#=QJ
"CU= A = �I x=ov; OQ=O � xS} w Q=Okt l} \ki xm OW=@ uQ=kDt |U} QD=t A Qo = O}yO u=Wv �12

"O}vm |UQQ@ =Q �x2 � 16xy + 11y2 � 30 = 0 Q=Owtv �13
"O}vm pL a1 = 3; a2 = 2 x}rw= |=y\QW =@ =Q an = 4an�1 + 5an�2 |r[=iD xrO=at �14p pppA B

m m

a a a
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www.iedoc.ir



|]wQNt `]=kt CN=vW 17�6 391

9�6 pmW

10�6 pmW

www.iedoc.ir



%Ov=wD@ O}=@ wHWv=O pYi u}= xar=]t R= TB |WRwt; w |Q=DiQ |=yhOy
"Ovm u=}@ =Q u; |=y|oS} w w h} QaD =Q |]N p}O@D �

"OQw; CUOx@ =Q =yv; w u=}@ =Q xDUy w |]N p}O@D OQ@ w xDUy �
"Ovm C}=F =Q u; w u=}@ =Q Oa)@ x}[k �

"Ov=O@ =Q |]N CqO=at x=oDUO w =yCW=ov u}@ x]@=Q �
"Ov=O@ =Q |]N CqO=at x=oDUO w =yCW=ov u}@ x]@=Q �
"Ov=O@ =Q uoty=v w uoty |]N CqO=at x=oDUO pL �

"OQw; CUOx@ Ov=wD@ =Q C=YDNt Q=OQ@ �
"Ovm u}}aD =Q |]N |=yCW=ov V}=tv T} QD=t �
"OQw; CUOx@ =Q Qo}Om} x@ =yx}=B p}O@D T} QD=t �
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|]N |=yCW=ov
Rn |wQ xOW h} QaD |]N CW=ov =H u; QO "s}OQm |iQat =Q |]N CW=ov l} swyit 'sWW pYi QO

"s}yO|t s}taD |Q=OQ@ |=[i Qy |wQ =Q xO}= u}= uwvm = "s}DiQo Q_v QO T} QD=t l} u=wvax@ =Q
QO 'OUQ|t Q_v x@ "O=O s}y=wN Q=Qk xO=iDU= OQwt =Q |]N |=yCW=ov |Q=OQ@ |=y=[i xU}=kt |=Q@
,=@r=e xH}Dv QO "CU= Rn u=ty '|n |=Q@ |y=vDt Oa@ =@ '|Q=OQ@ |=[i Qy 'Cio u=wD@ |[=} Q xrtH l}

"s}yO Q=Qk EL@ OQwt Rn uDiQo Q_v QO =@ =Q |rm |Q=OQ@ |=[i l} s}v=wD|t

OQ@ w xDUy '|]N |=yCW=ov 1�7
"s}t=v|t Qr=mU= ?Q[ w |Q=OQ@ `tH =Q =yv; xmCU= u; |wQ xOWh} QaD pta wO |=Q=O |Q=OQ@ |=[il}
"Ovvm|t^iL Q} R|vat x@ =Q|]NQ=DN=U xm OvDUy|}=yCW=ov |Q=OQ@ |=[i wOu}@|]N|=yCUW=ov
Qr=mU= l} c w U QO |}=yQ=OQ@ u2 w u1 u}vJty 'OvW=@ |Q=OQ@ |=y=[i V w U s}vm ZQi "h} QaD

%Qo = OwW|t xDio |]N T : U �! V CW=ov l} "OvW=@

T (u1 + u2) = T (u1) + T (u2)

T (cu) = cT (u)

\QW "OQ=ov|t Q=OQ@ wO u; |=yQ} wYD ẁtHt |wQx@ =Q Q=OQ@ wO ẁtHt T xm CU= |vat u}O@ pw= \QW
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"OQ=ov|t Q=OQ@ Q} wYD Qr=mU= ?Q[t u=ty x@ =Q Q=OQ@ l} Qr=mU= ?Q[t T xm CU= u; sRrDUt swO
"OvwW|t ^iL |]N CW=ov CLD Qr=mU= ?Q[ w `tH p=ta= u}=Q@=v@

|]N CW=ov l} T (x; y) = (2x; x+ y) x]@=[ =} T : R2 �! R2 CW=ov O}vm C@=F %1 p=Ft
"CU=

'OvW=@ R2 |=[a= (x1; y1) w (x2; y2) s}vm ZQi Ovm|t ^iL =Q `tH T s}yO|t u=Wv pw= %pL
CQwYu}= QO

T ((x1; y1) + (x2; y2)) = T (x1 + x2; y1 + y2) (=yQ=OQ@ `tH x@ xHwD =@)
= T (2x1 + 2x2; x1 + x2 + y1 + y2) (T h} QaD x@ xHwD =@)
= (2x1; x1 + y1) + (2x2; x2 + y2) (=yQ=OQ@ `tH)

= T (x1; y1) + T (x2; y2) (h} QaD x@ xHwD =@)

"Ovm|t ^iL =Q |Q=OQ@ `tH T u}=Q@=v@
%OW=@ Qr=mU= l} c s}vm ZQi "Ovm|t ^iL =Q Qr=mU= ?Q[ T s}yO|t u=Wv uwvm =

T (c(x1; y1)) = T (cx1; cy1) (Q=OQ@ QO Qr=mU= ?Q[ x@ xHwD =@)
= (2cx1; cx1 + cy1) (T h} QaD x@ xHwD =@)
= c(2x1; x1 + y1) (Q=OQ@ QO Qr=mU= ?Q[)

= cT (x1; y1) (h} QaD x@ xHwD =@)

|=yCW=ov u}@ Cw=iv |Oa@ p=Ft "CU= |]N T xH}Dv QO "Ovm|t ^iL =Q Qr=mU= ?Q[ T u}=Q@=v@
"OyO|t u=Wv =Q `@=wD w |Q=OQ@ |=y=[i |]N

OW=@ n R= QDW}@=v xHQO R= |k}kL |=y|=xrtHOvJ R= pmWDt |Q=OQ@ |=[i pn O}vm ZQi %2 p=Ft
p}O@D s}yO|t u=Wv

T : P �! F

T (ax2 + bx+ c) = (a+ b)x+ c

"CU= |]N CW=ov l}
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"OvW=@ P 2 R= |y=wNrO |=[a= ax2 + bx+ c w px2 + qx+ r s}vm ZQi %pL
T ((ax2+bx+ c) + (px2 + qx+ r))

= T ((a+ p)x2 + (b+ q)x+ (c+ r) (|Q=OQ@ `tH x@ xHwD =@)
= ((a+ p+ b+ q)x+ (c+ r) = (a+ b)x+ c+ (p+ q)x+ r

= T (ax2 + bx+ c) + T (px2 + qx+ r)

"Ovm|t ^iL =Q `tH T TB
%TB 'OW=@ Qr=mU= l} k s}vm ZQi "Ovm|t ^iL =Q Qr=mU= ?Q[ T s}yO|t u=Wv uwvm =

T (k(ax2 + bx+ c)) = T (kax2 + kbx+ kc) (T h} QaD)
= (ka+ kb)x+ kc (Qr=mU= ?Q[ x@ xHwD =@)
= k((a+ b)x+ c)

= kT (ax2 + bx+ c) (T h} QaD)
xm jDWt X=wN x@ xHwD =@ uwvm = CU= |]N CW=ov l} T u}=Q@=v@ 'Ovm|t ^iL =Q Qr=mU= ?Q[ T

"OR=U|t |]N CW=ov l} jDWt s} Q}o|t xH}Dv CU=vW; u; =@ ?=UL TQO QO xOvv=wN
OQwt uDt u}= QO QDW}@ Ctqa u}= xm CU= d

dx u=ty D 'OW=@ jDWt Qorta D s}vm ZQi %3 p=Ft
p=Ft |=Q@ �OQ}o|t Q=Qk xO=iDU=

D(4x3 � 3x2 + 2x+ 1) = 12x2 � 6x+ 2

u=Wv p=L "OQ=ov|t p2 R= 2x2 � 6x + 2 w[a |wQx@ =Q p3 R= 4x3 � 3x2 + 2x + 1 w[a D
VOwN |wQx@ |Q=OQ@ |=[i l} R= |]N CW=ov l}� "CU= pn |wQ |]N Qorta l} D s}yO|t
D xm OyO|t xH}Dv |v=U;x@ jDWt X=wN 'OvW=@ Qr=mU= l} c w pn |=[a= f w g O}vm ZQi �CU=

%CU= |]N Qorta
D(f + g) = Df +Dg

D(cf) = cD(f)

Qo}O |Q=OQ@ |=[i |wDx@ �xvt=O� |Q=OQ@ |=[i l} R= |a@=D R= CU= CQ=@a |]N CW=ov l} s}v=O|t
OwHw OvwW|t xO}t=v Q} wYD w xDUy xm |Q=OQ@ |=[i wO |]N CW=ov Qy |=Q@ "CU= �O}t=v@ xvt=O sy�
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"s}yO|t Q=Qk |UQQ@ OQwt =Q =y=[i u}= X=wN w s}vm|t |iQat VN@ u}= QO xm "OQ=O
"OyO|t |]N Cq}O@D R= syt C}Y=N l} Q} R x}[k

Ou s}vm ZQi u}vJty "OW=@ |]N CW=ov l} T : U �! V s}vm ZQi "x}[k 1�1�7
QiY Q=OQ@ |]N CW=ov l} |va} T (Ou) = Ov CQwYu}= QO OvW=@ V w U QiY |=yQ=OQ@ Ov w

"Ovm|t Q} wYD QiY Q=OQ@ x@ =Q
QiY Qr=mU= l} o s}vm ZQi u}vJty 'OvW=@ T (u) = v w U QO Q=OQ@ l} u s}vm ZQi "C=@F=

%s} Q=O CU= |]N T w ov = Ov w ou = Ov xm =Hv; R= "OW=@

T (ou) = T (ou) = oT (u) = ov = Ov

"OW=@ |]N CW=ov l} T : U �! V O}vm ZQi "h} QaD
=@ xDUy "OvwW|t xO}t=v T xDUy OvwW|t Q} wYD V |Q=OQ@ |=[i QiY x@ xm U R= |=yQ=OQ@ xawtHt
xO}t=v T OQ@ OvW=@|t U QO |}=yQ=OQ@ Q} wYD xm V QO |=yQ=OQ@ xawtHt "OwW|t xO=O V}=tv ker(T )

u=Wv 1�7 pmW QO |OwyW RQ] x@ =yxawtHt u}= "OwW|t xO=O V}=tv rang(T ) =@ T OQ@ "OwW|t
|=[i =yv; xm s}v=O@ s}W=@ QO=k |DU}=@ 'OwW|t |iQat |]N Q@H QO xawtHt l} |Dkw "Ov=xOW xO=O

"OvDUy |Q=OQ@ |=y=[i OQ@ w xDUy s}yO|t u=Wv uwvm = 'Q}N=} OvDUy |Q=OQ@

1�7 pmW

%OW=@ |]N CW=ov l} T : U �! V s}vm ZQi "x}[k 2�1�7
"CU= U R= |}=[iQ} R T xDUy �hr=

"CU= V R= |}=[iQ} R T OQ@ �?
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C=@F= |=Q@ 'CU= U QiY Q=OQ@ pt=W =Q} R CU= |yD=v xDUy xm s}v=O|t =t |r@k x}[k R= �hr= "C=@F=
"CU= xDU@ Qr=mU= ?Q[ w `tH CLD xm s}yO|t u=Wv "CU= U R= |}=[iQ} R xDUy xmv}=

u}=Q@=v@ OvW=@ T xDUy R= w[a wO u2 w u1 s}vm ZQi "CU= xDU@ `tH CLD s}vm|t C@=F =OD@=
%s} Q=O T uOw@ |]N R= xO=iDU= =@ T (u2) = 0 w T (u1) = 0

T (u1 + u2) = T (u1) + T (u2) = 0 + 0 = 0

ker(T ) s}yO|t u=Wv p=L CU= ker(T ) QO u1 +u2 u}=Q@=v@ "OwW|t Q} wYD 0 |wQx@ u1 +u2 Q=OQ@
uOw@ |]N R= xO=iDU= =@ xQ=@ wO "OW=@ Qr=mU= l} c s}vm ZQi 'CU= xDU@ xW}ty Qr=mU= ?Q[ CLD

%s} Q=O T
T (cu1) = cT (u1) = c0 = 0

|}=[iQ} R l} xH}Dv QO 'CU= xDU@ Qr=mU= ?Q[ w `tH CLD xDUy w CU= ker(T ) QO cu1 u}=Q@=v@
"CU= U R=

OQ@ xmv}= C=@F= |=Q@ "CU= V QiY Q=OQ@ pt=W OQ@ u}= =Q} R 'CU= |yD=v OQ@ p@k x}[k Q@=v@ �?
v2 w v1 s}vm ZQi "CU= xDU@ Qr=mU= ?Q[ w `tH CLD xm s}yO|t u=Wv 'CU= V |=[iQ} R l}
w T (w1) = v1 xm OvQ=O OwHw U wQtrk QO w2 w w1 |=yQ=OQ@ u}=Q@=v@ "OvW=@ range(T ) |=[a=

%T uOw@ |]N R= xO=iDU= =@ 'T (w2) = v2

T (w1 + w2) = T (w1) + T (w2) = v1 + v2

%T uOw@ |]N R= xO=iDU= =@ "OW=@ Qr=mU= l} c s}vm ZQi "CU= OQ@ QO v1 + v2 u}=Q@=v@

T (cw1) = cT (w1) = cv1

CU= xDU@ Qr=mU= ?Q[ w `tH CLD OQ@ "OQ}o|t Q=Qk OQ@ QO cv1 u}=Q@=v@ "CU= cw1 Q} wYD cv1 Q=OQ@
"CU= V R= |}=[iQ} R =Hv; R=

"O}@=}@ =Q T (x; y; z) = (x; y; 0) |]N OQorta OQ@ w xDUy %4 p=Ft
wO Qy OQ@ w xDUy 'Ovm|t Q} wYD R3 |wD x@ =Q R3 |Q=OQ@ |=[i T |]N Qorta xm =Hv; R= %pL

"OvW=@|t R3 R= |Q=OQ@ |=y=[iQ} R
%x m s } v=O| t "OwW| t x DW= o v (0; 0; 0) Q=OQ @ |wQx @ x m CU= |=xaw tH tQ } R ker(T ) %x DUy
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xawtHt ker(T ) u}=Q@=v@ "y = 0 w x = 0 Qo = \ki w Qo = T (x; y; z) = (x; y; 0) = (0; 0; 0)

%s}vm|t u=}@ CQwYu}= x@ =Q xawtHt u}= "OW=@|t (0; 0; z) pmW x@ |}=yQ=OQ@ xty

ker(T ) = f(0; 0; z)g

|xawtHt T OQ@ "OW=@|t OvDUy `k=w =yz QwLt |wQ xm |}=yQ=OQ@ xty xawtHt ker(T ) |UOvy Qw]x@
u}=Q@=v@ "OW=@|t (x; y; 0) pmW x@ |}=yQ=OQ@ |xty

range(T ) = f(x; y; 0)g

"OW=@|t OvQ=O Q=Qk xy xLiY QO xm |}=yQ=OQ@ xty |xawtHt range(T )

=Q (x; y; z) Q=OQ@ T s}vm|t xOy=Wt "s}=xO=O u=Wv 2�7 pmW QO =Q |]N p}O@D u}= C=YNWt
l} T "OQ=ov|t xy xLiY |wQx@ =Q =yQ=OQ@ xty T "OQ=ov|t xy xLiY QO (x; y; 0) Q=OQ@ |wQx@

"CU= |Q} wYD Qorta R= p=Ft

2�7 pmW
=Q -|W l} =t xm |Dkw "OQ=O Oa@ xU s}vm|t |oOvR =t xm |v=yH QO "OvDUy syt =yOQ@ Q=m QO Q} w=YD
Ov=wD|t Q} wYD"Ovl|t Q}}eD =Hx@=H R=Ov=sWJ 's} Q}o|t =Q sUH l} R= |Oa@ wO Vkv =t s}vm|t xOy=Wt
OQwt =[i Qy QO |OH Qw]x@ w |Q=tat QO OwW|t xO}O =yv; uwo =vwo |}=Hx@=H R= |Oa@xU |=}W= xJv;
l} x@ |@U=vt C=YDNt x=oDUO =@ \=@DQ= QO ?r=H -|W l} |HQ=N \w]N "OQ}o|t Q=Qk xO=iDU=
xLiY l} |wQ =Q <=}W= xm CU= |Q} wYD p}O@D l} pt=W QDw}Bt=m |=yxt=vQ@ "OvQ=O \=@DQ= |RmQt QDw}Bt=m
u}= QO "CU= xO}UQ QDw}Bt=m x@ Q} w=YD \UwD xm 'CU= s=UH= |Oa@ wO R=Ov=sWJ |HwQN "Ovm|t Q} wYD

"OvwW sUH uwo =vwo w}DmBUQB x@ QHvt xm OwW xO=iDU= Ov=wD|t |vwo =vwo Cq}O@D R= VwQ
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3�7 pmW
T} QD=t p}O@D l} OQ@ OQwt QO |D=aq]= Oa@ x}[k "s}vm|t h}YwD =Q Cq}O@D T} QD=t OQ@ w xDUy uwvm =

"OyO|t u=Wv =t x@

|vwDU |=yQ=OQ@ \UwD T (u) = Au =@ xOW h} QaD T : Rn �! Rm OQ@ "x}[k 3�1�7
"O};|t O}OB A

x}=B ?ULQ@ =Q u 'T (u) = v xm OQ=O OwHw u Q=OQ@ 'OW=@ T OQ@ R= Q=OQ@ l} v s}vm ZQi "C=@F=
"s}vm|t u=}@ Rn OQ=Ov=DU=

u = a1e1 + � � �+ anen

u}=Q@=v@
v = T (a1e1 + � � �+ anen) = a1T (e1) + � � �+ anT (en)

"OvQw;|t O}OB =Q A OQ@ T (e1); : : : ; T (en) CQwYx@ A |vwDU |=yQ=OQ@ xH}Dv QO
"O}vm u}}aD =Q Q} R T} QD=t \UwD xOW h}YwD |]N p}O@D OQ@ w xDUy %p=Ft

A =

26641 2 3
0 �1 1
1 1 4

3775
T (x) = A(x) CU= T : R3 �! R3 |]N Qorta l} u}=Q@=v@ "CU= 3�3 T} Qv=t l} A %pL

"OvwW|t ?Q[ A T} QD=t QO xm OvwW|t xDWwv |vwDU pmW x@ R3 |=[a=
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u}=Q@=v@ T (x) = 0 xm |Qw]x@ CU= R3 QO x = (x1; x2; x3) |=yQ=OQ@ xty pt=W xDUy26641 2 3
0 �1 1
1 1 4

3775
2664x1
x2
x3

3775 =

26640
0
0

3775
%CU= Q} R |]N CqO=at x=oDUO =@ Q_=vDt =yT} QD=t |w=UD u}=

x1+2x3+3x3 =0
� x2+ x3 =0

x1+ x2+4x3 =0

xH}Dv QO "x3 = r w x2 = r 'x1 = �5r 's} Q}o|t Q_v QO =Q =y?=wH xawtHt x=oDUO u}= pL |=Q@
"OW=@|t (�5r; r; r) pmW x@ |}=yQ=OQ@ xDUy

ker(T ) = f(�5r; r; r)g

"OW=@|t (�5; 1; 1) x}=B =@ R3 R= |Oa@ l} |=[iQ} R l} ker(T )

T} QD=t l} |=yQ]U u=wvax@ |vwDU |=yQ=OQ@ u}= "OwW|t O}rwD A |vwDU |=yQ=OQ@ \UwD OQ@ %OQ@
x}=B l} QiYQ}e |Q]U |=yQ=OQ@ "OwW|t p}O@D |Q]U xDi=} p} wLD T} QD=t pmW x@ w OvwW|t xDWwv

%s} Q=O 'OvyO|t p}mWD OQ@ |=Q@26641 0 1
2 �1 1
3 1 4

3775 �
26641 0 1
0 �1 �1
0 1 1

3775 �
26641 0 1
0 1 1
0 1 1

3775 �
26641 0 1
0 1 1
0 0 0

3775
u}= R= |]N ?}mQD OQ@ QO x=wNrO Q=OQ@ l} "OvQw;|t O}OB =Q T OQ@ (0; 1; 1) w (1; 0; 1) |=yQ=OQ@

"Ow@ Oy=wN x}=B |=yQ=OQ@
s(1; 0; 1) + r(0; 1; 1)

"CU= u}vJ T OQ@ u}=Q@=v@
range(T ) = f(s; t; s+ t)g

u}@ syt \=@DQ= Q} R |x}[k "CU= (1; 0; 1) w (0; 1; 1) x}=B =@ R3 R= |Oa@ wO |=[iQ} R range(T )

"Ovm|t u=}@ =Q |]N p}O@D l} OQ@ w xDUy Oa@
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CQwYu}= QO 'OW=@ |]N CW=ov l} T : U �! V s}vm ZQi "x}[k 4�1�7
dimker(T ) + dimrange(T ) = dimdim(T )

"C U= Q=Q kQ @ q= @ p= F t QO T | ] N C W= o v |=Q @ x H } D v u }= O } v m xO y= W t
dimker(T ) = 1; dimrange(T ) = 2; dimdim(T ) = 3

=tW� CU}v U R= M=QwU l} xm |vat u}O@ w OW=@ QiY Q=OQ@ R= V}@ pt=W xDUy s}vm ZQi "C=@F=
"�O}vm|t C@=F =Q u}= Oa@ C=v} QtD QO |Y=N Cr=L QO

u}= x@ um+1; : : : ; un |=yQ=OQ@ uOQm xi=[= =@ OvW=@ ker(T ) |=Q@ x}=B l} um w : : : 'u1 O}vm ZQi
p}mWD T (um+1); : : : ; T (un) s}yO|t u=Wv "OwW|t pY=L U |=Q@ u1; : : : ; un |x}=B xawtHt
Ov=wD|t u 'OW=@ U QO |Q=OQ@ u s}vm ZQi "OwW|t C=@F= x}[k xH}Dv QO w OyO|t OQ@ |=Q@ x}=B l}

"OwW u=}@ Q} R CQwYx@ x}=B |=yQ=OQ@ R= |]N ?}mQD CQwYx@
u = a1u1 + � � �+ amum + am+1um+1 + � � �+ anun

%OyO|t xH}Dv T uOw@ |]N

T (u) = a1T (u1) + amT (um) + am+1T (um+1) + � � �+ anT (un)

%s} Qw;|t CUOx@ 'OvW=@|t xDUy QO u1; � � � ; un xm =Hv; R=

T (u) = am+1T (um+1) + � � �+ anT (un)

"OvQw;|t O}OB =Q OQ@ T (un) w : : : 'T (um+1) |=yQ=OQ@ u}=Q@=v@ "CU= T OQ@ R= |y=wNrO Q=OQ@ T (u)

s}vm ZQi 'OvDUy |]N pkDUt =yQ=OQ@ u}= s}vm|t C@=F uwvm =
bm+1T (um+1) + � � �+ bnT (un) = 0 (1)

xm OyO|t xH}Dv T uOw@ |]N "Ov=xOW ?U=vt |=yT}Ov= |=Q=O |v=U; CyH =yQr=mU= u; QO xm
T (bm+1um+1 + � � �+ bnun) = 0

?}mQD l} CQwYx@ u}=Q@=v@ "CU= xDUy QO bm+1um+1 + � � �+ bnun Q=OQ@ xm CU= |vat u}O@ u}=
s}vm ZQi"OwW|t u=}@ x}=B |=[a= R= |]N

bm+1um+1 + � � �+ bnun = c1u1 + � � �+ cmum
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u}=Q@=v@
c1u1 + � � �+ cmum � bm+1um+1 � � � � � bnun = 0

"OvDUy |]N pkDUt TB OvW=@|t x}=B l} u1; : : : ; um+1 w u1; : : : ; um |=yQ=OQ@ xm =Hv; R=
=@ "c1 = 0; : : : ; cm = 0 w bm+1 = 0; : : : ; bn = 0 "OvDUy QiY |oty ?}=Q[ u}=Q@=v@
|=yQ=OQ@ xawtHt "OvDUy |]N pkDUt T(um+1); : : : ; T (un) s} Q}o|t xH}Dv �1� x]@=Q x@ xHwD

"OW C=@F= x}[k u}=Q@=v@ "OvDUy OQ@ |=Q@ |=x}=B T (um+1); : : : ; T (un)

T} QD=t|vwDU |=[iT} QD=t|vwDU |=yQ=OQ@\UwD xOW O}rwD |=[i xm s}vm|t |Qw;O=} xOvv=wN x@
%s}} wo@ s}v=wD|t xH}Dv QO "s}t=v|t T} QD=t x@DQ =Q |vwDU |=[i Oa@ w OvwW|t xO}t=v

"CU= T} QD=t x@DQ |]N CW=ov T} QD=t l} OQ@ Oa@
"O}@=}@ =Q Q} R T} QD=t \UwD xOW h} QaD T |]N CW=ov OQ@ w xDUy Oa@ %6 p=Ft

A =

26641 0 3
0 1 5
0 0 0

3775
OvDUy |]N pkDUt |Q]U |=yQ=OQ@ "CU= xDi=} p} wLD pmW x@ AT} QD=t xm s}vm|t xOy=Wt %pL

"dimrange(T ) = 2 xH}Dv QO rank(A) = 2 u}=Q@=v@
CW=ov l} xDUy dimker(T ) = 1 u}=Q@=v@ dimdomain(T ) = 3 TB CU= R3 Q@=Q@ T xvt=O
CW=ov x@DQ dimrange(T ) w xDUy Oa@ dimker(T ) = 1 "OwW|t xO}t=v IwB |=[i ?re= T |]N
"CU= T} QD=t x@DQ CW=ov T} QD=t l} Oa@ xm O};|tQ@ u}vJ OW xOy=Wt xJv; R= "OwW|t xO}t=v |]N

%OwW|t xDWwv Q} R pmW x@ w OOQo|t u=}@ |JwB  x@DQ x}[k u=wvax@ ?re= |r@k x}[k

rank(T ) + nullity(T ) = dimdomain(T )

u}= |Qw�D OQ@ Q=m w s} Q@|t u=}=B x@ |]N p}O@D uOw@ l}x@ l} w xDUy u}}@ uO=O \=@DQ= =@ =Q VN@ u}=
"OQm s}y=wN x_Lqt =Q \=@DQ=

w[a l} ,=k}kO Q} wYD =@ Q_=vDt T OQ@ QO w[a Qy Qo = OwW|t xO}t=v l}x@l} T CW=ov l} "h} QaD
T (u) = T (v) Qo = CU= l}x@l} T xm CU= |vat u}O@ u}= "O}v}@@ =Q 4�7 pmW "OW=@ T xvt=O R=

"u = v OyO|t xH}Dv
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4�7 pmW

"OW=@ QiY Q=OQ@ u; xDUy Qo = =yvD w Qo = CU= l}x@l} T |]N CW=ov l} "x}[k 5�1�7
xDW=ov QiY Q=OQ@ |wDx@ xm |}=yQ=OQ@ xty pt=W xDUy "OW=@ l}x@l} T s}vm ZQi =OD@= "u=yQ@
QiY Q=OQ@ s}v=O|t =t= "OW=@ Q=OQ@ l} pt=W O}=@ xDUy CU= l}x@l} T xm =Hv; R= "OW=@|t 'OvwW|t
ZQi"OW=@ QiY Q=OQ@ xDUy s}vm ZQi TmaQ@ "CU= QiY Q=OQ@ xDUy u}=Q@=v@ OW=@ |DU}=@ xDUy QO

%s} Q=O 'xOQ@ Q=mx@ =Q T |]N Qorta " T (u) = T (v) xm OvW=@ |}=yQ=OQ@ v w u s}vm

T (u)� T (v) = 0
T (u� v) = 0

u}=Q@=v@ "CU= QiY Q=OQ@ xDUy =t= "CU= xDUy QO u� v u}=Q@=v@

u� v = 0
u = v

"CU= l}x@l} CW=ov xH}Dv QO

CU= l}x@l} T (x) = Ax \UwD xOW h} QaD T : Rn �! Rm p}O@D "x}[k 6�1�7
"OW=@ OQivt=v A Qo = =yvD w Qo =

xm OyO|t xH}Dv |JwB x@DQ x}[k ker(T ) = 0 u}=Q@=v@ OW=@ l}x@l} T s}vm ZQi %C=@F=
CU= n Q@=Q@ x@DQ xm s} Q}o|t xH}Dv "OvDUy |]N pkDUt A Q=OQ@ uwDUn u}=Q@=v@ dimrange(T ) = n

"jA 6= 0 w
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|]N pkDUt u; |vwDU Q=OQ@ n w CU= n Q@=Q@ A x@DQ u}=Q@=v@ OW=@ OQivt=v A xm s}vm ZQi TmaQ@
ker(T ) = 0 |va} dimrange(T ) = n xm O};|t CUOx@ sRq xH}Dv u}= |JwB x@DQ x}[k R= "OvDUy

"CU= l}x@l} T u}=Q@=v@
"OvDUy l}x@l} Q} R |=yT} QD=t =@ xOW h} QaD TB w TA |]N |=yCW=ov xm O}vm u}}aD %7 p=Ft

B =

26642 0 �1
3 4 2
0 7 5

3775 �? w A =

26641 �2 5 7
0 1 9 8
0 0 1 3

3775 �hr=

s } Q } o| t xH } D v rank(A) = 3 O v DUy |]N pk DU t A|=yQ ]U x m = H v; R= �h r= %pL
x}[k R= xO=iDU= =@ dimdomain(TA) = 4 u}=Q@=v@ CU= R4 QO T xvt=O dimrange(TA) = 3
CW=ov 'CU= QiY=v Q=OQ@ xDUy dimker(TA) 6= 0 xm |}=Hv; R= dimker(TA) = 1 |JwB x@DQ

"CU}v l}x@l}
"CU= l}x@l} TB CW=ov u}=Q@=v@ "CU= OQivt=v B T} QD=t jBj 6= 0 xm O=O u=Wv u=wD|t �?

xawtHt Qo = "OW=@ l}x@l} |]N CW=ov l} T : U �! V s}vm ZQi "x}[k 7�1�7
CQ=@ax@ "CU= |]N pkDUt V QO fT (u1); : : : ; T (un)g 'OW=@ |]N pkDUt U QO fu1; : : : ; ung

"Ovl|t ^iL =Q |]N pqkDU= 'l}x@l} |]N CW=ov l} xm Qo}O
s}vm ZQi "C=@F=

a1T (u1) + � � �+ anT (un) = 0 (2)

'T (a1u1+� � �+anun) = 0CWwv u=wD|tCU=|]NT xm|}}=Hv; R= 'an w : : : wa1 |=yQr=mU=|=Q@
xawtHt =t= a1u1 + � � � + anun = 0 xH}Dv QO "CU= QiY Q=OQ@ xDUy u}=Q@=v@ 'CU= l}x@l} T

u}=Q@=v@ CU= |]N pkDUt fu1; : : : ; ung
a1 = 0; : : : ; an = 0

"CU= |]N pkDUt fT (u1); : : : ; T (un)g '�2� xrO=at x@ xHwD =@

u} QtD 8�1�7
|]N T (x; y) = (3x; x + y) \UwD xOW h} QaD T : R2 �! R2 CW=ov xm O}vm C@=F �1

"O}@=}@ =Q Qorta u}= CLD (�1; 2) w (1; 3) |=yQ=OQ@ Q} wYD CU=
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h} QaD T : R2 �! R2 |]N CW=ov l} T (x; y) = (x + 2y; 3y; x � y) O}vm C@=F �2
"O}vm =O}B =Q (0; 4) w (1; 1) Q} wYD "Ovm|t

"OvDU}v |]N Q} R T : R2 �! R |=yQorta O}vm C@=F �3
T (x; y) = y � 2 �hr=
T (x; y) = x� 3 �?

T (ax2+bx+c) = cx2+a "CU=|]N Q} R QO xOWh} QaDT : P2 �! p2 Qorta O}yOu=Wv �4
"OW=@ xDW=O =Q Q} wYD u=ty xm O}@=}@ =Q P2 R= |Qo}O w[a "O}vm =O}B =Q 3x2 � x+ 2 Q} wYD

Q} wYD "CU= |]N p2 �! p1 R= T (ax2 + bx + c) = bx + c Qorta xm O}yO u=Wv �5
"O}vm u}}aD =Q CU= Q} wYD u=ty |=Q=O xm p� 2 R= |Qo}O w[a "O}@=}@ =Q 3x2 � x+ 2

"CU}v |]N p1 �! p1 R= T (ax+ b) = x+ a Qorta O}vm C@=F �6
|]NCW=ov Qy OQ@ w xDUy 'xDiQo Q_v QO =Q Q} R |=yT} QD=t\UwD xOWh} QaDT |]N|=yCW=ov �7
dimker(T )+dimrange(T ) = dimdomain(T )CW=ov Qy |=Q@ O}yO u=Wv "O}vm u}}aD =Q"1 2 3
0 1 2

#
�Q

" 1 2
�1 3

#
�O

"2 4
4 8

#
�G

"2 0
3 0

#
�?

"1 2
3 0

#
�hr=26641 1 5

0 1 3
2 1 7

3775 �|
2664 1 2 1
�1 �2 1
2 4 1

3775 �y
26640 1 0
0 2 0
0 0 4

3775 �w
26641 0 0
0 2 0
0 0 3

3775 �R

CW=ov Qy |=Q@ O}yO u=Wv"O}vm u}}aD =Q Q} R |=yCW=ov R= s=Om Qy OQ@ w xDUy �8

dimker(T ) + dimrange(T ) = dimdomain(T )

R3 �! R3 R= T (x; y; z) = (x; 0; 0) �hr=
R3 �! R2 R= T (x; y; z) = (x+ y; z) �?
R3 �! R R= T (x; y; z) = (x+ y + z) �G
R2 �! R3 R= T (x; y; z) = (3x; x� y; y) �O
U QiY Q=OQ@ 0 w U QO C@=F Q=OQ@ v 'OW=@ U QO |y=wNrO Q=OQ@ u w T : U �! V O}vm ZQi �9

"O}@=}@ =Q |]N CW=ov Qy OQ@ w xDUy "OvDUy |]N Q} R |=yCW=ov O}vm C@=F 'OvW=@
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T (u) = 5u �hr=
T (u) = 2u+ 3v �?

�OwW|t xO}t=v u |wQ |v=ty CW=ov� T (u) = u �G
�OwW|t xO}t=v u |wQ QiY CW=ov� T (u) = o �O

\UwD xOW h} QaD |]N |=yCW=ov R= s=Om Qy OQ@ w xDUy Oa@ w O} Q@@ Q=mx@ =Q |JwB x@DQ x}[k �10
#OvDUy l}x@l} |=yCW=ov R= l} s=Om "O}vm u}}aD =Q =yT} QD=t

C =

26641 7 3 2
0 1 5 4
0 0 1 7

3775 �G B =

26641 4 2
0 1 9
0 0 1

3775 �? A =

26641 8 2
0 1 �4
0 0 0

3775 �hr=

F =

2666664
1 2 �3
�2 4 6
0 2 �1
0 �4 2

3777775 �R E =

26641 �2 3 5
1 �1 8 7
2 �4 6 10

3775 �Q D =

26641 7 3
0 1 5
0 0 0

3775 �O

O}vm u}}aD Q} R|=yT} QD=t \UwD x@ xOW h} QaD |]N CW=ov OQwt QO u=v}tQDO R= xO=iDU= =@ �11
#Q}N =} OvDUy l}x@l}26641 2 3

2 4 6
3 6 9

3775 �G
2664 3 2 4
�2 0 0
5 1 2

3775 �?
26641 2 5
0 3 6
0 0 4

3775 �hr=
2666664

2 1 3 0
4 3 0 2
�1 7 8 1
0 �2 4 0

3777775 �R

2666664
2 0 1 3
0 1 4 7
0 0 3 8
0 0 0 �4

3777775 �Q
2664�1 2 4

3 1 2
1 5 10

3775 �O

QO� C@=F \=kv T (u) = u Qo = CU= T R= C@=F x]kv u Q=OQ@ l} T : U �! V O}vm ZQi �12
"O}@=}@ =Q Q} R |=yCW=ov R= s=Om Qy �OwHw CQwY

T (x; y) = (x; 3y) �hr=
T (x; y) = (x; 2) �?

T (x; y) = (x; y + 1) �G
T (x; y) = (x; y) �O
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T (x; y) = (y; x) �y
T (x; y) = (x+ y; x� y) �w

"OW=@|t =[iQ} R l} C@=F \=kv xty xawtHt OW=@ |]N T Qo = O}vm C@=F �R
xm O}vm C@=F OW=@ |]N CW=ov l} T : U �! V s}vm ZQi �13

dimker(T ) + dimrange(T ) = dimdomain(T )

ker(T ) = 0 xm |Dkw �hr=
ker(T ) = U xm|Dkw �?

"�OW=@|t 4�7 x}[k C@F= QO X=N Cr=L wO =yv}=�
OW=@ |]N CW=ov l} T : U �! V O}vm ZQi �14

"ker(T ) = 0 Qo = =yvD w Qo = range(T ) = V x=ov; dim(U) = dim(V )|Dkw O}vmC@=F �hr=
"range(T ) = 0 Qo = =yvD w Qo = ker(T ) = U O}vm C@=F �?

Oa@ R= Ov=wD|tv RoQy T OQ@ Oa@ O}vm C@=F OW=@ |]N CW=ov l} T : U �! V O}vm ZQi �15
"OW=@ QDW}@ xvt=O

T} QD=t l} At 'Ovl|t h} QaD T : Rn �! Rm CW=ov l}m�nT} QD=t A O}vm ZQi �16
%O}yO u=Wv "Ovm|t h} QaD T t : Rm �! Rn CW=ov l} xm OW=@ m� n

dimrange(T ) = dimrange(T t)

xty xawtHt O} Q}o@ Q_v QO =Q R3 �! R3 R= T (x; y; z) = (x; y; 0) QO |Q} wYD CW=ov �17
sUQ =Q xawtHt u}= O}@=}@ =Q OvwW|t Q} wYD (1; 2; 0) Q=OQ@ |wQx@ T \UwD xm R3 QO |=yQ=OQ@

"O}vm
xty xawtHt O} Q}o@ Q_v QO =Q R2 �! R2 R= T (x; y) = (x� y; 2y � 2x) |]N Qorta �18

"O}vm sUQ w =O}B =Q OvwW|t Q} wYD (2;�4) Q=OQ@ |wQx@ T \UwD xm R2 QO |=yQ=OQ@
xty OW=@ T (x; y) = (2x; 3x) \UwD xOW h} QaD T : R2 �! R2 |]N Qorta s}vm ZQi �19
xawtHt u}= =}; "O}vm sUQ w xDi=} OvwW|t Q} wYD (4; 6) Q=OQ@ |wQx@ T \UwD xm =Q |}=yQ=OQ@

"CU= R2 R= |}=[iQ} R
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'OW=@ T (x; y; z) = (x� y; x+ z) \UwD xOW h} QaD T : R3 �! R2 |]N CW=ov Qo = �20
=}; "O}vm sUQ w =O}B =Q OwW|t Q} wYD (1; 4) Q=OQ@ |wQx@ T \UwD xm =Q |=yQ=OQ@ xty xawtHt

#CU= =[iQ} R l} xawtHt u}=
QO QiY=v Q=OQ@ l} v O}vm ZQi u}v�ty 'OW=@ |]N CW=ov l} T : U �! V O}vm ZQi �21
R= |}=[iQ} R l} W =}; "T (W ) = v xm OW=@ U QO |}=yQ=OQ@ xawtHt W u}vJty OW=@ V

#CU= U
"O@}=}@ =Q T OQ@ w xDUy CU= |]N Q} R QO xOW h} QaD T : P2 �! P2 O}vm C@=F �22

T (a2x2 + a1x+ a0) = (a2 + a1)x2 + a1x+ 2a0

=[iQ} R u}= |=Q@ w T OQ@ w xDUy CU= |]N Q} R QO xOW h} QaD T : P3 �! P2 O}vm C@=F �23
"O}@=}@ |=x}=B

T (a3x3 + a2x2 + a1x+ a0) = a3x2 + (�a0)

u}= |=Q@ |=x}=B O}@=}@ =Q g OQ@ w xDUy 'CU= |]N Q} R QO xOW h} QaD g : p2 �! p3 O}vm C@=F �24
"O}@=}@ =[iQ} R

g(a2x2 + a� 1x+ a0) = 2a2x3 + a1x+ 3a0

Q} wYD "O} Q}o@ Q_v QO pn |wQ |]N Qorta l} u=wvax@ =Q D 'OW=@ jDWt Qorta D O}vm ZQi �25
"O}@=}@ =Q D OQ@ w xDUy O}@=}@ =Q D CLD x3 � 3x2 + 2x+ 1

"OW=@ swO jDWt D2 O}vm ZQi �26
|]N Qorta l}D2 O}vm C@=F "O} Qw; CUOx@ =QD2 CLD 2x3 +3x2�5x+4 Q} wYD �hr=

"O}@=}@ =Q D2 OQ@ w xDUy 'CU= pn |wQ
x3�2x2+6x+1 Q} wYD w xDiQo Q_v QO =Q VOwN |wQx@ pn R=D2 +D+3 CW=ov �?
"O}@=}@ =Q CW=ov u}= OQ@ w xDUy &CU= |]N CW=ov u}= O}vm C@=F "O}@=}@ =Q Qorta u}= CLD
|xawtHt "O} Q}o@ Q_v QO pn |wQ Qorta l} u=wvax@ =QD OW=@ |Q}ojDWt QortaD O}vm ZQi �27

"O}@=}@ OvwW|t xDW=ov 3x2 � 4x+ 7 |wQx@ D \UwD xm =Q |}=y|=xrtHOvJ
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xawtHt O} Q}o@ Q_v QO pn |wQ =Q D2 Qorta w OW=@ swO x@DQt |Q}ojDWt Qorta D2 O}vm ZQi �28
"O}@=}@ = Q OvwW|t xDW=ov 4x3 � 6x2 � 2x+ 3 |wQx@ D2 \UwD xm |}=y|=xrtHOvJ

Pn R= CW=ov l} Ov=wD|t g 'Ovm|t h} QaD 1 x@ 0 R= p=QoDv= l} xm OW=@ |Qorta g O}vm ZQi �29
p=Ft |=Q@ "Ovm h} QaD R |wQx@

g(4x3�6x2+2x+3) =
Z 1

0
(4x3�6x2+2x+3)dx = [x4�2x3+x2+3x]10 = 3

CW=ov l} g O}yO u=Wv OQ=ov|t R R= 3 w[a |wQx@= Q P3 R= 4x3�6x2 +2x+3 w[a g
"CU= Pn �! R |]N

OW=@ R |wDx@ pn |]N CW=ov T (p) =
R 1
0 p(x)dx w pn QO |=xrtHOvJ l} p O}vm ZQi �30

xm pn |=yw[a xawtHt "O} Qw; CUO@ =Q T OQ@ w xDUy "O}@=}@ =Q T (8x3 + 6x2 + 4x+ 1)

"O}@=}@ =Q OvwW|t Q} wYD2 |wQx@
u}}aD "OvW=@ 2� 2 |=yT} QD=t B w A w OW=@ 2� 2 |=yT} QD=t |Q=OQ@ |=[i U O}vm ZQi �31
"O}@=}@ =Q |]N |=yCW=ov R= s=Om Qy OQ@ w xDUy OvDUy |]N Q} R |=yCW=ov R= l}t=Om O}vm

hr=�T (A) = A0 ?�T (A) = jAj G�T (A) = trac(A)

O�T (A) = A2 Q�T (A) = A+B R�T (A) = a11

w�T (A) = 0 y�T (A) = I |�T (A) = AxDi=} p} wLD

x m O } v m C @= F O W= @ | ] N C W= o v l } T : U �! V O } v m ZQ i �32
"OW=@ l}x@l} T Qo = =yvD w Qo = dimrange(T ) = dimdomain(T )

u=Wv |rm Qw]x@ "OQ=Ov OwHw OW=@ l}x@l} xm R3 �! R2 R= |]N CW=ov I}y xm O}yO u=Wv �33
"OW=@ V Oa@ R= QDoQR@ U Oa@ x=oQy OQ=Ov OwHw U �! V R= l}x@l} |]N CW=ov I}y O}yO
=yvD w Qo = CU= l}x@l} T xm O}vm C@=F OW=@ |]N CW=ov l} T : U �! V O}vm ZQi �34

"Ovm ^iL =Q uOw@ |]N pkDUt Qo =
w U QO |}=yQ=OQ@ v1; : : : ; vm O}vm ZQi OW=@ U xvt=O =@ |]N p}O@D l} T O}vm ZQi �35

xm O}vm C@=F OW=@ Qr=mU= a1; : : : ; am

T (a1v1 + � � �+ amvm) = a1T (v1) + � � �+ amT (vm)
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"O}vm C@=F =QkDU= \UwD O}v=wD|t =Q xH}Dv u}=

T (X) = X:Y p}O@D O}vm C@=F OW=@ C@=F Q=OQ@ l} Y w Rn QO x=wNrO Q=OQ@ l}X O}vm ZQi �36
�OwW|t xO}t=v Y w X |vwQO ?Q[ X:Y � "CU= Rn �! R R= |]N CW=ov l}

w T1 + T2 |=yp}O@D OvW=@ Qr=mU= l} c w U �! V |]N p}O@D wO T2 w T1 O}vm ZQi �37
QO =Q (cT1)(u) = cT1(u) w (T1 + T2((u) = T1(u) + T2(u) \UwD xOW h} QaD cT1

"O} Q}o@ Q_v

"OvDUy |]N CW=ov wO Qy cT1 w T1 + T2 O}vm C@=F �hr=
x=ov; 'OvW=@ A2 w A1 |=yT} QD=t \UwD xOW h} QaD |=yCW=ov T2 w T1 Qo = O}vm C@=F �?

"OvwW|t h} QaD cA1 T} QD=t \UwD cT1 w A1 +A2 T} QD=t \UwD T1 + T2

|=[i l} Qr=mU= ?Q[ w `tH |=yQorta u}= CLD |=yCW=ov xawtHt xm O}vm C@=F �G
"CU= |Q=OQ@

|]N CqO=at x=oDUO w =yCW=ov 2�7
s}y=wN Ovl|t |R=@ |]N CqO=at p}rLD w x} RHD QO |tyt Vkv OQ@ w xDUy swyit w |]N CW=ov
xm s}v=O|t Ovvm|t ltm CqO=at |=y?=wH xawtHt uOQm =O}B QO =t x@ xm OvDUy |Q=R@= =yv}= xm O}O

"CWwv u=wD|t AX = Y |U} QD=t CQwYx@ =Q Q}eDt n =@ |]N xrO=at m x=oDUO l}
xty xawtHt =y?=wH xawtHt OwW|t xO}t=v ?}=Q[ T} QD=t xm CU= m � n T} QD=t l} A
s}vm ZQi "s} Q=O =y?=wH xawtHt u}= |=Q@ x=Q l} uwvm = "Ovvm|t jOY xrO=at QO xm CU= =yX
CQwYu}= x@ Ov=wD|t CqO=at x=oDUO OW=@A\UwD xOWh} QaD |]NCW=ovl} T : Rn �! Rm

"T (x) = y OwW xDWwv
"OvwW|t Q} wYD y Q=OQ@ |wQx@ T \UwD xm CU= Rn QO x |=yQ=OQ@ xawtHt ?=wH xawtHt u}=Q@=v@

"OwW x_Lqt =Q 5�7 pmW "CW=O Oy=wNv OwHw |@=wH u}vJ OW=@v T OQ@ QO y Qo =
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5�7 pmW

uoty CqO=at 3�7
"Ovl|t |}=tvy=Q Q} R xH}Dv |=Q@ =Q =t |]N CqO=at x=oDUO |=Q@ |r@k x=Q

'AX = 0 Q}eDt n =@|]N xrO=atm R= uoty x=oDUOl} |=y?=wH xawtHt "x}[k 1�3�7
"CU= Rn R= |}=[iQ} R

xawtHt '?=wH xawtHt OW=@ A \UwD xOW h} QaD Rm x@ Rn R= |]N CW=ov T s}vm ZQi "C=@F=
CW=ov xDUy ?=wH xawtHt "OvwW|t xDW=ov QiY Q=OQ@ |wQx@ T \UwD xm CU= Rn QO |}=yQ=OQ@

"CU= =[iQ} R l} u}=Q@=v@ w CU=

'O}vm u=}@ =[iQ} R CQwYx@ =Q ?=wH xawtHt "O}vm pL =Q Q} R |]N CqO=at uoty x=oDUO %1 p=Ft
"O}vm sUQ =Q =[iQ} R u}= pmW

x1 + 2x2 + 3x3 = 0
� x2 + x3 = 0

x1 + x2 + 4x3 = 0
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%s} Q=O s} Q@|t Q=mx@ =Q uOQH�Two |iPL VwQ %pL26641 2 3 0
0 �1 1 0
1 1 4 0

3775 �
26641 2 3 0
0 �1 1 0
0 �1 1 0

3775 �
2666664
1 2 3 0
0 1 �1 0
0 1 �1 0
0 �1 1 0

3777775 �
26641 0 5 0
0 1 �1 0
0 0 0 0

3775
u}=Q@=v@

x1 + 5x3 = 0
x2 � x3 = 0

xH}Dv QO
x2 = x3 ; x1 = �5x3

"x3 = r w x2 = r 'x1 = �5r %=@ CU= Q@=Q@ x=wNrO ?=wH l} u}=Q@=v@ s}vm|t ZQi r =Q x3 Q=Okt
"OvW=@|t (�5r; r; r) CQwYx@ =yQ=OQ@ ?=wH

x_Lqt 6�7 pmW "OvyO|t (�5; 1; 1) x}=B =@ R3 R= |Oa@ l} |=[iQ} R l} p}mWD =yQ=OQ@ u}=

"OW=@|t
26641 2 3
0 �1 1
1 1 4

3775 x=oDUO ?}=Q[ T} QD=t \UwD xOW h} QaD xDUy Q@=Q@ =[iQ} R u}= "O}vm

6�7 pmW

uoty=v CqO=at 4�7
=Q =[iQ} R l} p}mWD xm s}vm|t =O}B =Q uoty=v |]N CqO=at x=oDUO l} |=y?=wH xawtHt uwvm =

"OvyO|tv
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X2 w X1 "s}vm ZQi u}vJty "OW=@ uoty=v |]N CqO=at x=oDUO l} AX = Y s}vm ZQi
OwW|t xH}Dv CqO=at u}= `tH R= AX2 = Y w AX1 = Y u}=Q@=v@ OvW=@ u; |=y?=wH

AX1 +AX2 = 2Y
A(X1 +X2) = 2Y

CLD =y?=wH xawtHt CU}v u; R= |@=wH TB "Ovvm|tv jOY AX = Y xrO=at QOX1 +X2 u}=Q@=v@
x=oDUO l} ?=wH xawtHt s}y=wN|t =t lr=P`t "Ow@ Oy=wNv =[iQ} R l} xH}Dv QO CU}v xDU@ `tH
Oa@ x}[k "OwW u}}aD =[iQ} R l} \UwD Ov=wD|t xawtHt u}= "s}@=}@ =Q CU}v =[iQ} R OwN xm uoty=v

"OR=U|t QO=k ?=wH xawtHt uOQm =O}B QO =Q =t

OW=@ Q}eDt n =@ |]N xrO=atm R= uoty=v x=oDUO l} AX = Y s}vm ZQi "x}[k 1�4�7
X = Z+X1 pmW x@ Ov=wD|t Qo}O ?=wH Qy OW=@ |YwYN ?=wH l}X1 s}vl|t ZQi u}vJty
QYLvt |@=wH u}vJ "CU= A \UwD xOW h} QaD T CW=ov xDUy R= w[a l} z u; QO xm OwW xDWwv

"OW=@ QiY Q=OQ@ =yvD pt=W xDUy x=oQy CU= OQix@
u}=Q@=v@ OW=@ x=wNrO ?=wH l} X s}vm ZQi AX1 = Y u}=Q@=v@ CU= ?=wH l} X1 "u=yQ@

%s} Q=O AX1 = AX |w=UD AX = Y

AX1 = AX

AX �AX1 = 0
A(X �X1) = 0

T (X �X1) = 0

s}v=wD|t u}=Q@=v@ "X � X1 = Z %s}t=v|t Z =Q u; CU= T xDUy R= w[a l} X � X1 u}=Q@=v@
"X = Z +X1 s}U} wv@

OW=@ QiY Q=OQ@ xDUy Qo = OW=@ 0 Q@=Q@ Z VRQ= Qo = =yvD w Qo = CU= OQix@ QYLvt ?=wH xm O}vm xHwD
xDUy R= Ov=wD|t AX = Y uoty=v |]N x=oDUO l} ?=wH xawtHt xm OwW|t pY=L xH}Dv u}=
Q=OQ@ Qy Qo = "OwW O}rwD X1 |YwYN ?=wH l} w ?}=Q[ T} QD=t \UwD xOW h} QaD |]L CW=ov
u}vJ |UOvy Qw]x@ "O};|t CUOx@ xrO=at R= |@=wH s}vm `tH X1 =@ w s} Q}o@ Q_v QO =Q xDUy QO Z
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"OwW u}}aD Ov=wD|t X1 Q=OQ@ O=ODt= w =DU=Q QO w xDUy x@U=Lt xr}Uwx@ ?=wH xawtHt xm OyO|t |vat
"O}v}@@ =Q 7�7 pmW

32 xLiY 7�7 pmW
"O}vm sUQ =Q ?=wH xawtHt O}vm pL =Q Q} R |]N CqO=at x=oDUO 2 p=Ft

x1 + 2x2 + 2x3 = 11
� x2 + x3 = �2

x1 + x2 + 4x3 = 9
%s} Q=O "s} Q@|t Q=mx@ =Q uOQH�Two |iPL VwQ %pL26641 2 3 11

0 �1 1 �2
1 1 4 9

3775 �
26641 2 3 11
0 �1 1 �2
0 �1 1 �2

3775 �
26641 2 3 11
0 1 �1 2
0 �1 1 �2

3775 �
26641 0 5 7
0 1 �1 2
0 0 0 0

3775
u}=Q@=v@

x1 + 5x3 = 7
x2 � x3 = 2

xH}Dv QO
x2 = x3 + 2
x1 = �5x3 + 7

%CU= u}vJ x=wNrO ?=wH l} u}=Q@=v@ "s} Q}o|t Q_v QO r Q=Okt x3 |=Q@
x1 = �5r + 7 x2 = r + 2 x3 = r
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pmW x@ |}=yQ=OQ@ =y?=wH
(�5r + 7; r + 2; r)

xDUy QO r pt=W CtUk "s}vm|t =OH C@=F CtUk u}= R= OvQ=O r QDt=Q=B xm |}=yCtUk =t "OvDUy
"OW=@|t AX = Y |=Q@ X1 |YwYN ?=wH C@=F CtUk w CU= A \UwD xOW h} QaD CW=ov

(�5r + 7; r + 2; r) = r(�5; 1; 1) + (7; 2; 0)

|}=yQ=OQ@ xawtHt xm s}OQm =O}B =Q ?}=Q[ T} QD=t \UwD xOW h} QaD CW=ov xDUy q=@ p=Ft QO
?=wH l} `k=w QO (7; 2; 0) xm Ovm j}kLD |Q=Po}=H =@ Ov=wD|t xOvv=wN OvDUy (�5; 1; 1) pmW x@

"OW=@|t xOW xO=O x=oDUO |YwYN
Q=OQ@ \UwD xOW h} QaD \N w xDUy x@U=Lt xr}Uwx@ Ov=wD|t ?=wH xawtHt |UOvy Qw]x@
x_Lqt =Q 8�7 pmW OwW xO=O u=Wv (7; 2; 0) Q=OQ@ \UwD xOW h} QaD xrY=i w =DU=Q QO (�5; 1; 1)

"O}vm

8�7 pmW

x=oDUO OvJ 5�7
|=Q=O xty """ w AX = Y3 'AX = Y2 'AX = Y1 |]N x=oDUO R= O=OaD l} s}vm ZQi
s}vm ZQi u}vJty "OW=@ A \UwD xOW h} QaD |]N CW=ov T s}vm ZQi "OvW=@ A ?}=Q[ T} QD=t
=yx=oDUO u}= |=Q@ ?=wH xawtHt CQwYu}= QO OvW=@ =yx=oDUO u}= |YwYN |=y?=wHX1; X2; : : :

"OvDUy u}vJ
ker(T ) +X1; ker(T ) +X2; ker(T ) +X3; � � �
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X1; X2; X3; : : : |=yQ=OQ@ \UwD ker(T ) p=kDv= =@ s=Om Qy 'OvDUy |R=wt |=yxawtHt =yxawtHt u}=
x=oDUO ?=wH p=Ft |=Q@ "Ov};|t OwHwx@

x1 + 2x2 + 3x3 = a1

� x2 + x3 = a2

x1 + x2 + x3 = a3

"CU= (�5; 1; 1) Q=OQ@ \UwD xOW h} QaD \N =@ |R=wt |]N
"O}vm EL@ w pL =Q Q} R CqO=at x=oDUO |=y?=wH %3 p=Ft

x1 � 2x2 + 3x3 + x4 = 1
2x1 � 3x2 + 2x3 � x4 = 4
3x1 � 5x2 + 5x3 = 5
x1 � x2 � x3 � 2x4 = 3

%s} Q=O uOQH�Two |iPL pL VwQ p=ta= =@ %pL2666664
1 �2 3 1 1
2 �3 2 �1 4
3 �5 5 0 5
1 �1 �1 �2 3

3777775 �
2666664
1 �2 3 1 1
0 1 �4 �3 2
0 1 �4 �3 2
0 1 �4 �3 2

3777775 �
2666664
1 0 �5 �5 5
0 1 �4 �3 2
0 0 0 0 0
0 0 0 0 0

3777775
xH}Dv QO

x1 � 5x3 � 5x4 = 5
x2 � 4x3 � 3x4 = 2

%s}vm|t u=}@ xOv=t|k=@ |=yQ}eDt ?ULQ@ =Q wQW}B |=yQ}eDt
x1 = 5x3 + 5x4 + 5 x2 = 4x3 + 3x4 + 2

CU= u}vJ x=wNrO ?=wH
(5r + 5s+ 5; 4r + 3s+ 2; r; s)
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%s}vm|t =OH Q} R pmWx@ =Q Q=OQ@ u}= |=yCtUk
Ax = y x=wNrO ?=wH

(5r + 5s+ 5; 4r + 3s+ 2; r; s) =
A xr}Uwx@ xOW h} QaD CW=ov xDUy

r(5; 4; 1; 0) + s(5; 3; 0; 1) +
Ax = y |YwYN ?=wH l}

(5; 2; 0; 0)

u; w CU= (5; 3; 0; 1) w (5; 4; 1; 0) x}=B =@ R4 R= |Oa@ wO |=[iQ} R xDUy xm s}vm|t xOy=Wt
\UwD xLiY u}= xDi=} p=kDv= xOW xO=O x=oDUO |=Q@ ?=wH xawtHt "OQPo|t =O@t R= xm CU= |=xLiY

"CU= (5; 2; 0; 0) Q=OQ@
u}= Ovvm x_Lqt xm Ow@ Oy=wN ?r=H Ov=xOv=QPo =Q p}Uv=Qi}O CqO=at uwvm =D xm |v=} wHWv=O |=Q@
"OyO|t K}[wD =Q =yxO}= u}= Q} R p=Ft "OvDUy \=@DQ= QO u; |=yVwQ w p}Uv=Qi}O CqO=at pL =@ s}y=it

"O}vm pL =Q d2y=dx2 � 9y = 2x p}Uv=Qi}O xrO=at %4 p=Ft
pmW x@ =Q p}Uv=Qi}O xrO=at s}v=wD|t OW=@ jDWt Qorta D s}vm ZQi %pL

D2y � 9y = 2x

=} w

(D2 � 9)y = 2x

"s}U} wv@
|wD x@ V R= |]N CW=ov l}D2�9 "OW=@ OvQ=O swO jDWt xm OW=@ |a@=wD |=[i V s}vm ZQi
xDW=ov 2x |wDx@ D2 � 9 CW=ov CLD xm y Ovv=t CU= |a@=D p}Uv=Qi}O xrO=at ?=wH CU= VOwN

%s} Q=O xH}Dv QO "CU= uoty=v |]N CqO=at x=oDUO l} pL x}@W C}a[w "OwW|t
x=wNrO ?=wH=�D2 � 9 xDUy R= |y=wNrO w[a�+�D2 � y � 9y = 2x |YwYN ?=wH�

swO x@DQt R= Qorta xm =Hv; R= O} wo|t =t x@ |twta x}[k s}OQm =O}B =Q D2 � 9 xDUy s}vm|t ZQi
%OvDUy xDUy QO =yQ=OQ@ xm =Hv; R= "emx pmW x@ |=x}=B |=yQ=OQ@ =} OW=@ |Oa@ wO |DU}=@ xDUy CU=

(D2 � 9)emx = 0
(m2 � 9)emx = 0

(m� 3)(m+ 3)emn = 0
m = �3 =} m = 3

www.iedoc.ir



418 |]N |=yCW=ov 7 pYi

CQwYx@ Ov=wD|t xDUy QO x=wNrO Q=OQ@ OvW=@|t e3x w e�3x |=yQ=OQ@ xDUy x}=B |=yQ=OQ@ u}=Q@=v@
"OW=@ re3x + se�3x

|@=wH ?=wH u} QDxO=U s}vm =O}B =QD2y�9y = 2x |=Q@ |YwYN ?=wH l} xmv}= Ov=t|t |k=@
R= x=wNrO ?=wH l} u}=Q@=v@ y = �2x=9 w �9y = 2x s} Q=O OW=@ QiY u; swO jDWt xm CU=

%OwW|t xDWwv Q} R CQwYx@ p}Uv=Qi}O xrO=at
y = re3x + se�3x � 2x

9

=y?=wH xOW xO=O |=y?=wH |=Q@ xDiQo Q_v QO =Q Q} R |]N CqO=at |=yx=oDUO u} QtD 1�5�7
?=wH w ?}=Q[ T} QD=t \UwD xOW h} QaD |]N CW=ov xDUy u=wvax@ ?=wH wO `tH CQwYx@ =Q

"O}vm x} RHD |YwYN
�1

x1 � x2 + x3 = 1
2x1 � 2x2 + 3x3 = 1
x1 � x2 � x3 = �1

x3 = r x2 = 2r x1 = r + 1 =y?=wH
�2

x1 + x2 + x3 = 3
2x1 + 3x2 + x3 = 5

x3 = 2 x2 = 1 x1 = 0 =y?=wH
�3

x1 � 2x2 � 3x3 = 1
3x1 � 4x2 + 5x3 = 3
2x1 � 3x2 + 4x3 = 2

x3 = r x2 = 2r x1 = r + 1 =y?=wH
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�4
x1 � x2 + x3 = 3

�2x1 + 2x2 � 2x3 = 6
x3 = s x2 = r x1 = r � s+ 3 =y?=wH

�5
x1 � x2 � x3 � 2x4 = 4

2x1 � x2 + 3x3 � x4 = 2
x3 = r x2 = �5r + 5s � 6 x1 = �4r + 3s � 2 =y?=wH

x4 = s

�6
x1 � 2x2 � x3 � x4 � 2x5 = 0

x2 + 2x3 � 3x4 � 3x5 = 2
x3 + 5x4 + 3x5 = �3

x3 = �5r�3s�3 x2 = 13r+9s+8 x1 = �32�r23s�19 =y?=wH
x5 = s x4 = r

CW=ov u}= OQ@ "O} Q}o@ Q_v QO =Q AT} QD=t \UwD xOW h} QaD T : R3 �! R3 |]N CW=ov �7
'Ovm|t XNWt =Q z = x + y xLiY xm (x; y; x + y) pmW x@ |=yQ=OQ@ xawtHt |]N
AX = Y CqO=at x=oDUO |=y?=wH `kwt xJ O}vm u}}aD w O} Q@@ Q=mx@ =Q CW=ov u}= OW=@|t
=yv; u}}aD x@ |R=}v OvQ=O OwHw =y?=wH Qo =� Ovm|t Q}}}eD VOwN |=yQ}eDt |wQ Y OQ=O OwHw

�CU}v
y = (�1; 2; 3) �? y = (1; 1; 2) �hr=
y = (2; 4; 5) �O y = (3; 2; 5) �G

A =

26641 2 3
0 �1 1
1 1 4

3775
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wO x@ ?=wH xOt; CUOx@ x=wNrO |=y?=wH xm s}OQm pL =Q uoty=v CqO=at x=oDUO VN@ u}= QO �8
x=oDUO |YwYN ?=wH l} w ?}=Q[ T} QD=t T=U=Q@ xOW h} QaD |]N CW=ov xDUy CtUk
(7; 2; 0) R= Q}e |Q=OQ@ 'CU}v =Dm} X1 Qo = #CU= OQix@ QYLvt X1 |YwYN ?=wH =}; Ow@

"OwQ Q=mx@ Ov=wD|t VN@ u}= 2 xr-=Ut |=Q@ xm O}vm u}}aD
x} RHD QO |YwYN ?=wH l} u=wvax@ Ov=wD|t xm O}vm u}}aD (5; 2; 0; 0) <RHx@ |Q=OQ@ l} �9

"OwQ Q=mx@ VN@ u}= 3 p=Ft |=Q@ ?=wH xawtHt

|YwYN ?=wH w A?}=Q[ T} QD=t xm O} R=U@ AX = Y uoty=v |]N CqO=at x=oDUO l} �10
u; QO xm OW=@ xDW=O X1

A =

26641 2 1
0 1 2
1 1 �1

3775 ; x1 = (1;�1; 4)

|YwYN ?=wH w A ?}=Q[ T} QD=t xm O} R=U@ Ax = y uoty=v |]N CqO=at x=oDUO l} �11
xm OW=@ xDW=O x1

A =

26642 1 0
3 3 1
0 1 1

3775 ; x1 = (2; 0; 3)

h} QaD CW=ov xDUy Qo = =yvD w Qo = CU=Dm} uoty=v |]N CqO=at x=oDUO l} ?=wH O}vm C@=F �12
"OW=@ QiY Q=OQ@ ?}=Q[ T} QD=t \UwD xOW

"CU= xOW KQ] OvQ=O p}Uv=Qi}O CqO=at R= |D=aq]= xm |v=} wHWv=O |=Q@ 14 w 13 C=v} QtD
"O} Qw=}@ xDUy QO x=wNrO `@=D l} "O}vm =O}B =Q Q} R |=yQorta R= s=Om Qy xDUy |=Q@ x}=B l} �13

D2 + 2D � 8 �G D2 + 4D + 3 �? D2 +D � 2 �hr=

"O}vm pL =Q Q} R p}Uv=Qi@O CqO=at �14
d2y
dx2 � 3 dydx = 8 �? d2y

dx2 + 5 dydx + 6y = 8 �hr=
d2y
dx2 + 8 dydx = 3e2x �O d2y

dx2 � 7 dydx + 12y = 24 �G
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C=YDNt Q=OQ@ 6�7
EL@ '`@=wD |=[i w =yT} QD=t |=[i Rn |Q=OQ@ |=[i Ovv=ty |Q=OQ@ |=y=[i `=wv= OQwt QO uwvm =D
Qy QO =yQ=OQ@ s} Q@@ Q=mx@ Rn QO =Q =yQ=OQ@ s}v=wD|t xvwoJ xm s}vm|t =O}B |y=Q VN@ u}= QO s}=xOQm
u}= |=Q@ Ovl|t |}=tvy=Q K}[wD u}= OvwW|t xO}t=v |Q=OQ@ C=YDNt |y=vDt Oa@ =@ |Q=OQ@ |=[i

"OvDUy Rn u=ty |[=} Q xrtH l} QO |y=vDt Oa@ =@ |Q=OQ@ |=y=[i xty 'xm |Q}oxH}Dv
'U QO Q=OQ@ l} u w OW=@ B = fu1; : : : ; ung x}=B =@ |Q=OQ@ |=[i l} U s}vm ZQi "h} QaD

xm OQ=O OwHw |}=Dm} |=yQr=mU= s}v=O|t

u = a1u1 + � � �+ anun

w : : : 'a1 |=yQr=mU= "OwW|t xO}t=v x}=B u}= =@ x]@=Q QO u C=YDNt Q=OQ@ uB =

2664a1
...

an

3775 |vwDU Q=OQ@

"OvwW|t xO}t=v x}=B u}= =@ \=@DQ= QO u C=YDNt an
"=Q |Q]U T} QD=t xv s}=xOQ@ Q=mx@ C=YDNt Q=OQ@ |=Q@ |vwDU Q=OQ@ pmW xm O}vm xHwD

"O}vm =O}B R2 R= =Q Q} R B0 w B |=yx}=B =@ \=@DQ= QO u = (4; 5) C=YDNt Q=OQ@ %1 p=Ft
B0 = f(2; 1); (�1; 1)g w B = f(1; 0); (0; 1)g OQ=Ov=DU= x}=B �hr=

QO u xOW xO=O V}=tv xm uB =

"4
5
#
u}=Q@=v@ (4; 5) = 4(1; 0) + 5(0; 1) xm s}v}@|t %�hr= pL

"CU= OQ=Ov=DU= x}=B =@ \=@DQ=
s}vm ZQi "CU}v OQ=Ov=DU= x}=B l} xm s}vm|t =O}B =Q B0 =@ \=@DQ= QO u C=YDNt Q=OQ@ uwvm = �?

(4; 5) = a1(2; 1) + a2(�1; 1)

u}=Q@=v@
(4; 5) = (2a1; a1) + (�a2; a2) =) (4; 5) = (2a1 � a2; a1 + a2)

s}UQ|t Q} R |=yx=oDUO x@ =yxir-wt xU}=kt =@
2a1 � a2 = 4
a1 + a2 = 5
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V}=tv C=YDNt Q=OQ@ u}= u0B =

"3
1
#
u}=Q@=v@ "OQ=O a2 = 2 w a1 = 3 |=Dm} |=y?=wH x=oDUO u}=

"Ov=xOW xO=O u=Wv Q} R Ovv=ty x}=B |=yQ=OQ@ "OvQ=O |UOvy
u1 = (1; 0) u01 = (2; 1)

u2 = (0; 1) u02 = (�1; 1)

s}U} wv@ s}v=wD|t
u = 3u1 + 5u2 ; u = 3u1 + 2u2

"O}v}@@ =Q 9�7 pmW

9�7 pmW
"O}vm =O}B =Q p2 R= B0 w B |=yx}=B =@ \=@DQ= QO u = 5x2 + 5� 3 C=YDNt Q=OQ@ %2 p=Ft

B = fx2; x; 1g OQ=Ov=DU= x}=B �hr=
B0 = fx2 � x+ 5; 3x2 � 1; 2x2 + 4x+ 2g �?

uB =

2664 5
1
�3

3775 u}=Q@=v@ 5x2 + x � 3 = 5(x2) + (x) � 3(1) xm s}vm|t xOy=Wt %�hr= pL
"OvW=@|t 5x2 + x� 3 ?}=Q[ 'OQ=Ov=DU= x}=B =@ \=@DQ= QO u C=YDNt

QDpmWt 's}vm =O}B "CU}v OQ=Ov=DU= x}=B xm B0 x}=B =@ \=@DQ= QO u C=YDNt Q=OQ@ s}y=wN@ Qo = %�? pL
"Ow@ Oy=wN

5(x2+x�3) = (a1+3a2+2a3)x3+(�a1+4a3)x2+(�a+4a3)x+(5a1�a2�2a3)

%s}UQ|t Q} R CqO=at x=oDUO x@ ?}=Q[ xU}=kt =@
�a1 + 2a2 + 2a3 = 5
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�a1 + 4a3 = 1
5a1 � a2 � 2a3 = �3

OQix@ QYLvt |=y?=wH x=oDUO u}=

a1 = �1
5 ; a2 =

8
5 ; a3 =

1
5

" uB0 =

2664�1 5
8 5
1 5

3775 u}=Q@=v@ OQ=O

Q=OQ@ l} u=}@ |=Q@ 'OvDUy OQ=Ov=DU= =yx}=B ?re= 'xm =yx}=B xvwoJ xm CU= xOvyO u=Wv q=@ |=yp=Ft
|x}=B =@ \=@DQ= QO C=YDNt uOQm =O}B |=Q@ |]N CqO=at x=oDUO l} |rm Qw]x@ "OvwW|t xO=iDU=
"O}; CUOx@ Ot=aDt |x}=B l} =@ \=@DQ= QO |v=U;x@ Ov=wD|t C=YDNt Q=OQ@ lr=P`t "OvwW|t pL |Qo}O
|=Q@ p=tQv x}=B l} B = fu1; : : : ; ung Qo = "s}vm|t |Qw;O=} 19�5 x}[k |xH}Dv x@ =Q xOvv=wN

CQwYx@ Ov=wD|t U QO v x=wNrO Q=OQ@ l} x=ov; "OW=@ U |Q=OQ@ |=[i

v = (v:u1)u1 + (v:u2)u2 + � � �+ (v:un)un

u}=Q@=v@ "OwW u=}@

VB =

2664v:u1
...

v:un

3775
"CU= v C=YDNt Q=OQ@

Ot=aDt |x}=B =@ \=@DQ= QO v = (2;�5; 10) C=YDNt Q=OQ@ %3 p=Ft
B = f(1; 0; 0); (0; 35 ;

4
5 ); (0; 45 ;�

3
5g

"O}vm =O}B =Q
s} Q=O %pL

(2;�5; 10):(1; 0; 0) = 2
(2;�5; 10):(0; 35 ;

4
5 ) = 5
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(2;�5; 10):(0; 45 ;
�3
5 ) = �10

u}=Q@=v@

VB =

2664 2
5
�10

3775
Q=OQ@ xvwoJ s}v=O@ xm u}= "CU= Qo}O |=yx}=B R= QDy@ Ot=aDt |=yx}=B xvwoJ xm Ovm|t uWwQ p=Ft u}=

"CU= |Oa@ EL@t ẁ[wt "CU= |QwQ[ |Qt= OQ=O \=@DQ= hrDNt |=yx}=B =@ \=@DQ= QO C=YDNt

x}=B Q}}eD 7�7
"OvW=@ U |Q=OQ@ |=[i |=Q@ |}=yx}=B B0 = fy01; : : : ; u0ng w B = fu1; : : : ; ung s}vm ZQi
=t uwvm = "CW=O Oy=wN =yx}=B u}= =@ \=@DQ= QO u0B w uB C=YDNt |=yQ=OQ@ U QO u Q=OQ@ l}
x}=B =@ \=@DQ= QO u1; : : : ; un C=YDNt |=yQ=OQ@ s}vm ZQi "s}yO|t K}[wD =Q u0B w uB u}@ x]@=Q
=yuwDU u=wvax@ =Q =yQ=OQ@ u}= xm p T} QD=t OvW=@ (u1)B ; : : : ; (un)B =@ Q@=Q@ B = fu01; : : : ; u0ng
xO}t=v B0 x}=B x@ B x}=B R= Cq}O@D T} QD=t |U} QD=t u}vJ 'ul|t |R=@ EL@ u}= QO |U=U= Vkv 'OQ=O

"OwW|t
"p = [(u1)B ; : : : ; (un)B ] T} QD=t

|=[i |=Q@|}=yx}=BB = fu01; : : : ; u0ng wB = fu1; : : : ; ung s}vmZQi "x}[k 1�7�7
xDW=O =yx}=B u}= =@ \=@DQ= QO u0B w uB C=YDNt |=yQ=OQ@ xm OW=@ U QO |Q=OQ@ u Qo = OW=@ U |Q=OQ@
p = [(u1)B0 ; : : : ; (un)B0 ] CU= B0 x@ B R= p=kDv= T} QD=t p u; QO xm "uB0 = puB x=ov; 'OW=@
Ov=wD|t un w : : : 'u1 |=yQ=OQ@ R= s=OmQy CU= U |=Q@ |=x}=B fu1; : : : ; ung xm =Hv; R= "C=@F=

s} Q}o "OwW u=}@ =yQ=OQ@ u}= R= |]N ?}mQD CQwYx@

u1 = c11u01 + � � �+ cn1u0n
...

un = c1nu01 + � � �+ cnnu0n
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%s} Q=O u1 = a1u1 + � � �+ anun Qo =
u = a1u1 + � � �+ anun

= a1(c11u01 + � � �+ cn1u0n) + � � �+ an(c1nu01 + � � �+ cnnu0n)

= (a1c11 + � � �+ anc1n)u01 + � � �+ (a1cn1 + � � �+ ancnn)u0n

%OwW xDWwv Ov=wD|t Q} R CQwYx@ B0 =@ \=@DQ= QO C=YDNt Q=OQ@

u0B =

8>>>>>><>>>>>>:
a1c11 + � � �+ anc1n

...

a1cn1 + � � �+ ancnn

CUOx@ CU=QQU w K[=w OQ=Ov=DU= x}=B x@ OQ=Ov=DU=Q}e x}=B l} R= |Q=OQ@ |=[i l} |=Q@ x}=B Q}}eD l}
"O};|t

x}=B |=yQ=OQ@ Ck}kL QO p |=yuwDU "CU= xOW =O}B p}O@D T} QD=t =@ xm CU= |r=Ft |Oa@ p=Ft
"OvDUy |rw=

Qo = OvW=@ R2 R= B0 = f(1; 0); (0; 1)g w B = f(1; 2); (3;�1)g |=yx}=B s}vm ZQi %4 p=Ft
"O}vm =O}B =Q u0B x=ov; uB =

"3
4
#
xm |Qw]x@ OW=@ |Q=OQ@ u

s} Q=O p}O@D T} QD=t R= xO=iDU= =@ s}vm|t u=}@ B0 ?ULQ@ =Q B |=yQ=OQ@ %pL
(1; 2) = 1(1; 0) + 2(0; 1)

(3;�1) = 3(1; 0)� 1(0; 1)

CU= CQ=@a p p}O@D T} QD=t u}=Q@=v@ OvDUy
" 3
�1
#

w
"1
2
#
Q@=Q@ (3;�1) w (1; 2) C=YDNt |=yQ=OQ@

%R=
p =

"1 3
2 �1

#
%s} Q=O OvDUy B x}=B |=yQ=OQ@ p |=yuwDU xm s}vm|t xOy=Wt w

u0B =

"1 3
2 �1

#"3
4
#

=

"15
2
#
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x@ B R= p}O@D |=yT} QD=t xm s}vm|t x_Lqt "OvW=@ |Q=OQ@ |=[i |=Q@ |}=yx}=B B0 w B s}vm ZQi
"OvDUy \@DQt sy =@ B x@ B0 R= w B0

p}O@D T} QD=t p w OvW=@ U |Q=OQ@ |=[i |=Q@ |}=yx}=B B0 w B s}vm ZQi "x}[k 2�7�7
"CU= p�1 Q@=Q@ B0 x@ B R= p}O@D T} QD=t w CU= Q}PBuwQ=w p CQwYu}= QO "OW=@ B x@ B0 R=

w B |=yx}=B =@ x]@=Q QO u0B w uB |vwDU C=YDNt |=yQ=OQ@ =@ U QO |Q=OQ@ u s}vm ZQi "C=@F=
'OW=@ B x@ B0 R= p}O@D T} QD=t Q s}vm ZQi "OW=@ B0 x@ B R= p p}O@D T} QD=t w OW=@ xOW xO=O B0
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2
�1

3775
Aa =

" 2 3 1
�1 2 �4

#2664 3
2
�1

3775 =

"11
5
#
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"T (u) = 11v1 + 5v3 u}=Q@=v@ 'OQ=O
"11

5
#

C=YDNt Q=OQ@ T (u)

Q_v QO =Q T (x; y; z) = (x + y; 2z) \UwD xOW h} QaD T : R3 �! R2 |]N p}O@D %3 p=Ft
xm O}vm =O}B =Q R2 x@ R3 R= fu01;u02;u03g w fu1;u2g |=yx}=B uDiQo Q_v QO =@ T T} QD=t s} Q}o|t

u; QO

u1 = (1; 1; 0) u2 = (0; 1; 4) u3 = (1; 2; 3) u01 = (1; 0) u02 = (2; 0)

"O}@=}@ =Q u = (2; 3; 5) Q=OQ@ Q} wYD w xOQ@ Q=mx@ =Q T} QD=t u}=
"s}vm|t =O}B =Q R3 R= x}=B |=yQ=OQ@ |wQ T QF= =t %pL

T (u1) = T (1; 1; 0) = (2; 0) = 2(1; 0) + 0(0; 2) = 2u01 + 0u02
T (u2) = T (0; 1; 4) = (1; 8) = 1(1; 0) + 4(0; 2) = 1u01 + 4u02
T (u3) = T (1; 2; 3) = (3; 6) = 3(1; 0) + 3(0; 2) = 3u01 + 3u02

|=yuwDU =yQ=OQ@ u}= "OvDUy
"3
3
#

w
"1
4
#

'
"2
0
#
Q@=Q@ T (u3) w T (u2) 'T (u1) C=YDNt Q=OQ@ u}=Q@=v@

"OvyO|t p}mWD =Q T T} QD=t
A =

"2 1 3
0 4 3

#
u}}aD =Q u C=YDNt Q=OQ@ "s} Q@|t Q=mx@ u = (2; 3; 5) Q=OQ@ Q} wYD uOQm =O}B |=Q@ =Q AT} QD=t uwvm =

"OwW xO=O u=Wv u}vJ Ov=wD|t Q=OQ@ u}= xm s}vm|t

u = (2; 3; 5) = 3(1; 1; 0) + 2(0; 1; 4)� (1; 2; 3) = 3u1 + 2u2 + (�1)u3

%CU= u}vJ T (u) C=YDNt Q=OQ@ "CU= a =

2664 3
2
�1

3775 'u C=YDNt Q=OQ@ u}=Q@=v@

b = Aa =

"2 1 3
0 4 3

#2664 3
2
�1

3775 =

"5
5
#

u}=Q@=v@
T (u) = 5u01 + 5u02 = 5(1; 0) + 5(0; 2) = (5; 10)
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u = (2; 3; 5) |=Q@ "s}vm u=LDt= T (x; y; z) = (x+y; 2z) h} QaD R= xO=iDU= =@ =Q xH}Dv u}= s}v=wD|t
%s} Q=O

T (u) = T (2; 3; 5) = (2 + 3; 2� 5) = (5; 10)

QO |U} QD=t V}=tv swyit C}ty= "s}tyi@ QDy@ =Q |U} QD=t V}=tv xO}= Ovl|t ltm =t x@ |r@k p=Ft
"s}vl|t EL@ =Q u; \=@DQ= uwvm = =t CU= T (u) uOQm =O}B |=Q@ u; R= xO=iDU=

|U} QD=t V}=tv C}ty= 10�7
CU= |vat u=O@ u}= "CU= Rn =@ CN} Ql} |k}kL |y=vDt |Q=OQ@ |=[i Qy s}O}O xDWPo VN@ QO
CW=ov Qy Ck}kL QO "O=O Q=Qk EL@ OQwt |@U=vt Rn ?ULQ@ u=wD|t =Q |Q=OQ@ |}=[i u}vJ Qy xm
u}= R= |[=} Q |=}=[k xty CU= |vat u}O@ xm "OwW xO=O V}=tv T} QD=t l} \UwD Ov=wD|t |]N
=yT} QD=t w Rn |Q=OQ@ |=y=[i R= |@U=vt CQwYx@ Ov=wD|t =yv; |]N |=yCW=ov w |Q=OQ@ |=y=[i

"OwW xDiQ}PB
u}=Q@=v@ "OQm x@U=Lt =yQDw}Bt=m QO u=wD|t =Q =yT} QD=t w Rn |=[a= "CU= |QDw}Bt=m swO xH}Dv
OQwt =yQDw}Bt=m ltm x@ w =yV}=tv u}= T=U=Q@ Ov=wD|t =yv; |]N |=yCW=ov w |rm |Q=OQ@ |=y=[i
|=ypta xm s}v}@|t p=Ft Qw]x@ =t OQ=O OwHw |U} QD=t V}=tv xS} w |=yOQ@ Q=m |O=OaD "OvQ}o Q=Qk EL@
"OwW|t xO}t=v |D=tOkt T} QD=t xm OvQ=O |U} QD=t V}=tv xm OvDUy |]N |=yCW=ov |D=tOkt |Q]U
CqO=at x=oDUO pL |=Q@ w OwW|t xO}t=v U x} RHD xm VwQ l} |=Q@ =yV}=tv u}= xvwoJ xm O}O s}y=wN

"OwW|t xO=iDU= xOQDUo Qw]x@ QDw}Bt=m j} Q] R=
=Q T (ax2 + bx+ c) = (a+ b)x� c \UwD xOW h} QaD T : p2 �! p1 |]N p}O@D %4 p=Ft
O}vm =O}B =Q p1 x@ p2 R= fu01; u02g w fu1; u2; u3g |=yx}=B uDiQo Q_v QO =@ T T} QD=t "s} Q}o|t Q_v QO

%x=oQy
u1 = x2 u2 = x u3 = 1 ; u01 = x u02 = 1

"O}@=}@ =Q u = 2x2 + 2x� 1 Q} wYD w O} Q@@ Q=mx@ =Q T} QD=t u}=
"O} Q}o@ Q_v QO p2 x}=B Q=OQ@ Qy |wQ =Q T QF= %pL

T (u1) = T (x3) = x = 1x+ 0(1) = 1u01 + 0u02
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T (u2) = T (x) = 1x+ 0(1) = 1u01 + 0u02
T (u3) = T (1) = �1 = 0x+�1(1) = 0u01 + (�1)u02

T T} QD=t u}=Q@=v@ "OvDUy
"1
0
#

w
"1
0
#

'
" 0
�1
#
Q@=Q@ T (x2) w T (x) 'T (1) C=YDNt |=yQ=OQ@

"CU= u}vJ
A =

"1 1 0
0 0 �1

#
\=@DQ= QO u C=YDNt Q=OQ@ "s} Qw;|t CUOx@ =Q u = 3x2 + 2x� 1 Q} wYD w s} Q@|t Q=mx@ =Q T p=L

%s} Q=O CU=
2664 3

2
�1

3775 Q@=Q@ fx2; x; 1g x}=B =@

b = Aa =

"1 1 0
0 0 �1

#2664 3
2
�1

3775 =

"5
1
#

"T (u) = 5u01 + 1u02 = 5x+ 1 u}=Q@=v@
|]N p}O@D OyO|t u=Wv pmW |}q=@ xt}v "s}=xOQm sUHD 11�7 pmW QO =Q |U} QD=t V}=tv u}= VwQ
R= C=YDNt Q=OQ@ R= p}O@D l} A =@ CU= |}q=@ xt}v =@ \=@DQ= QO xm |v}}=B xt}v "CU= p1 x@ p2 R= T

%xmv}= x@ xHwD =@ 'Ovm|t h} QaD p1 R= C=YDNt Q=OQ@ |wQx@ p2"1 1 0
0 0 �1

#2664ab
c

3775 =

"
a+ b

�c
#

"CU= |}q=@ xt}v C=YDNt V}=tv |v}}=B xt}v

ax2+bx+ c � � � T����! � � �(a+ b)x� c
l l2664ab
c

3775 � � � ����!26641 1 0
0 0 �1

3775
� � �
"
a+ b

�c
#
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11�7 pmW
x}=B l} T=U=Q@ ,qwtat |U} QD=t V}=tv OW=@ VOwN |wDx@ |Q=OQ@ |=[i R= |]N CW=ov l} xm |Dkw

"CU= xO}= u}= xH}Dv |Oa@ p=Ft "OwW|t =O}B =Dm}
T} QD=t CU= p2 |wQ |]N Qorta l} D "OW=@ |Q}ojDWt Qorta D = d

dx s}vm ZQi %5 p=Ft
"O}@=}@ p2 R= fx2; x; 1g x}=B uDiQo Q_v QO =@ =Q D

s} Qw;|t CUOx@ =Q x}=B |=yQ=OQ@ |wQ D QF= =t %pL
D(x2) = 2x = 0x2 + 2x+ 0(1)

D(x) = 1 = 0x2 + 0x+ 1(1)

D(1) = 0 = 0x2 + 0x+ 0(1)

CU= u}vJ D T} QD=t u}=Q@=v@

A =

26640 0 0
2 0 0
0 1 0

3775
%s} Q=O "CU= p2 |wQ D =@ R=QD sy xm xOw@ R3 |wQ |]N Qorta l} A T} QD=t

D(ax2 + bx+ c) = 2ax+ b ;

26640 0 0
2 0 0
0 1 0

3775
2664ab
c

3775 =

2664 a2a
b

3775
"O}v}@@ =Q 12�7 pmW

ax2+bx+ c � � � D����! � � �2ax+ b

l l

www.iedoc.ir



|U} QD=t |=yV}=tv u}@ \=@DQ= 11�7 439

2664ab
c

3775 � � � ����!2666664
0 0 0
2 0 0
0 1 0

3777775
� � �
2664 0
2a
b

3775

12�7 pmW

|U} QD=t |=yV}=tv u}@ \=@DQ= 11�7
|Dkw "CU= |@=NDv= |=yx}=B x@ xDU@=w |]N CW=ov l} |U} QD=t V}=tv xm s}=xOQm x_Lqt uwvm =D
xOvv=wN ,=Oa@ CU= xO=U |U} QD=t V}=tv l} u}}aD ?re= |rY= hOy 'OwW|t |OQ@ Q=m |]N CW=ov
"OW=@ |Q]k |]N CW=ov V}=tv xm |=xvwox@ OvwW ?=NDv= Ovv=wD|t =yx}=B xvwoJ p=Ft Qw]x@ xm Ov}@|t
=@ \=@DQ= QO Cw=iDt |=yx}=B ?ULQ@ |]N CW=ov l} |U} QD=t |=yV}=tv xvwoJ xm Qt= u}= =Hv}= QO

"OQ}o|t Q=Qk EL@ OQwt OvDUy sy
=@ x@=Wt B x=ov; OvW=@ xR=Ov= l} R= `@ Qt |=yT} QD=t B w A Qo = xm OwW|t |Qw;O=} xOvv=wN |=Q@
x@ A |U} QD=t p}O@D B = p�1Ap xm |Qw]x@ OW=@ OwHwt p Q}PBuwQ=w T} QD=t Qo = OwW|t xDio A
x}=B wO =@ \=@DQ= QO =Q |]N Qorta l} |U} QD=t V}=tv uwvm = "OwW|t xO}t=v |y@=WD p}O@D B T} QD=t

"s}vm|t =O}B x@=WDt |=yT} QD=t

p s}vm ZQi OW=@ B0 w B |=yx}=B =@ |Q=OQ@ |=[i l} U s}vm ZQi "x}[k 1�11�7
QO =@ A xOW xO=O T} QD=t OW=@ U |wQ |]N Qorta l} T Qo = "OW=@ B0 x@ B R= |U} QD=t V}=tv
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CQwYu}= QO OvW=@ swO x}=B uDiQo Q_v QO =@ A0 w pw= x}=B uDiQo Q_v

A0 = p�1Ap

w a Q@=Q@ B0 w B =@ x]@=Q QO C=YDNt |=yQ=OQ@ s}vm|t ZQi w xDiQo Q_v QO =Q U QO u Q=OQ@ "C=@F=
CU= B x@ B0 R= |W}=tv T} QD=t p =Hv; R= OvDUy T (u) w Aa 'Aa0 C=YDNt |=yQ=OQ@ OvW=@ a0

xm s}v=O|t
a = pa0 ; Aa = p(A0a0)

%OwW xDWwv Ov=wD|t Q} R CQwYx@ swO xrO=at
p�1Aa = A0a0

%O};|t CUOx@ u}vJ xrO=at u}= QO a = pa0 |v}Wv=H =@
p�1Apa0 = A0a0

=yT} QD=t u}= TB OvQ@=Q@ a0 C=YDLt Q=OQ@ Qy |wQ |]N CW=ov u=wvax@A0 w p�1Ap |=yT} QD=t QF=
"Ov=|w=Ut

uDiQo Q_v QO =@ T T} QD=t O} Q}o@ Q_v QO =Q R2 |wQ T (x; y) = (2x; x+ y) |]N Qorta %6 p=Ft
QO =@ A0 T} QD=t w O} Q@@ Q=mx@ =Q A0 = p�1Ap p}O@D "O}@=}@ =Q R2 R= B = f(1; 0); (0; 1)g x}=B

"O}vm u}aaD =Q B0 = f(�2; 3); (1;�1)g x}=B uDiQo Q_v
CU= Q@=Q@ OQ=Ov=DU= x}=B |=yQ=OQ@ |wQ T QF= %pL

T (1; 0) = (2; 1) = 2(1; 0) + 1(0; 1)

T (0; 1) = (0; 1) = 0(1; 0) + 1(0; 1)

%CU= u}vJ OQ=Ov=DU= x}=B =@ \=@DQ= QO T T} QD=t

A =

"2 0
1 1

#
"s}U} wv|t B |=yQ=OQ@ ?ULQ@ =Q B0 |=yQ=OQ@ s}vl|t =O}B =Q B0 x@ B R= |U} QD=t V}=tv P uwvm =

(�2; 3) = �2(1; 0) + 3(0; 1)
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(1;�1) = 1(1; 0)� (0; 1)

u}=Q@=v@ P =

"�2 1
3 �1

#
=@ CU= Q@=Q@ p}O@D T} QD=t

A0 = P � 1AP =

"�2 1
3 �1

#�1 "2 0
1 1

#
=

"1 1
3 2

#"2 0
1 1

#"�2 1
3 �1

#
=

" �3 2
�10 6

#
|]N Qorta l} |Q]k T} QD=t V}=tv

QO |Q]k T} QD=t 's}vl|t =O}B =Q T |]N CW=ov l} T} QD=t l} V}=tv xvwoJ s}v}@|t uwvm =
"OQ=O OQ@ Q=m Qo}O `=wv= R= QDW}@ ,qwtat OwHw CQwY

V |=Q@ x}=B l} B s}vm ZQi "OW=@ n Oa@ R= V |Q=OQ@ |=[i |wQ |]N Qorta l} T s}vm ZQi
Ov=wD|t B0 Qo}O x}=B =@ x]@=Q QO T |U} QD=t V}=tv OW=@ B x}=B =@ Q_=vDt T |U} QD=t V}=tv l} A w
B x}=B x@ B0 x}=B R= |U} QD=t V}=tv p u; QO xm OwW xOy=Wt A0 = p�1Ap |y@=WD p}O@D pmW x@
xDW=O vn w : : : 'v1 |]N pkDUt Q_=vDt Q=OQ@ n =@ �n w : : : '�1 xS} w Q}O=kt A s}vm|t ZQi 'OW=@
"CU= |Q]k T} QD=t l} A0 xm �6�3 VN@ 6�4 x}[k� s}v=O|t x=ov; p = fv1 : : : vng Qo = OW=@

A0 =

2664�1 0
. . .

0 �n

3775
"OvDUy vn w : : : 'v1 xS} w |=yQ=OQ@ B =@ x]@=Q QO B0 C=YDNt Q=OQ@

|U} QD=t V}=tv l} O} Q}o@ Q_v QO =Q R2 |wQ T (x; y) = (3x+ y; x+ 3y) |]N Qorta %p=Ft
"O}yO x�=Q= |UOvy V}=tv l} w O}vm u}}aD =Q x}=B '|Q=OQ@ V}=tv u}= |=Q@ "O}vm =O}B =Q T |Q]k

V}=tv u}= "s}vm|t ẁQW R2 R= B = f(1; 0); (0; 1)g x}=B =@ x]@=Q QO A |U} QD=t V}=tv =@ %pL
%s} Q=O CU= QDxO=U uOQm =O}B |=Q@

T (1; 0) = (3; 1) = 3(1; 0) + 1(1; 0)

T (0; 1) = (1; 3) = 1(1; 0) + 3(0; 1)
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|U} QD=t V}=tv u}=Q@=v@ "OvDUy
"3
1
#

w
"1
3
#

'B =@ x]@=Q QO T (1; 0) w T (0; 1) C=YDNt |=yQ=OQ@
"CU= u}vJ B OQ=Ov=DU= x}=B =@ x]@=Q QO T

A =

2664 3
11
3

3775
"OQ=O =Q Q} R xS} w |=yQ=OQ@ w xS} w |=yQ=Okt A T} QD=t Ovm j}kLD Ov=wD|t xOvv=wN

�1 = 4 v1 = r

"1
1
#

; �2 = 2 v2 = s

"�1
1
#

"CU= T |Q]k |U} QD=t V}=tv 'Q} R A0 T} QD=t u}=Q@=v@

A0 =

"
�1 0
0 �2

#
=

"4 0
0 4

#
Ot=aDt B0 x@ B R= C}a[w Q}}eD T} QD=t "s} Qw;|t CUOx@ OyO|t =Q A0 V}=tv xm =Q B0 x}=B p=L

%s}vm ZQi Ow@ Oy=wN
B0 =

�
(

1p2 ;
1p2 ); (

�1p2 ;
1p2 )
�

"O};|t CUOx@ �4 xR=Ov= x@ B x}=B u=QwO R= B0 x}=B xm O}vm xHwD
h} QaD =Q xy C=YDNt x=oDUO l} B OQ=Ov=DU= x}=B s}yO|t Q}}eD =Q T Qorta |UOvy Qw]x@ uwvm =

"O}v}@@ =Q 13�7 pmW Ovm|t

13�7 pmW
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C=YDNt x=oDUO QO |m} OwW|t OQwNQ@ u; =@ |UOvyt w l} R}i QO ?re= xm CU= |D}a[w =yp=Ft u}=
|=Q@ ?U=vt w QDy@ C}a[w xm swO x0y0 C=YDNt x=oDUO |=Q@ TBU OwW|t xO=O |[=} Q KQW xy

l} ,qwtat |Qo}O x@ x=oDUO l} R= p}O@D "Ovm|t |UQQ@ OQ=O C=YDNt x=oDUO u; QO p}rLD w x} RHD
"CU= Ot=aDt |y@=WD p}O@D

=yu} QtD 2�11�7
OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD |]N CW=ov l} T : R3 �! R2 s}vm ZQi �1

"O}vm =O}B =Q T (0; 1;�1) "OW=@ R3

T (1; 0; 0) = (2; 1) T (0; 1; 0) = (0; 2) T (0; 0; 1) = (�1; 1)

OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD |]N CW=ov l} T : R3 �! R2 s}vm ZQi �2
O}vm =O}B =Q T (3;�2) "OW=@ R2

T (1; 0) = 4 T (0; 1) = �3

OW=@ R2 OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD R2 |wQ |]N Qorta l} T s}vm ZQi �3
"O}vm =O}B =Q T (2; 1)

T (1; 0) = (2; 5) T (0; 1) = (1;�3)

OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD |]N CW=ov l} T : p2 �! p1 s}vm ZQi �4
"O}vm =O}B =Q T (3x2 � 2x+ 1) "OW=@ p2 R= fx2; x; 1g

T (x2) = 3x+ 1 T (x) = 2 T (1) = 2x� 5

R= fx2; x; 1g OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD p2 x@ |wQ Qorta l} T s}vm ZQi �5
"O}vm =O}B =Q T (x2 + 3x� 2) "OW=@ p2

T (x2) = x2 + 3 T (x)2x2 + 4x� 1 T (1) = 3x� 1

|=yx}=B =@ \=@DQ= QO T O}vm ZQi u}vJty "OW=@ |]N CW=ov l} T : U �! V s}vm ZQi �6
%OW=@ Q} R CQwYx@ V w U R= fu1; u2g w fv1; v2g

T (u) = 2v1 + 3v2 T (u2) = 4v1 � v2
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u = 2u1+5u2 Q=OQ@ Q} wYD w O} Q@@ Q=mx@ =QT} QD=tu}="O}@=}@ =yx}=Bu}=uDiQo Q_v QO =@ =QTT} QD=t
"O}vm =O}B =Q

\=@DQ= QO xOW h} QaD T O}vm ZQi u}vJty 'OW=@ |]N CW=ov l} T : U �! V s}vm ZQi �7
%OW=@ Q} R CQwYx@ V w U R= fu1; u2g w fv1; v2; v3g |=yx}=B =@

T (u1) = 2v1 + v2 � 3v3 T (u2) = v1 � 2v2 + v3

u = 4u1�7u2 Q=OQ@ Q} wYD w O} Q@@ Q=mx@ =QT} QD=tu}="O}@=}@ =yx}=Bu}=uDiQo Q_v QO =@ =QTT} QD=t
"O}vm =O}B =Q

\=@DQ= QO xOW h} QaD T O}vm ZQi u}vJty 'OW=@ |]N CW=ov l} T : U �! V s}vm ZQi �8
%OW=@ Q} R CQwYx@ V w U R= fu1; u2; u3g w fv1; v2; v3g |=yx}=B =@

T (u1) = v1 + v2 T (u2) = 3v1 � 2v2 T (u3) = v1 + 2v2 � v3

"O}@=}@ =Q u = 3u1 + 2u2 � 5u3 Q=OQ@ Q} wYD w O}@=}@ =Q T T} QD=t
=Q =y=[i u}= OQ=Ov=DU= |=yx}=B uDiQo Q_v QO =@ R3 �! R2 R= Q} R |]N |=yCW=ov T} QD=t �9

"O}vm =O}B =Q (1; 2; 3) Q=OQ@ Q} wYD w O}@=}@
T (y; z) = (x; z) �hr=

T (x; y; z) = (3x; y = z) �?
T (x; y; z) = (x+ y; 2x� y) �G

Q=OQ@ Q} wYD uOQm =O}B |=Q@ =Q T} QD=t u}= "O} Qw; CUOx@ R3 |=[i QO =Q Q} R |=yQorta T} QD=t �10
"O}@=}@ (�1 5 2)

T (x; y; z) = (x; 2y; 3z) �hr=
T (x; y; z) = (x; y; z) �?
T (x; y; z) = (x; 0; 0) �G

T (x; y; z) = (x+ y; 3y; x+ 2y � 4z) �O
Q_v QO =Q T (x; y; z) = (x� y; x+ z) \UwD xOW h} QaD T : R3 �! R3 |]N CW=ov �11
=O}B =Q R2 w R3 R= fu01; u02g w fu1; u2; u3g |=yx}=B u}= uDiQo Q_v QO =@ =Q T T} QD=t "O} Q}o@
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"O}vm
u1 = (1;�1; 0) u2 = (2; 0; 1) u3 = (1; 2; 1)

u01 = (�1; 0) u02 = (0; 1)

"O} Q@@ Q=mx@ u = (3;�4; 0) Q} wYD uOQm =O}B|=Q@ =Q T} QD=t u}=
Q_v QO =Q T (x; y) = (x; x + y; 2y) \UwD xOW h} QaD T : R2 �! R3 |]N CW=ov �12
CUOx@ =Q R3 w R2 R= fu01; u02; u03g w fu1; u2g |=yx}=B uDiQo Q_v QO =@ T T} QD=t "O} Q}o@

u; QO xm O} Qw;
u1 = (1; 3) u2 = (4;�1)

u01 = (1; 0; 0) u02 = (0; 2; 0) u03 = (0; 0;�1)

"O} Q@@ Q=mx@ u = (9; 1) Q=OQ@ Q} wYD uOQm =O}B |=Q@ =Q T} QD=t u}=
"O} Q}o@ Q_v QO =Q T (x; y) = (2x; x+ y) \UwD xOW h} QaD T : R2 �! R2 |]N Qorta �13

xm |Dkw O}vm =O}B =Q R2 R= fu1; u2g |=yx}=B uDiQo Q_v QO =@ T T} QD=t
u1 = (1; 2) u2 = (0;�1)

"O} Q@@ Q=mx@ u = (�1; 3) Q=OQ@ Q} wYD uOQm =O}B |=Q@ =Q T} QD=t u}=
=Q T} QD=t u}= O}vm =O}B =Q p2 R= f2x2; x� 1g x}=B uDiQo Q_v QO =@ =Q D jDWt Qorta T} QD=t �14

"O} Q@@ Q=mx@ 3x2 � 2x+ 4 Q} wYD uOQm =O}B |=Q@
u}vJty "OW=@ cos w sin `@=wD \UwD xOW O}rwD [0; �] xvt=O =@ `@=wD |Q=OQ@ |=[i V O}vm ZQi �15
T} QD=t "OW=@ swO jDWt uDiQo Qorta D2 w x uDiQo Q_v QO =@ jDWt Qorta D O}vm ZQi
Q} wYD "O}@=}@ =Q V R= fsinx; cosxg x}=B uDiQo Q_v QO =@ V R= D2 + 2D + 1 |]N Qorta

"O}@=}@ =Q CW=ov u}= CLD 3 sinx+ cosx

"O}@=}@ =Q p2 R= fx2; x; 1g w p2 R= fx; 1g x}=B uDiQo Q_v QO =@ =Q Q} R |=yCW=ov T} QD=t �16
T (ax2 + bx+ c) = (b+ c)x2 + (b� c)x �hr=
p2 |wDx@ p1 R= T (ax+ b) = bx2 + ax+ b �?
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p1 |wDx@ p2 R= T (ax2 + bx+ c) = 2cx+ b� a �G
R= fx; 1g x}=B w p2 R= fx2 + x; x; 1g x}=B uDiQo Q_v QO =@ =Q p1 |wDx@ p2 R= T p}O@D T} QD=t �17

u; QO xm O}vm =O}B p1

T (ax2 + bx+ c) = ax+ c

"O}vm u}}aD =Q 3x2 � 2x� 1 Q} wYD
T (ax+b) = bx�a xm O}vm =O}B =Qfx+1; 2g x}=BuDiQo Q_v QO =@p1 |wQT |]N QortaT} QD=t �18

"O}vm u}}aD =Q 4x� 3 Q} wYD
xm O}@=}@ p1 R= fx; g OQ=Ov=DU= x}=B uDiQo Q_v QO =@ =Q p1 |wQ Q} R |]N Qorta T} QD=t �19
Q_v QO =@ =Q T T} QD=t TBU w O} Q@@ Q=mx@ |y@=WD p}O@D l} T (ax + b) = (a + b)x � b

"O}vm =O}B p1 R= fx+ 1; x� 1g x}=B uDiQo
uDiQo Q_v QO =@ =Q T T} QD=t "O} Q}o@ Q_v QO R2 |wQ =Q T (x; y) = (2x; x+ y) |]N Qorta �20
uDiQo Q_v QO =@ =Q u; T} QD=t TBU O} Q@@ Q=mx@ |y@=WD p}O@D l} "O}vm =O}B R2 |=Q@ OQ=Ov=DU= x}=B

"O}vm =O}B R2 R= f(1; 1); (2; 1)g x}=B
Q_v QO =@ T T} QD=t "O} Q}o@ Q_v QO R2 |wQ =Q T (x; y) = (x � y; x + y) |]N Qorta �21
Q_v QO =@ =Q T} QD=t TBU O} Q@@ Q=mx@ |y@=WD p}O@D l} O}vm =O}B R2 |=Q@ OQ=Ov=DU= x} =B uDiQo

"O}@=}@ R2 R= f(�2; 1; (1; 2)g x}=B uDiQo
O}vm ZQi �22

Q=DN=U l} CU= umtt xW}ty =}; OW=@ V |=[iQ} R l} U w |Q=OQ@ |=y=[i W w V �hr=
#OW=@ OwHwt OW=@ xDW=O xDUy u=wvax@ =Q U xm W |wDx@ V R= |]N CW=ov

r(4; 1) pmW x@ |=yQ=OQ@ xty pt=W |}=[iQ} R xm R2 |wDx@ R2 R= |]N CW=ov l} �?
"O} R=U@ OW=@ xDW=O xDUy u=wvax@

(r+s; 2r�s)pmW x@|}=yQ=OQ@ xtypt=W|}=[iQ} R xmR2 |wDx@R3 R=|]NCW=ovl} �G
"O} R=U@ OW=@ xDW=O xDUy u=wvax@

u=wvax@ r(2;�1) pmW x@ |}=yQ=OQ@ xty pt=W |}=[iQ} R xm R3 x@ R2 R= |]N CW=ov l} �23
"O} R=U@ OW=@ xDW=O xDUy
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u=wvax@ r(4; 1) pmW x@ |}=yQ=OQ@ xty pt=W |}=[iQ} R xm R3 x@ R2 R= |]N CW=ov l} �24
"O} R=U@ OW=@ xDW=O xDUy

'OW=@ T (u) = u \UwD xOW h} QaD U |Q=OQ@ |=[i l} |=Q@ T : U �! V O}vm ZQi �25
U |=Q@ x}=B l} B O}vm ZQi "OwW|t xO}t=v U |v=ty Qorta T "CU= |]N T O}vm C@=F

"CU= |v=ty T} QD=t l} B uDiQo Q_v QO =@ T T} QD=t O}yO u=Wv 'OW=@
"OW=@ T (u) = 0 \UwD xOW h} QaD U |Q=OQ@ |=[i l} |=Q@ T : U �! V O}vm ZQi �26
U |=Q@ x}=B l} B O}vm ZQi "OwW|t xO}t=v U |wQ QiY Qorta T "CU= |]N T O}vm C@=F

"CU= QiY T} QD=t B uDiQo Q_v QO =@ T T} QD=t O}yO u=Wv OW=@
B0 = fv1; : : : ; vng 'B = fu1; : : : ; ung |=yx}=B =@ |Q=OQ@ |=y=[iW w V 'U O}vm ZQi �27
L : V �! W w T : U �! V O}vm ZQi u}vJty OvW=@ B00 = fw1; : : : ; wng w
QoV}=tv T} QD=t Q w B0 RB uDiQo Q_v QO =@ T T} QD=t P O}vm ZQi"OvW=@ |]N |=yCW=ov
QP Q@=Q@ B00 w B uDiQo Q_v QO =@ LOT T} QD=t O}vm C@=F"OvW=@ B00 w B0 uDiQo Q_v QO =@ L

"CU=
|=yT} QD=t T2 : U �! V w T1 : U �! V R}=tDt |]N CW=ov wO |=Q@ OQ=O u=mt= =}; �28

#OvW=@ xDW=O V w U R= B0 B |=yx}=B uDiQo Q_v QO =@ u=Um}
V}=tv R= s=Om Qy |=Q@ x}=B l} O}vm =O}B Q} R |=yQorta R= s=Om Qy |=Q@ |Q]k |U} QD=t V}=tv l} �29

"O}yO x�=Q= T R= |UOvy Q}@aD l} w O}vm =O}B |Q]k
T (x; y) = (4x+ 2y; 2x+ 4y) �hr=
T (x; y) = (5x+ 3y; 3x+ 5y) �?
T (x; y) = (9x+ 2y; 2x+ 6y) �G

T (x; y) = (14x = 2y; 2x+ 11y) �O
|=yV}=tv R= s=Om Qy |=Q@ |=x}=B "O}@=}@ Q} R |=yQorta R= s=Om Qy |=Q@ |Q]k |U} QD=t V}=tv l} �30
=yp=Ft u}= QO Ot=aDt p}O@D l} CU}v umtt� "O} Qw=}@ T R= |UOvy Q}@aD l} "O}vm u}}aD |Q]k

"�O}vm =O}B
T (x; y) = (8x� 6y; 9x� 7y) �hr=
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T (x; y) = (�2x+ 2y;�10x+ 7y) �?
T (x; y) = (3x� 4y; 2x� 3y) �G

T (x; y) = (7x+ 5y;�10x� 8y) �O

7 pYi |=xQwO |=yu} QtD 3�11�7
xm O}yO u=Wv "O}@=}@ =Q

"6 4
3 2

#
T} QD=t \UwD xOW h} QaD CW=ov OQ@ w xDUy �1

dimker(T ) + dimrange(T ) = dimdimain(T )

T} QD=t \UwD xOW h} QaD CW=ov OQ@ w xDUy |=Q@ |=x}=B �226641 1 1
0 1 �1
2 3 1

3775
"O}@=}@

=WwB w l}x@l} Q} R |=yT} QD=t \UwD xOW h} QaD |]N |=yCW=ov R= l}t=Om O}vm u}}aD �3
"OvDUy

B =

2666664
�1 2 0 5
3 7 2 8
�4 2 0 0
1 3 0 6

3777775 �? A =

26641 3 �4 9
0 1 2 6
0 0 0

3775 �hr=

"O}vm u}}aD =Q R3 �! R3 R= T (x; y; z) = (x; 2x; y � z) |]N CW=ov OQ@ w xDUy �4
u}= |=Q@ |=x}=B 'O}@=}@ =Q g OQ@ w xDUy CU= |]N Q} R QO xOW h} QaD g : p2 �! p3 O}vm C@=F �5

"O} Qw; CUOx@ =y=[iQ} R

g(a2x2 + a1x+ a0) = (a2 � a1)x3 � a1x2a0

O}vm C@=F O} Q}o@ Q_v QO pn |wQ Qorta l} u=wvax@ =Q D OW=@ |Q}ojDWt Qorta D O}vm ZQi �6
D2 � 2D + 1 \UwD xm |}=y|=xrtHOvJ xty xawtHt CU= |]N Qorta D2 � 2D + 1

"O}@=}@ =Q OvwW|t xDW=ov 12x� 4 |wDx@
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"O}vm =O}B =Q f(1; 3); (�1; 4)g x}=B =@ \=@DQ= QO (�1; 8) C=YDNt Q=OQ@ �7
"O}vm =O}B =Q fx2 + 1; x+ 2; x� 3g x}=B =@ x]@=Q QO =Q 3x2 + 2x� 13 C=YDNt Q=OQ@ �8

(� 35 ; 0; 45 ) w (0; 1; 0) '( 45 ; 0; 35 ) Ot=aDt x}=B =@ x]@=Q QO =Q (0; 5;�15) C=YDNt Q=OQ@ �9
"O}@=}@

uOQm =O}B |=Q@ =Q T} QD=t u}= "O}@=}@ =Q R2 R= B0 OQ=Ov=DU= x}=B x@ Q} R B x}=B R= p p}O@D T} QD=t �10
"O} Q@@ Q=mx@ B0 =@ x]@=Q QO w w v 'u C=YDNt Q=OQ@

B = f(1; 3); (5; 2)g B0 = f(1; 0); (0; 1)g

uB =

"3
1
#

vB =

" 5
�2
#

wB =

"4
1
#

=Q B0 = f(4; 3); (�3; 2)g x}=B x@ R2 R= B = f(�1; 2); (2; 1)g x}=B R= P p}O@D T} QD=t �11
"O}vm =O}B =Q uB0 x=ov; uB =

"4
1
#
Qo = O}vm =O}B

OW=@ R2 OQ=Ov=DU= x}=B |wQ Q} R CQwYx@ xOW h} QaD R2 |wQ |]N CW=ov l} T O}vm ZQi �12
"O}vm =O}B =Q T (2; 7) CQwYu}= QO T (1; 0) = (3; 2) w T (0; 1) = (�1; 4)

|=yx}=B =@ \=@DQ= QO T O}vm ZQi u}vJty OW=@ |]N CW=ov l} T : U �! V O}vm ZQi �13
w T (u1) = v1 � 5v2 � 2v3 OW=@ Q} R CQwYx@ U w V R= fv1; v2; v3g w fu1; u2g
Q=mx@ =Q T} QD=t u}= "O}@=}@ =Q =yx}=B u}= =@ \=@DQ= QO T T} QD=t "T (u2) = 3v1 � v2 + 2v3

"O}vm =O}B =Q a = 2u1 � 3u2 Q=OQ@ Q} wYD w O} Q@@
|=Q@ =Q T} QD=t u}= O}vm =O}B =Q OQ=Ov=DU= x}=B =@ \=@DQ= QO T (x; y; z) = (2x;�3y) T} QD=t �14

"O} Q@@ Q=mx@ (1; 2; 3) Q} wYD uOQm =O}B
=Q P2 R= fx2; x; 1g x}=B uDiQo Q_v QO =@ T (ax2 + bx+ c) = (a� b)x2 + 2cx T} QD=t �15

"O} Q@@ Q=mx@ 2x2 � x+ 3 Q} wYD uOQm =O}B |=Q@ =Q T} QD=t u}= O}vm =O}B
uDiQo Q_v QO =@ =Q T T} QD=t O} Q}o@ Q_v QO R2 |wQ =Q T (x; y) = (3x; x� y) |]N CW=ov �16
=@ =Q T} QD=t u}= TBU O}vm xO=iDU= x@=WDt T} QD=t l} R= O}vm =O}B R2 |=Q@ OQ=Ov=DU= |=yx}=B

"O}@=}@ R2 R= f(1; 2); (2; 3)g |=yx}=B uDiQo Q_v QO

449
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8 pYi |Q=DiQ |=yhOy
Ov=wD@ O}=@ pYi u}= |wQ Q=m w xar=]t R= TB |} wHWv=O

|=y=[i QO =Q x]kv wO xrY=i w Q=OQ@ wO u}@ x} w=R 'Q=OQ@ l} sQv 'Q=OQ@ wO |=x]kv ?Q[ s}y=it �
Rn Twtrt |=y=[i R= |=xDi=} s}taD s}y=it CQwYx@ =Q =yv; Cy@=Wt w xOQm h} QaD |rm |Q=OQ@

"Ovm lQO 'CU= xOQm xar=]t 5 pYi QO xm
h} QaD =Q `@=D l} sQv u; ltm x@ w xOQm h} QaD =Q �|=xrtHOvJwO =}� `@=D wO |=x]kv ?Q[pY=L �

"O}vm
�|=x]kv ?Q[pY=L swyit R= xO=iDU==@ � OvOwta syQ@ Q=OQ@ wO |DQwY xJ QO xm Ov=O@ �

"OW=@ xDW=O |UO}rk==v xUOvy w X=N C}@Uv |Qw�D uwJ |tyt |=xRwL \=@DQ= R= |mQO �
"OyO x�=Q= =Q C=a@ Qt u} QDtm xr}Uwx@ ?} QkD j}kO h} QaD �

"OyO K}[wD =Q x} Qwi ?} QkD swyit �
"OyO K}[wD =Q C=a@ Qt u} QDtm |=y|vLvt �

"Ovm h} QaD =Q Om wO xrY=i w =]N K}LYD Om '=yOm s}y=it �
"O};Q@ |@ wNx@ pYi u=}=B |=yu} QtD pL |xOya R= xQNq=@ w �
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sDWy pYi

|rN=O ?Q[ |=y=[i
pwY= R= |=xawtHt =Hv; QO "xOW xO=O s}taD |=x_Lqt p@=k Qw]x@ 5 pYi QO Rn |Q=OQ@ |=[i
jOY xaw[wt pwY= u}= QO xm |=xawtHt Qy xm |Qw]x@ "s}O=O x�=Q= Rn X=wN u}}@D |=Q@ =Q xaw[wt

"OvQ=O Rn =@ |y@=Wt |Q@H X=wN |}=y=[i u}vJ "OW|t xO}t=v |Q=OQ@ |=[i OQm|t
=yQ=OQ@ u}@ x} w=R 'Q=OQ@ l} sQv 'Q=OQ@ wO |=x]kv ?Q[ x@ =Q jwi s}y=it w xO=yv QD=Qi sOk l} lv}=

"s}yO|t s}taD |rm Cr=L QO |Q=OQ@ |=[i |=Q@ \=kv xrY=i w

|rN=O ?Q[ |=y=[i 1�8
|=x]kv ?Q[ s}taD =t hOy "CU= xrY=i w x}=wR 'sQv u}}aD |=Q@ Rn QO |O}rm swyit l} |=x]kv ?Q[
s}v=wD|t s}taD u}= =@ "CU= |rN=O ?Q[ x@ swUwt |[=} Q Q=DN=U l} =@ |Q=OQ@ |=y=[i x@ Rn QO
xOW u=}@ X=wN T=U=Q@ Q} R |rN=O ?Q[ "s}vm h} QaD x=wNrO |Q=OQ@ |=y=[i QO =Q xrY=i w x} w=R 'sQv

"CU= xOW x�=Q= 4�2 VN@ QO |=x]kv ?Q[ |=Q@
R= v w u |=yQ=OQ@ R= GwR Qy x@ xm CU= |a@=D 'v |Q=OQ@ |=[i l} |wQ |rN=O ?Q[ l} "h} QaD
X=wN QO c Q=mU= Qy w w w v 'u Q=OQ@ Qy |=Q@ `@=D u}= "Ovm|t Q_=vDt < u; v > O=tv =@ =Q |OOa v

"Ovm|t jOY Q} R
�|vQ=kD pY=� < u; v >=< v; u > �1
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�|atH pY=� < u+ v; w >=< u;w > + < v;w > �2
�|voty pY=� < cu; v >= c < u; v > �3

�u}at C@Ft pY=� u = 0 Qo = \ki w Qo = < u; u >= 0 ; < u; u >� 0 �4
"OwW|t xO}t=v |rN=O ?Q[ |=[i l} 'OW=@ xOW h} QaD |rN=O ?Q[ u; QO xm v |Q=OQ@ |=[i

u; |wQ |rN=O ?Q[ l} 'Ovm jOY |rN=O ?Q[ pwY= QO |Q=OQ@ |=[i l} QO xm |a@=D Qy
?Q[ "OQm h} QaD u=wD|t |O=} R |rN=O |=y?Q[ |Q=OQ@ |=[i l} |wQ xD@r= "Oum}t h} QaD =[i
R2 QO =Q |Qo}O |rN=O |=y?Q[ Q} R |=yp=Ft "CU= =[i u}= QO |rN=O ?Q[ l} 'R2 QO |=x]kv

"Ovvm|t x�=Q=
R2 QO |y=wNrO |=yQ=OQ@ w = (z1; z2) w v = (y1; y2) 'u = (x1; x2) O}vm ZQi %1 p=Ft

"CU= R2 QO |rN=O ?Q[ l} 'OwW|t h} QaD Q} R pmW x@ xm < u; v > O}vm C@=F "OvW=@

< u; v >= x1y1 + 4x2y2

"O} Qw; CUOx@ |rN=O ?Q[ u}= =@ =Q (3; 1) w (�2; 5) |=yQ=OQ@ |rN=O ?Q[
w O}vm xO=iDU= =yQ=OQ@ w |k}kL O=Oa= |Q@H X=wN R="s}}=tR;|t =Q |rN=O ?Q[ xv=oQ=yJ pwY= %pL

"O} Q@ Q=mx@ ?U=vt |=y=H QO =Q jwi h} QaD

< u; v > = x1y1 + 4x2y2 %1 pY=
= y1x1 + 4y2x2

=< v; u >

< u+ v; w > =< (x1; x2) + (y1; y2); (z1; z2) > %2 pY=
=< (x1; y1; x2 + y2); (z1; z2) >

= (x1; y1)z1 + 4(x2 + y2)z2

= x1z1 + y1z1 + 4x2z2 + 4y2z2

= x1z1 + 4x2z2 + y1z1 + 4y2z2

=< (x1; x2); (z1; z2) > +(y1; y2); (z1; z2)
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=< u; v > + < v;w >

< cu:v > =< c(x1; x2); (y1; y2) >= (cx1; cx2); (y1; y2) %3 pY=
= cx1y1 + 4cx2y2 = c(x1y1 + 4x2y2)

= c < u; v >

< u; u > =< (x1; x2); (x1; x2) > %4 pY=
= x21 + 4x22 � 0

'< u; u >� 0 xH}Dv QO"u = 0 u}=Q@=v@ "x2 = 0 w x1 = 0 Qo = \ki w Qo = x21 + 4x22 = 0 xwqax@
QO 'OvQ=QkQ@ |rN=O ?Q[ xv=oQ=yJ pwY= xm s}vm|t x_Lqt "u = 0 Qo = \ki w Qo = < u; u >= 0 w

"CU= R2 QO |rN=O ?Q[ l} < u; v >= x1y1 + 4x2y2 CQwYu}=
|=xS} w C}ty= R= R2 QO |=x]kv ?Q[ p=L u}= =@ "OvQ=O OwHw R2 QO R}v |Qo}O |rN=O |=y?Q[

"OyO|t CUOx@ |UO}rk= xUOvy QO =Q xrY=i w x} w=R =Q} R CU= Q=OQwNQ@
s}y=wN xar=]t 'OQm s}y=wN x�=Q= |Oa@ VN@ QO xm |rN=O ?Q[ T=U=Q@ =Q |UO}rk==v xUOvy |OwR@

"OQm
"s}yO|t V}=tv `@=wD w =yT} QD=t |Q=OQ@ |=[i QO =Q |rN=O ?Q[ lv}=

wO v wu O}vm ZQi "O} Q}o@ Q_v QO =Q 2 � 2 |=yT} QD=t R= pmWDt M22 |Q=OQ@ |=[i %2 p=Ft
"OvW=@ Q} R pmW x@ 2� 2 T} QD=t

u =

"
a b

c d

#
; v =

"
e f

g h

#
CU= M22 |wQ |rN=O ?Q[ l} Q} R `@=D O}vm C@=F

< u; v >= ae+ bf + cg + dh

"O} Qw; CUOx@ =Q} R |=yT} QD=t |rN=O ?Q[ �=yv; `tH w =yx}=QO Q_=vDt ?Q[�

u =

"2 �3
0 1

#
; v =

"5 2
9 0

#
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"s}vm|t Q=Po =w u=oOvv=wN x@ u} QtD u=wvax@ =Q 4 w 2 ẁ[wt pwY= w |UQQ@ =Q 3 w 1 ẁ[wt pwY= %pL

%1 ẁ[wt pY=

(u; v >= ae+ bf + cg + dh = ea+ fb+ gc+ hd =< v; u >

OW=@ Qr=mU= l} k s}vm ZQi %3 ẁ[wt pY=

< ku; v > = kae+ kbf + kcg + kdh

= k(ae+ bf + cg + dh)

= k < u; v >

%s} Q=O xOW xO=O T} QD=t wO |rN=O ?Q[ |=Q@ w*"2 �3
0 1

#
;

"5 2
9 0

#+
= (2� 5) + (�3� 2) + (0� 9) + (1� 0) = 4

"CU= =y|=xrtHOvJ |=[i |wQ |rN=O ?Q[ l} Q} R p=Ft
w[a wO =Q g w f "s}vm|t ZQi n R= QDW}@=v xHQO R= |=y|=xrtHOvJ |Q=OQ@ |=[i =Q Pn %3 p=Ft

"CU= Pn QO |rN=O ?Q[ l} Q} R `@=D O}vm C@=F "s} Q}o|t Q_v QO Pn

< f; g >=
Z 1

0
f(x)g(x)dx

#O}vm x@U=Lt =Q Q} R `@=wD |rN=O ?Q[

f(x) = x2 + 2x� 1 ; g(x) = 4x+ 1

|UQQ@ QO =Q p=QoDv= X=wN "s} Q=Po|t=w xOvv=wN x@ =Q Qo}O pY= wO w |UQQ@ 2 w 1 ẁ[wt pwY= %pL
"s} Q@|t Q=mx@ ẁ[wt pwY=

%1 ẁ[wt pY=

< f; g >=
Z 1

0
f(x)g(x)dx =

Z 1

0
g(x)f(x)dx =< g; f >
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%2 ẁ[wt pY=
< f + g; h > =

Z 1

0
[f(x) + g(x)]h(x)dx

=
Z 1

0
[f(x)h(x)] + [g(x)h(x)]dx

=
Z 1

0
f(x)h(x)dx+

Z 1

0
g(x)h(x)dx

=< f; h > + < g; h >

s}@=}|t =Q xOW xO=O `@=wD |rN=O ?Q[ lv}= w
< x2 + 2x� 1; 4x+ 1 >=

Z 1

0
(4x3 + 9x2 � 2x� 1)dx = 2

Q=OQ@ l} sQv 2�8
%OwW|t h} QaD Q} R pmW x@ |=x]kv ?Q[ T=U=Q@ Rn QO |Q=OQ@ sQv

k(x1; : : : ; xn)k =
q

(x21 + x22 + � � �x2
n)

=
p

(x1; : : : ; xn):(x1; : : : ; xn)

h} QaD u}= =t "OyO|t CUOx@ s} Q=O Q=_Dv= R3 w R2 |=y=[i QO xm =Q |tQv u=ty ,=k}kO 'sQv h} QaD u}=
OQ=Ov |UOvy Q}@aD ,=twRr O};|t CUOx@ j} Q] u}= x@ xm |tQv "O=O s}y=wN s}taD |rN=O ?Q[ |=Q@ =Q

"OQ=O |=xS} w C}ty= |OOa C=@U=Lt QO |rw
CQ=@a OwW|t XNWt kvk =@ xm v Q=OQ@ sQv "OW=@ |rN=O ?Q[ |=[i l} V s}vm ZQi "h} QaD

%R= CU=
kvk =

p
< v; v >

|rN=O ?Q[ =@ =Q Pn |Q=OQ@ |=[i %4 p=Ft
< f; g >=

Z 1

0
f(x):g(x):dx

%R= CU= CQ=@a |rN=O ?Q[ u}= =@ xOW O}rwD f `@=D sQv "s} Q}o|t Q_v QO

kfk =
p
< f; f > =

sZ 1

0
[f(x)]2dx
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"O} Qw; CUOx@ =Q f(x) = 5x2 + 1 `@=D sQv
%pL

k5x2 + 1k =

sZ 1

0
(5x2 + 1)2dx

=
r28

3
"CU=

q
283 'f(x) = 5x2 + 1 `@=D sQv u}=Q@=v@

x}=wR 3�8
Rn QO v w u Q=OQ@ wO u}@ � x} w=R u}= w OwQ|t Q=mx@ =yQ=OQ@ u}@ x} w=R u}}aD |=Q@ Rn QO |=x]kv ?Q[

%R= CU= CQ=@a
cos � =

u:v
kuk : kvk

|rN=O ?Q[ =@ =Q Pn '=y|=xrtHOvJ |rN=O ?Q[ |=[i %5 p=Ft
< f; g >=

Z 1

0
f(x)g(x)dx

%O};|t CUOx@ Q} R x]@=Q R= g w f QiY=v `@=D wO u}@ x} w=R "O} Q}o@ Q_v QO

cos � =
< f; g >
kfk kgk =

R 1
0 f(x)g(x)dx
kfk kgk

"O} Qw; CUOx@ =Q f(x) = x2 w g(x) = 3x `@=wD u}@ x} w=R Twv}Um

s} Qw;|t CUOx@ =Q kgk w kfk =OD@= %pL

k5x2k =

sZ 1

0
[5x2]2dx =

p5 ; k3xk =

sZ 1

0
[3x]2dx =

p3

p=L
cos � =

R 1
0 f(x)g(x)dx
kfk kgk =

p15
4
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Ot=aDt |=yQ=OQ@ 4�8
OwW|t xO}t=v Ot=aDt V QO v w u QiY=v Q=OQ@ wO "OW=@ |rN=O ?Q[pY=L |=[i l} V O}vm ZQi

Qo =
< u; v >= 0

| r N=O ?Q [ = @ Pn QO g(x) = x w f(x) = 3x � 2 ` @=w D O } yO u= W v %6 p= F t
"OvOt=aDt < f; g >=

R 1
0 f(x)g(x)dx

%pL
< 3x� 2; x >=

Z 1

0
(3x� 2)(x)dx = x3 � x2j10 = 0

"OvOt=aDt g w f `@=wD u}=Q@=v@
=@ "OQ=Ov |UOvy Q}@aD Q=OQ@ wO Ot=aD '|rN=O ?Q[ h} QaD u}= =@ s}O=O QmPD ,q@k xm Qw]u=ty "|Qw;O=}

"O} w=m@ =Q ẁ[wt u}= g w f Q=Owtv sUQ

xrY=i 5�8
xrY=i swyit |rm Cr=L QO 'sQv Ovv=ty "CU= |Q=OQ@ |=y=[i x@ |UO}rk= swyit s}taD |}=yv hOy
=Q Cw=iDt `@=wD pY=wi OR=U|t QO=k =Q =t |OOa C=@U=Lt QO p=L u}= =@ 'OW=@|tv |UOvy Q}@aD |=Q=O

"s} Qw; CUOx@
sQv =@ |rN=O ?Q[ |=[i l} =Q V "h} QaD

kvk =
p
< v; v >

CUOx@ Q} R x]@=Q R= OwW|t xO=O u=Wv d(u;v) =@ xm v w u �\=kv� Q=OQ@ wO xrY=i "s} Q}o|t Q_v QO
"O};|t

d(u;v) = ku� vk (=
p
< u� v;u� v >)

w g(x) = x2 � 3x+ 5 `@=wD R= l} s=Om "O} Q}o@ Q_v QO xOW u=}@ |rN=O ?Q[ =@ =Q Pn %7 p=Ft
"CU= l}ORv f(x) = x2 `@=D x@ h(x) = x2 + 4
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s}vm|t ẁQW pY=wi `@ Qt R= CrwyU |=Q@ "s} Qw;|t CUOx@ h w g R= =Q f xrY=i %pL
[d(f; g)]2 =< f � g; f � g >= (3x� 5; 3x� 5 >

=
Z 1

0
(3x� 5)2dx = 13

[d(f; h)]2 =< f � h; f � h >=< �4;�4 >
=
Z 1

0
(�4)2dx = 16

|@Uv xrY=i pta QO "CU= h x@ f R= QDm}ORv g x@ f TB "d(f; h) = 4 w d(f; g) =
p13 u}=Q@=v@

"CU= =yv; jr]t xrY=i R= QDtyt `@=wD
l} R}i '|[=} Q |=yxN=W R= |Q=}U@ QO xm 'OW h} QaD 1�5 VN@ QO Cn \rDNt |Q=OQ@ |=[i

&s}vm|t h} QaD =Q Cn pw=ODt |rN=O ?Q[ lv}= "OQ=O |=xS} w C}ty= |UOvyt w
Cn |rN=O ?Q[ "h} QaD

pmW x@ w xOQm |U} wvR=@ =Q pw= ẁ[wt pY= \rDNt |Q=OQ@ |=[i |=Q@
< u; v >= < v; u >

Q=mx@ |k}kL |Q=OQ@ |=y=[i Ovv=ty xrY=i w Ot=aD 'sQv h} QaD |=Q@ |rN=O ?Q[ u}= "s} Qw;|t QO
"OwQ|t

=Q=m |rN=O ?Q[ l} "OvW=@ Cn w[a wO v = (y1; : : : ; yn) w u = (x1; : : : ; xn) s}vm ZQi
R= CU= CQ=@a Cn |=Q@

< u; v >= x1�y1 + � � �+ xn�yn

"Ovm|t jOY \rDNt |Q=OQ@ |=[i |rN=O ?Q[ ẁ[wt pwY= QO h} QaD u}= O=O u=Wv u=wD|t
QO Q} R p=mW= x@ Cn QO =Q xrY=i w Ot=aD 'sQv h} Q=aD |rN=O ?Q[ u}= "�O}vm QwQt =Q Q} R |=yu} QtD�

"OQw;|t
< u; v >= 0 Qo = u?v
kuk =

p
x1�x1 + � � �+ xn�xn

d(u; v) = ku� vk

www.iedoc.ir



xrY=i 5�8 459

?wr]t "O} Q}o@ Q_v QO C2 QO =Q v = (1 + i;�i) w u = (2 + 3i;�1 + 5i) |=yQ=OQ@ %8 p=Ft
CU=

CU= Owta v Q@ u O}yO u=Wv w < u; v > �hr=
kvk w kuk �?

d(u; v) �G
"OvOt=aDt v Q@ u u}=Q@=v@ < u; v >= (2 + 3i)(1� i) + (�1 + 5i)(i) = 0 �hr= %pL

kvk =
p3 w kuk =

p39 �?
d(u; v) = ku� vk = k(1 + 2i;�1 + 6i)k =

p42 �G

u} QtD 1�5�8
?Q[ l} Q} R `@=D O}vm C@=F "OvW=@ R2 w[a wO v = (y1; y2) w u = (x1; x2) O}vm ZQi �1

"CU= R2 QO |rN=O
< u; v >= 4x1y1 + 9x2y2

l} Q} R `@=D O}vm C@=F "OvW=@ R3 w[a wO v = (y1; y2; y3) w u = (x1; x2; x3) O}vm ZQi �2
"CU= R3 QO |rN=O ?Q[

< u; v >= x1y1 + 2x2y2 + 4x3y3

?Q[ l} Q} R `@=D O}vm C@=F "OvW=@ R2 w[a wO v = (y1; y2) w u = (x1; x2) O}vm ZQi �3
"OW=@ Ov=wD|tv R2 QO |rN=O

< u; v >= 2x1y1 � x2y2

O}vm ZQi 2� 2 T} QD=t wO =Q v w u "O} Q}o@ Q_v QO =Q M22 |=yT} QD=t |Q=OQ@ |=[i �4

u =

"
a b

c d

#
; v =

"
e f

g h

#
"Ovm|t jOY |rN=O ?Q[ 4 w 2 ẁ[wt pwY= QO Q} R `@=D O}vm C@=F

< u; v >= ae+ bf + cg + dh

"�Ovm|t p}tmD =Q TQO u}= 2 p=Ft u} QtD u}=�
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`@=D O}vm C@=F 4 u} QtD QO �5

< u; v >= ae+ 2bf + 3cg + 4dh

"O} Qw; CUOx@ =Q Q} R |=yT} QD=t |rN=O ?Q[ "CU= M22 QO |rN=O ?Q[ l}
v =

" 4 1
�3 2

#
w u =

"1 2
0 �3

#
�hr=

v =

"5 �1
0 �3

#
w u =

"�2 4
1 0

#
�?

`@=D =@ Pn |Q=OQ@ |=[i QO �6

< f; g >=
Z 1

0
f(x)g(x)dx

�Ovm|t p}tmD =Q 3 p=Ft u} QtD u}=� "Ovm|t jOY 4 w 3 ẁ[wt pwY= QO `@=D u}= O}vm C@=F
`@=D =@ =Q Pn |Q=OQ@ |=[i �7

< f; g >=
Z b

a
f(x)g(x)dx

"a < b w OvW=@ |k}kL O=Oa= b w a Qo = CU= |rN=O ?Q[ l} `@=D u}= O}vm C@=F O} Q}o@ Q_v QO
"a � b x=oQy CU}v |rN=O ?Q[ l} `@=D u}= O}vm C@=F

pmW x@ |rN=O ?Q[ =@ Pn |rN=O ?Q[ |=[i QO `@=wD s=tD 15 =D 8 |=yu} QtD QO

< f; g >=
Z 1

0
f(x)g(x)dx

"OvW=@|t
"O}vm =O}B OQwt Qy QO =Q |=x]kv ?Q[pY=L �8

g(x) = 3x� 2 w f(x) = 2x+ 1 �hr=
g(x) = 3 w f(x) = x2 + 2 �?

g(x) = x+ 1 w f(x) = x2 + 3x� 2 �G
g(x) = 3x2 � 4x+ 2 w f(x) = x3 + 2x� 1 �O

"O} Qw; CUOx@ =Q Q} R `@=wD sQv �9
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f(x) = 4x� 2 �hr=
f(x) = 7x3 �?

f(x) = 3x2 + 2 �G
g(x) = x2 + x+ 1 �O

"OvOt=aDt g(x) = 4x� 3 w f(x) = x2 `@=wD O}vm C@=F �10
"OvOt=aDt g(x) = 12 � x w f(x) = 1 `@=wD O}vm C@=F �11

"O}vm x@U=Lt =Q g(x) = 9x w f(x) = 5x2 `@=wD u}@ x} w=R Twv}Um �12
"O} Qw; CUOx@ f(x) = 6x+ 12 `@=D Q@ Ot=aDt |a@=D �13

"O} Qw; CUOx@ =Q g(x) = x2 + x� 3 w f(x) = x2 + 3x+ 1 `@=wD u}@ xrY=i �14
QDm}ORv f(x) = x2 `@=D x@ h(x) = x2 � 3x+ 4 w g(x) = x2 + 2x� 3 `@=wD R= l}t=Om �15

"CU=
|rN=O ?Q[ =@ M22 |rN=O ?Q[ |=[i w[a =yT} QD=t xty 20 =D 16 |=yu} QtD QO*"

a b

c d

#
;

"
e f

g h

#+
= ae+ bf + cg + dh

"Ov=xOW xDiQo Q_v QO
"O} Qw; CUOx@ =Q Q} R |=yT} QD=t |rN=O ?Q[ �16"�2 0

�3 5
#

w
"1 2
3 4

#
�hr=" 3 6

�2 �7
#

w
"0 �3
2 5

#
�?

"O} Qw; CUOx@ =Q Q} R |=yT} QD=t sQv �17"1 2
3 4

#
�hr=" 0 1

�1 3
#

�?" 5 �2
�1 6

#
�G
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" 4 �2
�1 �3

#
�O

"OvOt=aDt Q} R |=yT} QD=t GwR O}vm C@=F �18"2 4
3 �7

#
w
" 1 2
�1 1

#
�hr=" 5 2

�3 2
#

w
"�1 6

1 �2
#

�?

"O} Qw; CUOx@ =Q Q} R T} QD=t x@ Ot=aDt T} QD=t �19"1 2
3 4

#
"O} Qw; CUOx@ =Q Q} R |=yT} QD=t GwR u}@ xrY=i �20"1 1

1 1
#

w
" 4 0
�1 3

#
�hr="�3 2

1 0
#

w
" 2 �3
�1 4

#
�?

'kuk '< u;v > "O} Q}o@ Q_v QO =Q Q} R v w u |=yQ=OQ@ 'C2 |rN=O ?Q[ \rDNt |=[i QO �21
#xv =} OvOt=aDt v w u =}; xm O}vm u}}aD "O}vm x@U=Lt= Q d(u;v) w kvk

v = (3� 2i; 2 + i) w u = (2� i; 3 + 2i) �hr=
v = (2 + i; 4� 5i) w u = (4 + 3i; 1� i) �?

v = (�i; 3 + 2i) w u = (2 + 3i;�1) �G
v = (1; 1) w u = (2� 3i;�2 + 3i) �O

'kuk '< u;v > "O} Q}o@ Q_v QO =Q Q} R v w u |=yQ=OQ@ 'C2 |rN=O ?Q[ \rDNt |=[i QO �22
#xv =} OvOt=aDt v w u =}; O}vm u}}aD w O}vm x@U=Lt =Q d(u;v) w kvk

(v = (1 + i;�4� i) w u = (1 + 4i; 1� i) �hr=
v = (3� 4i; 2 + 5i) w u = (2 + 7i; 1 + i) �?

(v = (2� i; 5i) w u = (1� 3i; 1 + i) �G
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v = (2 + i;�2 + 23 i) w u = (3 + i; 2 + 2i) �O
%O}vm C@=F "OvW=@ Cn |=yw[a v = (y1; : : : ; yn) w u = (x1; : : : ; xn) O}vm ZQi �23

< u;v >= x1�y1 + � � �+ xn�yn

"Ovm|t jOY \rDNt |Q=OQ@ |=[i |rN=O ?Q[ xaw[wt pwY= QO
x=ov; 'OW=@ Qr=mU= l} k w Cn \rDNt |rN=O ?Q[ |=[i QO |=yQ=OQ@ v w u Qo = O}vm C@=F �24

< u; kv >= �k < u;v >

'OW=@ Qr=mU= l} c w |k}kL |rN=O |=[i QO |=yQ=OQ@ v w u x=oQy �25
< 0;v >=< v; 0 >= 0 �hr=

< u;v + w >=< u;v > + < u;w > �?
< u; cv >= c < u;v > �G

Q=OQ@ Qy |=R=x@ xm OW=@ n� n uQ=kDt T} QD=t A Qo = "OvW=@ Rn QO |}=yQ=OQ@ v w u O}vm ZQi �26
"Ovt=v|t u}at C@Ft =Q T} QD=t u}= "wAwt > 0 'Rn QO w QiY =D

u}=Q@=v@ 'Ovm|t jOY |rN=O ?Q[ ẁ[wt pwY= s=tD QO< u;v >= uAvt O}yO u=Wv �hr=
QO |rN=O ?Q[ l} u}at C@Ft T} QD=t Qy xH}Dv QO "CU= Rn QO |rN=O ?Q[ l}

"CU= Rn
"Ovm|t h} QaD Rn QO |=x]kv ?Q[ l} In |v=ty T} QD=t O}yO u=Wv �?

|=Q@ =Q d(u;v) w kvk 'kuk '< u;v > Q=Okt "v = (0; 1) w u = (1; 0) O}vm ZQi �G
"O} Qw; CUO@ Q} R C@Ft u}at |=yT} QD=t xr}Uwx@ xOW h} QaD |rN=O |=y?Q[ R= l} Qy

A =

"2 0
0 3

#
; B =

"1 2
2 3

#
; C =

"2 3
3 5

#
=Q A "OwW h} QaD A u}@t C@Ft T} QD=t l} =@ Ov=wD|t VN@ u}= '1 p=Ft |rN=O ?Q[ �O

"O} Qw; CUOx@
|}=yQ=OQ@ xawtHtW O}vm ZQi "O} Q}o@ Q_v QO V |rN=O ?Q[ |=[i QO QiY=v Q=OQ@ l} =Q v �27

"CU= V |=[iQ} R l} W O}vm C@=F "OvOt=aDt v Q@ xm OW=@ V QO
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B |@]k O=LD= 6�8
"CU= Q=QkQ@ Q} R C}Y=N xQ=wty |rN=O ?Q[ l} QO

kv � k2 = kvk2 � 2Re < u; v > +kuk2

Cr=L QO "CU= v w u |rN=O ?Q[ |k}kL CtUk Re < u; v > w x=wNrO |Q=OQ@ v w u u; QO xm
%s} Q=O |k}kL |Q=OQ@ |=[i QO X=N

< u; v >=
1
4ku+ vk2 � 1

4ku� vk2 (1)

xmv}= x@ xHwD =@ p=L
< u; v > = Re < u; v > +i Im < u; v > (2)

< u; v > = Re < u; v > +iRe < u; iv > (20)

Im(v) = Re(�iv) xm O}W=@ xDW=O xHwD wCU= v w u |rN=O ?Q[ |twywtCtUk Im < u; v >�
\rDNt |Q=OQ@ |=[i l} QO |rm Cr=L QO �Im; u; v >= Re[�i < u; v >] = Re < u; iv > w

%s} Q=O
< u; v >=

1
4ku+ vk2 � 1

4ku� vk2 +
i
4ku+ ivk2 � 1

4ku� ivk2 (3)

"Ovt=v|t |@]k |=yO=LD= =Q �3� w �1� \@=wQ
CU= Q=QkQ@ Q} R pmW x@ =yQ=OQ@ sQv OQwt QO `q[q=|R=wDt uwv=k x@ swUwt |Qo}O uwv=k

ku+ vk2 + ku� vk = 2kuk2 + 2kvk2

X=N C}@Uv w |UO}rk==v xUOvy 7�8
xrY=i w =yQ=OQ@ u}@ x} w=R '=yQ=OQ@ sQv '?Q[ u}= "CU= Rn xUOvy pQDvm |=Q@ =v=wD |Q=R@= |rN=O ?Q[

"OQ}o|t s=Hv= Q} R \@=wQ ltm x@ Qt= u}= `k=w QO "Ovm|t pQDvm =Q \=kv u}@
kvk =

p
< v; v > ; cos � =

< u; v >
kukkvk ; d(u; v) = ku�vk =

p
< u� v; u� v >
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xUOvy |=Q@ =Q Cw=iDt |=ysQv w Cw=iDt |=}=wR 'Cw=iDt |=yxrY=i 'Rn QO Cw=iDt |rN=O |=y?Q[
"OwW|t QHvt |UO}rk= xUOvy x@ xm CU= |=xS} w |rN=O ?Q[ '|=x]kv |Q[ "OvyO|t CUOx@ Cw=iDt
|rN=O |=y?Q[ uO=O Q=Qk =@ xm s}vm QwQt =Q Qo}O |=yxUOvy |NQ@ Q=YDN= x@ wrw s}y=wN|t lv}=
Q=Qk xar=]t OQwt u=v=O}[=} Q xr}Uwx@ xm |UO}rk==v |=yxUOvy u}vJ "Ov};|t OwHwx@ Rn QO |Qo}O
=yxUOvy u}= R= |m} xvwoJ xm s}yO u=Wv s}y=wN|t =Hv}= QO "Ov=xDiQ Q=mx@ u=OvtWv=O xr}Uwx@ 'Ov=xDiQo
|Q_v R2 QO |UO}rk==v xUOvy x@ =OD@= "CU= xDiQ Q=mx@ X=N C}@Uv |Qw�D QO u=tR�=[i h}YwD |=Q@

"s} Q}o|t Q_v QO 's}OQm h}YwD 1 p=Ft QO xm =Q |Y=N |rN=O ?Q[ R2 QO "s} R=Ov=|t
Q} R x]@=[ =@ |rN=O ?Q[ w OvW=@ R2 QO |y=wNrO |=yQ=OQ@ (y1; y2) w (x1; x2) s}vm ZQi

"OW=@ xOW h} QaD
< (x1; x2); (y1; y2) >= x1y1 + 4x2y2

=Q (0; 1) Q=OQ@ =[i u}= QO "CU= Cw=iDt OW Qy=_ �4 hr=� QO xm |=x]kv ?Q[ =@ |rN=O ?Q[ u}=
%R= CU= CQ=@a Q=OQ@ u}= sQv O} Q}o@ Q_v QO

k(0; 1)k =
p
< (0; 1); (0; 1) >

=
p

(0� 0) + 4(1� 1)

= 2

QO xm |r=L QO "CU= 1 Q@=Q@ |UO}rk= xUOvy QO Q=OQ@ u}= sQv "s}=xO=O u=Wv 1�8 pmW QO =Q Q=OQ@ u}=
EL@t u; QO xm Ov=xO}O Ov=xOvQ=Po =Q |SwrwB wD TQO xm |v=} wHWv=O� "CU= 2 Q@=Q@ sQv u}= O}OH xUOvy

"�Ovm|t =O}B Q}}eD =ysQv w =yxrY=i |SwrwB wD Q}}eD =@ R}v

1�8 pmW
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%R= CU= CQ=@a =yQ=OQ@ u}= |rN=O ?Q[ "O} Q}o@ Q_v QO =Q (�4; 1) w (1; 1) |=yQ=OQ@
< (1; 1); (�4; 1) >= 0

Ot=aDt pmW QO =yQ=OQ@ u}= "s}=xOQm Q} wYD =Q =yQ=OQ@ u}= 2�8 pmW QO "OvOwta syQ@ Q=OQ@ wO u}= u}=Q@=v@
xUOvy QO =yQ=OQ@ u}= u}@ x} w=R p=L u}= =@ "OvDU}v Owta syQ@ |UO}rk= xUOvy QO w OvUQ|tv Q_v x@

"CU= xt�=k =t O}OH

2�8 pmW
s}vm|t x@U=Lt =Q (0; 1) w (1; 0) \=kv xrY=i 'xrY=i h} QaD ltm x@ '|rN=O ?Q[ u}= =@ s=Hv=QU

d((1; 0); (0; 1)) = k(1; 0)� (0; 1)k
= k(1;�1)k
=
p
< (1;�1):(1;�1) >

=
p

(1� 1) + 4(�1� (�1))

=
p5

|=[i QO x]kv wO u}= xrY=i xm O}W=@ xDW=O xHwD "CU= xOW xO}Wm Q} wYD x@ 3�8 pmW QO ?r]t u}=
"CU= p2 Q@=Q@ TQwe=F}i x}[k |Q}oQ=mx@ =@ �|UO}rk= xUOvy QO |va}� |UO}rk=

3�8 pmW
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'Ovm|t jOY ,qt=m xOW QmP xaw[wt pwY= QO s}OQm h}YwD lv}= xm |=xUOvy xm O} Q}PB@ O}=@ =tW
|=Q@ ,=iQY =@} R |=}vO l} u=wvax@ C=}[=} Q $Ovm|tv h}YwD s}vm|t |oOvR u; QO xm =Q |v=yH xJQo

"OW=@ xDW=O \=@DQ= |v=yH s}y=it Q}=U =@ =} OW=@ xDW=O |OQ@ Q=m xmv;|@ OQ=O OwHw VOwN
=Q xDmv u}= xOvv=wN O}=@ =t= 'CU= C=}[=} Q |OQ@ Q=m `}UwD uO=O u=Wv TQO u}= QO =t hOy xJQo
xJ Ov=O|tv |Um xD@r= "OvQ=Ov Q=Qk OQ@ Q=m Q}Ut QO ,=twRr |[=} Q |=@} R |=yxN=W R= |NQ@ xm O@=} QO
"O=Di= j=iD= |UO}rk==v xUOvy OQwt QO p=Ft |=Q@ OQwt u}= "CiQ Oy=wN Q=mx@ ZLt C=}[=} Q u}= `kwt
xO=O xaUwD syORwv uQk \U=w= QO u=t} QOQ=yvQ@ |v=tr; u=v=O}[=} Q \UwD |UO}rk==v xUOvy xOta CtUk
,=k}kO OQ=O R=}v u=tR�=[i h}YwD |=Q@ xm |=xUOvy xm Ci=} QO u}DW}v= CQ@r; sDU}@ uQk p}=w= QO "OW

"CU= xOQm h}YwD u=t} Q xm CU= |=xUOvy
|UO}rk= xUOvy "OwQ|t Q=mx@ u=tR Oa@ l} w u=mt Oa@ xU h}YwD |=Q@ R4 'u=tR�=[i xUOvy QO

"CU}v |@U=vt xUOvy 'u=tR w =[i j}irD |=Q@
|=xQm}B |rN=O ?Q[ |=y=[i `@=D w |rN=O ?Q[ |=y=[i T} QD=t xm s}vm|t |Qw;O=} u}vJty
uQk QN=w= QO xm CU= |[=} Q pOt l} l}v=mt sDv=wm "Ovyv|t =v@ =Q l}v=mt sDv=wm x} Q_v xm Ovw=U|t
xaUwD =yuwQDmr= w =ysD= Q=DiQ h}YwD |=Q@ nQ@vR}=y QvQw w lvqB Tm =t ' Qyw@ p}v \UwD sDU}@

"CU= xOW xO=O
sDU}@ uQk QO l} R}i xOvRQ= x} Q_v wO |rY= |=yuwDU '|rN=O ?Q[ |=y=[i |Qw�D s}vm u=aP= O}=@
"Ov=xOW |tD= KqU w |tD= |SQv= xaUwD x@ QHvt ,qFt 'OvQ=O =t |oOvR QO hQoW |Q}F=D =yx} Q_v u}= "CU=

X=N C}@Uv 8�8
l}v=mt u=tR u; QO "OW KQ]t 1u}DW}v= CQ@r;\UwD =t h=Q]= |m} R}i u=yHh}YwD |=Q@ X=NC}@Uv
nQR@ Q=}U@ O=a@= QO xm O=O u=Wv QQmt |=yV}=tR; p=L u}= =@ "CiQ|t Q=mx@ s=UH= CmQL |=Q@ uDw}v
'M} QwR QO w OQm p}YLD M} QwR QO "CU= Q=Ya= s=tD u=OvWtv=O u} QDoQR@ R=|m} �1879�1955� u}DW}v= CQ@r; �1
CmQL 'xO=t '=[i 'u=tR R= |tra O}OH s}y=it xm CU= hwQat C}@Uv |=y|Qw�D Q]=Nx@ "xO=O TQO uwDUv} QB w u}rQ@ 'l =QB
CQH=yt =m} Qt; x@ QrD}y uOt; Q=mx@ u=tR QO "OQm Ci=} QO l} QDmr=wDi xO}OB QF= Q]=N x@ =Q p@ wv xR}=H "Ovm|t u=}@ =Q x@P=H w
xUwQB xm CWwv CrwRwQ x@ |=xt=v Ro} w w QrD CmQ=Wt =@ |w "OwW uwovQU QwR =@ O}=@ QrD}y s} SQ CW=O O=kDa= xm |QwWm 'OQm
?yPt xJQo |w "CN=wv|t |vrw} w =@ w Ci=} QO |@ wN x@ =Q l}Uqm |k}Uwt u}DW}v= "OQm|t |Q=} =Q |tD= ?t@ uDN=U

"CU= |iO=YD xO}OB l} u=yH xm OQmv Qw=@ RoQy |w "Ow@ |@yPt |Da}@] |=Q=O =t= 'CW=Ov |tUQ
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|=}=Oy R= |m} "CU}v Q=OQwNQ@ |i=m CkO R= |vDw}v l}v=mt \UwD <=}W= CmQL 'C=Q=}U CmQL Q}_v
"Ow@ |[=} Q j}kO Q=}U@ |=ypOt xaUwD 'sra u=yH Q@ u}DW}v= C=} Q_v

C}@Uv x} Q_v QO =Q x@P=H TBU 'CW=OvQ@ QO =Q x@P=H xm OQm KQ_t =Q X=N C}@Uv x} Q_v =OD@= |w
C=}[=} Q R= xvwoJ xmv}= w x} Q_v h}YwD =@ =Q X=N C}@Uv |[=} Q |=ypOt =t =Hv}= QO "OQ@ Q=mx@ s=a

"s}yO|t K}[wD Ov=xDiQo s=yr=
xrY=i =t =@ |Qwv p=U 4 xm CU= �=ir; TwQ]vk� =ir; 'O}WQwN RH x@ u}tR xQm x@ xQ=DU u} QDm}ORv
CiH l} '�p}=t 5 88� 1012 'O}=t}B|t p=Um} COt QO Qwv xm CU= |=xrY=i |Qwv p=U l}� "OQ=O
|Qo}O w Ov=t|t |k=@ u}tR QO =ywrkwO R= |m} OvwW|t OrwDt u=tR l} QO xm O} Q}o@ Q_v QO =Q wrkwO
R= TB xrY=iq@ w OwW|t ?=DQB Qwv CaQU 0 8 =@ =ir; hQ] x@ |mWwt \UwD OrwD R= TB xrY=iq@
xm |} wrkwO Ovm|t =aO= X=N C}@Uv x} Q_v "OOQo|tQ@ u}tR hQ] x@ CaQU u=ty =@ =ir; x@ uO}UQ
xDWoR=@ w xDiQ =ir; x@ xm |} wrkwO xm|r=L QO CU= xOW xr=U 10 x_Lr u}= QO CU= xOv=t u}tR xQm QO
u=}@ =ywrkwO QO =Q OWQ xO}OB Kw[wx@ "Ovt=v|t =ywrkwO xO}OB =Q xO}OB u}= "OW=@|t xr=U 6 |=xJ@ CU=
xm OyO MQ Qiv wO Qy |=Q@ Ov=wD|t x@=Wt xO}OB "Ov=t|t xr=U 6 |Qo}O w xr=U 10 |m} xm u}= 'Ovm|t
w =Hm xmv; ?ULQ@ O=Oa= u}= "OOQo|tQ@ w Ovm|t QiU QwO |=yxQ=DU x@ |Qo}O w Ov=t|t u}tR QO |m}

"CU= Cw=iDt Ovm|t QiU |DaQU xJ =@
u=tR R= |QUm CQwYx@ OOQo|t Q@ w Ovm|t QiU x=t xQm x@ xm |OQwv=[i |=Q@ xO}OB u}= p=Ft u=wvax@
u}= O}}=D |=Q@ |OOa C}@Uv x} Q_v =@ \=@DQ= QO "CU= x@U=Lt p@=k Ov=t|t u}tR QO xm |OQi R= QDu=wH
s=Hv= CU= Cw=iDt 'u}tR x@ C@Uv lQLDt <=}W= =@ xOW C@F u=tR =@ u}tR QO xOW C@F u=tR xm xO}OB
uDovW=w l} R}i u=tDQ=BO QO J.C. Hafele QwUiwQB \UwD xm =yV}=tR; u}= R= |m} x@ "CU= xDi=}
uDovW=w U.S. Naval observatory QO Richard E.Keatin QDmO w Qv}wruU Cr=}= QO
"s}vl|t xQ=W= CU= xO}OQo A=J Journal Science, Vol177, 1972 xrHt QO w xDi=} s=Hv=
|=yu=tR u}@ |mOv= CQ=iD "OvOW xDN} w; CH |=t}B=[i l} QO Q=@ wO |tD= Ca=U Q=yJ 1971 Q@Dm = QO
C}@Uv x} Q_v =@ hqDN= u}= "OW x_Lqt OvDW=O Q=Qk u}tR QO xm |}=yCa=U w =yCa=U u}= xOW C@F
'CU}v Q}PBu=mt= =ir; x@ CQi=Ut |=Q@ Cw=iD u}= C@F u=mt= l}ORv |=x}D; QO xD@r= "CW=O j@=]D ,qt=m
Qt= u}= jkLD u=mt= "CU}v Q}PBu=mt= |v}tR |OwHwt |=Q@ CaQU u}vJ =@ |QiU |=Q@ sRq |Sv= =Q} R
|vU u=vJ QO w OwQ@ |QiU x@ Ov=wD|t |OQi '|Q_v CQ=@ax@ "CU= ptDLt |U=vWxat=H x=oO}O R= \ki

$OOQo|tQ@ QiU R= xm |t=ovy 'OwW Tqmty OwN xwv =@ Ov=wD@ xm OOQoQ@
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"s}yO|t K}[wD =Q C}@Uv x} Q_v |[=} Q pOt lv}=
'x1� =[i C=YDNt xU %C=YDNt Q=yJ pt=W u}=Q@=v@ w u=tR�=[i |=Q@ |rOt |=Q=O X=N C}@Uv
"s}vm|t xO=iDU= u=tR�=[i V}=tv |=Q@ R4 |Q=OQ@ |=[i R="CU= �x4� u=tR XDNt l} w �x3 w x2

QHvt xUOvy l} x@ s=Om Qy w s}yO Q=Qk R4 QO s}v=wD|t xm 'OvQ=O OwHw |O=} R |rN=O |=y?Q[
pY= u}tQ=yJ x=oQy "OQ=Ov Ck@=]t Q_v OQwt V}=tR; G}=Dv =@ |rN=O |=y?Q[ u}= R= s=OmI}y "OvwW|t
=@ |rN=O ?Q[ u}= w s} Qw;|t CUOx@ |rN=O ?Q[ x@W l} 's} Q=Po@ Q=vm =Q |rN=O ?Q[ ẁ[wt
|mUiwmv}t xUOvy 'X=N C}@Uv XDNt xUOvy u}= "CW=O Oy=wN j@=]D =t Q_v OQwt xUOvy G}=Dv
u}}@D |mUiwmv}t xUOvy w O}OQo KQ]t Q=@ u}rw= |=Q@ 1|mUiwmv}t u=tQy \UwD xm OwW|t xO}t=v

"O}OQo X=N C}@Uv
`@=D "OvW=@ R4 x=wNrO w[a wO Y = (y1; y2; y3; y4) w X = (x1; x2; x3; x4) s}vm ZQi

%OyO|t p}mWD =Q xUOvy u}= |rN=O ?Q[ < X;Y >

< X; Y >= �x1y1 � x2y2 � x3y3 + x4y4

Zkv =Q |rN=O ?Q[ sQ=yJ pY= |ivt C=tqa w CU}v |rN=O ?Q[ l} `k=w x@ < X;Y > xD@r=
�O}vm xHwD |Oa@ |=yu} QtD x@� "Ovm|t

OQ@ Q=mx@ "OwQ|t Q=mx@ Q} R pmW x@ \=kv xrY=i w =yQ=OQ@ sQv h} QaD |=Q@ |rN=O ?Q[ x@W u}=
h} Q=aD u}= "CU= xO=U Q=}U@ w ZLt ,qt=m h} Q=aD u}= uOw@ R=Ht "O}vm xHwD h} QaD u}= QO jr]tQOk

$s}DUy OvtR=}v u=tR�=[i h}YwD |=Q@ xm OvDUy |}=yQ@H u=ty ,=k}kO
jXj = pj < X;X > j

d(X;Y ) = kX � Y k = k(x1 � y1; x2 � y2; x3 � y3; x4 � y4)k
=
q
j � (x1 � y1)2 � (x2 � y2)2 � (x3 � y3)2 + (x4 � y4)2j

Q=mx@ =ir; xQ=DU x@ |}=[i QiU |=Q@ u=tR Q=DiQ h}YwD |=Q@ xUOvy u}= xvwoJ xm s}vm|t x_Lqt lv}=
x1 QwLt |=DU=Q QO =ir; 'xQ=DU s}vm|t ZQi 'CrwyU |=Q@ "s}vm|t sUQ =Q u=tR�=[i s=Qo =}O "OwQ|t
T} QOD uov}Dwo w M} QwR 'nQw@ Rov}vwm 'u@ QO w Ov=wN TQO nQw@ Rov}vwm QO �1909�1864� |mUiwmv}t u=tQy �1
Q}@aD xm Ow@ |Um u}DUNv "OW Ovtxkqa C}@Uv x} Q_v x@ Qta QN=w= QO "Ow@ Ovtxkqa Q@H w O=Oa= x} Q_v 'xUOvy x@ w= "OQm
u}}@D u}= "OQm u}}@D |Oa@ Q=yJ x=oDUO l} xr}Uwx@ =RHt Qw]x@ =Q u=tR�=[i s}y=it xm OQw; CUOx@ C}@Uv pwY= R= |Y=N

"O=O xaUwD ?r=k u}= QO =Q s=a C}@Uv x} Q_v u}DW}v= w O}OQo |Oa@ C=k}kLD 'O@r=m
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QO sy |}=[i |wrkwO xm |r=L QO Ovm|t CmQL x4 QwLt 'u=tR Q}Ut QO |v}tR |wrkwO "OQ=O Q=Qk u}tR
Vy=m |=DU=Q QO w -=O@t R= CmQL Q}Ut QO Ovm|t CmQL x QwLt |OwaY |=DU=Q QO sy w u=tR QwLt
xOW xO=O u=Wv 4�8 pmW QO u=tR�=[i s=Qo =}O -=O@t |wU x@ CmQL Q}Ut QO Ovm|t CmQL x QwLt
CWoQ@ Q}Ut w CU= PR =ir; xQ=DU CtU x} 2 |wrkwO Q}Ut w CU= PQ Q}Ut '1 |wrkwO Q}Ut"CU=
hPL s=Qo =}O QO =Q =yQwLt u}= u}=Q@=v@ OQ=Ov OwHw x3 =} x2 QwLt QO |DmQL I}y "CU= RQ u}tR x@ u;

"s}=xOQm

4�8 pmW

"s}vm|t x=ov =ywrkwO x=oO}O R= =yC}akwt x@ lv}=

CaQU 0 8 �=t}B=[i CaQU =@ |Qwv p=U 8 �xQ=DU u; R= CWoQ@ w =ir; xQ=DU xrY=i %1 |wrkwO
Qwv

u}=Q@=v@
u}tR x@ C@Uv =t}B=[i Ci=Ut � xrY=iCaQU � 80 8 � 10 p=U

"OW=@|t 10 xm PQ =@ Q@=Q@ pw] u}= |UOvy x=oO}O R=

"s}vm|t |UQQ@ ,=k}kO =Q C=YDNt jwi s=Qo =}O QO %2 |wrkwO
x]kv Q 'PQ = 10 uwJ "OW=@ R4 QO (0; 0; 0; 0) -=O@t P O}vm ZQi "O}vm x=ov 5�8 pmW x@

"OW=@|t (0; 0; 0; 5) x]kv S w OW=@|t (0; 0; 0; 10)

www.iedoc.ir



X=N C}@Uv 8�8 471

5�8 pmW
"CU= (4; 0; 0; 5) x]kv R u}=Q@=v@ "|Qwv p=U 4 |va} CU= u}tR R= =ir; xQ=DU |}=[i xrY=i PT

"s}vm|t ?=UL =Q P w R xrY=i |mUiwmv}t xUOvy ltm x@ lv}=
d(P;R) = k(4; 0; 0; 5)� (0; 0; 0; 0)k

=
q
j � (4� 5)2 � (0� 0)2 � (0� 0)2 + (5� 0)2j

=
pj � 16 + 25j = p9 = 3

xUOvy u}= QO x@=Wt VwQ x@
d(R;Q) = 3

w |UOvy G}=Dv \=@DQ= |va} CtUk u} QD?r=H x@ p=L "CU= xDi=} xtD=N =Hv}= QO |[=} Q C=@U=Lt
|m} R}i |UOvy s}y=it xm CU= X=N C}@Uv |k]vt xH}Dv Q} R CQ=@a "s} R=OQB|t |m} R}i C}akwt
Q_=vDt '|mUiwmv}t |xUOvy QO '2 |wrkwO Ovv=t |Q_=v x=oO}O R= x]kv wO u}@ xrY=i "OQ=OQ@ QO =Q Q} R

"Ovm|t QiU x]kv wO u}= u}@ xm |Q_=v |xr}Uwx@ xOW C@F u=tR =@ CU=
'x@=Wt VwQ x@ "OW=@ xr=U 3 'R x@ P R= |QiU QO 2 |wrkwO Ovm|t ?=H}= d(R;P ) = 3 u}=Q@=v@
ẁtHt =t}B=[i QiU QO 'OW=@ xr=U 3 'Q x@ R R= |QiU QO 2 |wrkwO Ovm|t ?=H}= d(R;Q) = 3

"CU= p=U 6 '2 |wrkwO |=Q@ u=tR
6 '2 |wrkwO w xr=U10 '1 |wrkwO 'Ovvm|t C=kqt Q x]kv QO =Q Qo}Oty =ywrkwO |Dkw xH}Dv QO

"CU= xr=U
u} QDy=Dwm s}kDUt \N u; QO xm Ovm|t |iQat =Q |O}OH xUOvy pOt u}= xm O}W=@ xDW=O xHwD
'OW=@|t 10 Q x@ P R= PQ s}kDUt \N xrY=i 5�8 pmW QO "OW=@|tv x]kv wO u}@ xrY=i
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472 |rN=O ?Q[ |=y=[i 8 pYi

=ypOt |m} R}i Q}@aD u}=Q@=v@ "CU= 6 QDx=Dwm xrY=i 'Q x@ P R= PR + RQ xrY=i xm |r=L QO
p= Ft u }= "O }=W o|t=tQ @ =Q |UOvy Qmi D R= |O }OH |=yRQt xmr @ 'CU= xOv v m QwLUt = y v D x v
pwY=� C=}[=} Q OQ=Ov=DU= xvO@ x=oQy "OyO|t u=Wv |OQ@ Q=m p�=Ut QO =Q C=}[=} Q |Q}PBh=]av=
CU= umtt |mOv= |R=UxQ=@ wO 'OW=@v Q=oR=U |Y=N C}akwt =@ �OQwt u}= QO |rN=O ?Q[ ẁ[wt
"OvyO|t xaUw D w |R=UpOt =Q C= }[= } Q R= } v OQwt |=yC}akwt |=Q @ u= v=O}[= } Q "OW= @ R=UQ=m
xm CU= |=x]}L xmr@ #OW=@|tv 'OwW|t ZQi ,=@r=e xmv=vJty jr]t w lWN sra l} C=}[=} Q

"OOQo|t p=ta= s}OQm x�=Q= =Hv}= QO xm |=xQm}B QO w O@=}|t xaUwD ,=QYLvt

u} QtD 1�8�8
"O} Q}o@ Q_v QO p@k VN@ QO '1 p=Ft |rN=O ?Q[ =@ =Q R2 �1

< (x1; x2); (y1; y2) >= x1y1 + 4x2y2

"O}vm sUQ =Q xQ}=O u}= "O}@=}@ =Q 1 `=aW x@ w -=O@t RmQt x@ |=xQ}=O xrO=at
|rN=O ?Q[ =@ =Q R2 �2

< (x1; x2); (y1; y2) >= 4x1y1 + 9x2y2

#O} Qw; CUOx@ =Q Q} R |=yQ=OQ@ sQv �hr=

(1; 0)(0; 1)(1; 1)(2; 3)

O}yO u=Wv "O}vm sUQ =Q =yQ=OQ@ u}= OvDUy Ot=aDt (�9; 8) w (2; 1) |=yQ=OQ@ O}vm C@=F �?
"OvDU}v Ot=aDt |UO}rk= |=[i QO =yQ=OQ@ u}=

"O}@=}@ =[i u}= QO =Q (0; 1) w (1; 0) \=kv xrY=i �G
"O}vm sUQ =Q xQ}=O u}= "O}@=}@ =[i u}= QO =Q 1 `=aW w =O@t RmQt x@ |=xQ}=O xrO=at �O

|rN=O ?Q[ =@ =Q R2 �3

< x1; x2); (y1; y2) >= x1y1 + 16x2y2

"s} Q}o|t Q_v QO
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X=N C}@Uv 8�8 473

"O}@=}@ =[i u}= QO =Q (1; 1) w (0; 1) '(1; 0) |=yQ=OQ@ sQv �hr=
"OvOt=aDt (�16; 1) w (1; 1) |=yQ=OQ@ O}yO u=Wv �?

"O}@=}@ |UO}rk= |=[i QO sy w =[i u}= QO sy =Q (0; 4) w (5; 0) \=kv xrY=i �G
"O}@=}@ |UO}rk= |=[iQO sy w =[i u}= QO sy =Q (0; 4) w (5; 0) \=kv xrY=i �O

"O}vm sUQ =Q xQ}=O u}= "O}@=}@ =[i u}= QO =Q 1 `=aW w =O@t RmQt x@ |=xQ}=O xrO=at �y
'1 `=aW w =O@t RmQt x@ |=xrO=at =D OwW u} Ro}=H R2 QO O}=@ xm O}@=}@ =Q |=|rN=O ?Q[ �4

"OOQo x2
4 + y2

25 = 1
Ovm|t Zkv =Q |rN=O ?Q[ sQ=yJ pY= |mUiwmv}t xUOvy |rN=O ?Q[ x@W O}vm C@=F �5

"�< X;Y >= 0 xm O}@=}@ u=vJ =Q R4 R= X QiY=v w[a "|}=tvy=Q�
5�8 pmW QO =Q Q w R \=kv xrY=i |mUiwmv}t |=[i QO x]kv wO xrY=i h} QaD R= xO=iDU= =@ �6

"O}@=}@ 3 QO
C}ak=w p=Ft u}= "O}@=}@ =Q M(1; 0; 0; 0) w P (0; 0; 0; 0) \=kv xrY=i |mUiwmv}t xUOvy QO �7
xDW=O QiY xrY=i Ovv=wD|t j@]vtQ}e \=kv xmv}= 'Ovm|t Q=mW; xUOvy u}= QO =Q |Qo}O ?r=H
|oty xm CU= |]=kv |=Q=O PM \N u; QO xm OQ=O |m} R}i |Q}@aD X=N C}@Uv x} Q_v "OvW=@

"CU= |Qwv xQP l} =} uwDwi l} Q}Ut \N u}= &OvQ=O QiY xrY=i sy =@
=Q =yQ=OQ@ u}= "OvOt=aDt |mUiwmv}t xUOvy QO (1; 0; 0; 2) w (2; 0; 0; 1) |=yQ=OQ@ O}vm C@=F �8
xm =yQ=OQ@ R= |HwR Qy "OvvQ=kDt (1; 0; 0; 1) 450 Q=OQ@ x@ C@Uv xm O}vm x_Lqt w xOQm sUQ
xH}Dv u}= "OvOt=aDt |mUiwmv}t xUOvy QO 'OvW=@ uQ=kDt u}vJ u}= (1; 0; 0; 1) Q=OQ@ x@ C@Uv

"O}vm C=@F= (b; 0; 0; 0) w (a; 0; 0; b) |=yQ=OQ@ Ot=aD uO=O u=Wv =@ =Q
|mUiwmv}t |=[i QO =Q x1x3 xLiY QO 3 w 2 '1 |=y`=aW w =O@t RmQt x@ |=xQ}=O xrO=at �9

"O}vm sUQ =Q Q}=wO u}= "O} Qw; CUOx@
x@ xQ=DU u} QDm}ORv TwQ}U xQ=DU O}WQwN R= Oa@ "OQ=O xrY=i u}tR R= |Qwv p=U 8 TwQ}U xQ=DU �10
u} QDQwvQB xQ=DU u}= CU= C} wQ p@=k KrUtQ}e sWJ =@ =m} Qt= |r=tW |=yCtUk R= xm CU= u}tR
xQ=DU R= xm |r=L QO 'OUQ|t u}tR x@ xk}kO 8 COt QO O}WQwN Qwv 'CU= C} wQ p@=k xQ=DU
xOQm lQD =Q TwQ}U xQ=DU xm =t}B=[i l} O}vm ZQi "OUQ|t =t x@ Qwv p=U 8 COt QO TwQ}U
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pw] QOkJ OQ=O Q=Qk =t}B=[i QO xm |OQi |=Q@ QiU u=tR "OUQ@ u}tR x@ p=U 2 R= TB 'CU=
"Ow@ Oy=wN QOkJ =t}B=[i CaQU #OWm|t

u}tR R= |Qwv p=U 45 xm OyO|t s=Hv= qB=m u=WNQO xQ=DU x@ |DWoQ@ w CiQ |QiU =t}B=[i l} �11
OQwv=[i x=oO}O R= QiU u=tR COt 'OW=@ p=U 120 u}tR x@ C@Uv QiU COt Qo = "OQ=O xrY=i

"Ow@ Oy=wN QOkJ =t}B=[i pN=O

xm |OQwv=[i "OQ=O xrY=i u}tR R= |Qwv p=U 140 'uOwQow=o |mri CQwY QO u} wQBxWwN xQ=DU �12
|v}tR |y=oO}O R= 'Ow@ Oy=wN xr=U40 CWoQ@ R= TB u} wQBxWwN xQ=DU x@ xiQ] wO Ci=Ut QO

#O}Wm Oy=wN pw] uQk OvJ QiU u}=

|OQwv=[i "OQ=O xrY=i u}tR R= |Qwv p=U 515 u=]QU |mri CQwY QO Praesepe xWwN xQ=DU �13
CaQU 0 99999 pO=at CaQU =@ Praesepe xWwN xQ=DU x@ u}tR R= |DWoQ@ w CiQ |DQi=Ut

#CU= QOkJ |v}tR Q_=v x=oO}O R= w OQwv=[i x=oO}O R= QiU COt "OyO|t s=Hv= Qwv

|Q=ovOm |Qw�D w `@=wD ?} QkD 9�8
"CU= Q}oQO |D=FrFt `@=wD =} =y=xrtHOvJ xr}Uwx@ `@=wD ?} QkD =@ |UOvyt w l} R}i swre QO |OaaDt p�=Ut
xR=@ |wQ g(x) = a+ bx pmW x@ |]N `@=D xr}Uwx@ =Q f(x) = ex OW=@ |QwQ[ O}=W p=Ft u=wvax@
"s}vm ?} QkD [��; �] xR=@ |wQ h(x) = a + b sin(x) + c cos(x) pmW x@ |D=FrFt `@=D =} [0; 1]

QDw}Bt=m swra QO |Q=Ri=sQv xaUwD |=Q@ |O}rm xr-=Ut l} =y|=xrtHOvJ xr}Uwx@ `@=wD ?} QkD xr-=Ut xwqax@
"QDW}@ xv wOv=xOW |L=Q] =y|=xrtHOvJ =@ Q=m |=Q@ ,=D=P =yQDw}Bt=m =Q} R 'CU=

"s}vm|t |iQat =Q `@=wD ?} QkD |=yVwQ lv}=
| rN=O ?Q[ = @ [a; b] xR= @ |wQ x DUw } B ` @=w D | rN=O ?Q[ |=[ i c[a; b] s } v m ZQ i
O}vm ZQi 'OW=@ |rN=O ?Q[ u}= ltm x@ xOW h} QaD xUOvy w < f; g >=

R b
a f(x)g(x)dx

=Q f ?} QkD u} QDy@ s}y=wN|t "OW=@ W GQ=N w c[a; b] QO f u}vJty "OW=@ c[a; b] |=[iQ} R W
"OW=@ st}v}t g w f u}@ kf�gk xrY=i xm |Qw]x@CU=w QO g `@=D '?} QkD u} QDy@ "s} Qw;CUOx@W QO
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=Q W w c[a; b] w[a =Q f "OW=@ [a; b] xR=@ |wQ xDUw}B `@=wD |Q=OQ@ |=[i c[a; b] O}vm ZQi "h} QaD
?} QkD 'OOQo st}v}t R ba jf(x)� g(x)j2dx xm|Qw]x@ W QO g `@=D "O} Q}o@ Q_v QO c[a; b] |=[iQ} R

"OwW|t xO}t=v f C=a@ Qt u} QDtm

h} QaD pY=wi `@ Qt T=U=Q@ xrY=i pwtQi =Q} R "OwW|t xO}t=v C=a@ Qt u} QDtm ?} QkD '?} QkD u}=
"CU= xOW

?ka x@ s}v=wD|t lv}= "s} Qw;|t CUOx@ =Q g(x) |va} C=a@ Qt u} QDtm ?} QkD uOQm =O}B VwQ lv}=
Rn QO =Q |D}akwt u}vJ ,q@k $s} Q@@ xQy@ QDW}@ G}=Dv w |UOvy |=yQ=DN=U xaUwD Ov}=Qi R= w s}OQoQ@
u} QDl}ORv 'OW=@ Rn QO |=x]kv x w OW=@ Rn R= |=[iQ} R W x=oQy '7�5 VN@ ?Q=HD x@ =v@ "s}DW=O
QO p=L u}= =@ 'CU= xOW PN= |UOvy |=[i l} QO xJQo xH}Dv u}= "CU= projw x x x@ w w[a

"CU= xaUwD p@=k |rN=O ?Q[ ltm x@ R}v `@=wD |=[i
"O}vm x=ov 6�8 pmW x@ "s}vm Q} wYD |UOvy |=yQ=OQ@ u=wvax@ =Q `@=wD x=oQy CU= O}it Q=}U@

g = projw f R= CU= CQ=@a W |=[iQ} R QO f C=a@ Qt u} QDtm ?} QkD %6�8 pmW

l} (g1; : : : ; gn) O}vm ZQi "s} Q@ Q=mx@ projw f x@U=Lt |=Q@ =Q |UOvy G}=Dv s}v=wD|t ,=OOHt lv}=
5�7 VN@ G}=Dv x@ =v@ "OW=@ W |=Q@ |v=m} Ot=aDt x}=B

projw f =< f; g > g1 + � � �+ < f; g > gn

"O} Qw; CUOx@ [�1; 1] |xR=@ QO =Q f(x) = ex `@=D |]N C=a@ Qt u} QDtm ?} QkD %1 p=Ft
R= |w[a g w c[�1; 1] R= |w[a f u}vJty 'OW=@ |]N ?} QkD g(x) = a+ bx s}vm ZQi %pL
xawtHt "[�1; 1] |wQ l} |w=Ut =} QDtm xHQO R= |=y|=xrtHOvJ |va} 'OW=@ P1[�1; 1] |=[iQ} R
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%s} Q=O "CU= P1[�1; 1] |=Q@ |=x}=B [1; x]

< 1; x >=
Z 1

�1
(1 � x)dx = 0

=yQ=OQ@ u}= pw] "OvOt=aDt `@=wD u}=Q@=v@

k1k2 =
Z 1

�1
(1 � 1)dx = 2 ; kxk2 =

Z 1

�1
(x � x)dx =

2
3

s} Q=O p=L "CU= P1[�1; 1] |=Q@ |v=m} Ot=aDt x}=B l} f 1p2 ;
q

32xg xawtHt u}=Q@=v@

projw f =< f; g > g1+ < f; g2 > g2

=
Z 1

�1
(ex
r1

2 )dx
1p2 +

Z 1

�1
(ex
r3

2x)dx
r3

2x

=
1
2 (e� e�1) + 3e�1x

%R= CU= CQ=@a [�1; 1] xR=@ QO f(x) = ex `@=D C=a@ Qt u} QDtm ?} QkD |va}

g(x) =
1
2 (e+ e�1) + 3e�1x+ 3e�1x

O}vm x=ov 7�8 pmW x@ "OyO|t CUOx@ |Q=Wa= skQ wO =D =Q g(x) = 1 54 + 1 1x Q=Okt u}= w

7�8 pmW
=y|=xrtHOvJ QDq=@ C=HQO R= |=y?} QkD "s}OQw; CUOx@ P1[�1; 1] QO =Q f |]N ?} QkD Q}N= p=Ft QO
|=Q@ "OQw; CUOx@ n |w=Ut =} QDmJwm xHQO R= |}=y|=xrtHOvJ =@ Pn[�1; 1] |=[i QO u=wD|t =Q
C}tW=s=Qo |R=UOt=aDt ltm x@ Pn[�1; 1] QO Ot=aDt x}=B l} CU}=@|t |@} QkD u}vJ uOQw; CUOx@
"OvwW|t xO}t=v QOv=Sr |=y|=xrtHOvJ Ov};|t CUOx@ ?}DQD u}= x@ xm |Ot=aDt `@=wD "OwW xDN=U
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%R= OvDQ=@a QOv=Sr |=xrtHOvJ VW s}DUNv

1 ; x ; x2 � 1
3 ; x3 � 3

5x ; x
4 +

6
7x

2 +
3
35 ; x5 � 10

9 x3 +
5
21x

'|DQ=QL C}=Oy QO xOQDUo Qw]x@ |@} QkD u}vJ "s} R=OQB|t |D=FrFt `@=wD ltm x@ `@=wD ?} QkD x@ lv}=
\UwD xv}tR u}= QO sOk u}rw= "OwQ|t Q=mx@ |m}v=mt |=yV=aDQ= w |m} QDmr= |=yu=} QH 'T}]=vetwQDmr=
l} QO C}=Oy R}r=v; |=Q@ =Q |}=yVwQ xm OW xDW=OQ@Jean Baptiste Fourier1 |wUv=Qi u=v=O}[=} Q
|=yC}akwt xm OwQ|t Q=mx@ |�RH C=kDWt =@ CqO=at pL |=Q@ ,=@r=e =y?} QkD "O=O xaUwD xOW xrwR}= Q=@

"Ovvm|t h}YwD =Q =yxO}OB u}= |m} R}i

x} Qwi |=y?} QkD 10�8
Q_=vDt xUOvy w < f; g >=

R �
�� f(x)g(x)dx |rN=O ?Q[ =@ c[��; �] QO `@=D l} f O}vm ZQi

R= pmWDt 'T [��; �] |=[i QO =Q f C=a@ Qt u} QDtm ?} QkD O}yO xR=H= "OW=@ |rN=O ?Q[ u}=
xawtHt xr}Uwx@ xOW O}rwD |D=FrFt |=y|=xrtHOvJ

[1; cosx; sinx; : : : ; cosnx; sinnx]

'sinx 'cosx '1 |=yQ=OQ@ O=O u=Wv u=wD|t "s} Qw; CUOx@ 'CU= C@Ft K}LY Oa l} n u; QO xm
=yQ=OQ@ u}= pw] �O}vm x=ov |Oa@ |=yu} QtD x@� "OvOt=aDt =[i u}= QO wOx@ wO sinnx w cosnx ': : :

k1k2 =
Z �

�
(1 � 1)dx = 2�

k cosnxk2 =
Z �

��
(cosnx � cosnx)dx� �

k sinnxk2 =
Z �

��
(sinnx � sinnx)dx = �

"OvyO|t p}mWD T [��; �] |=Q@ |v=m} Ot=aDt x}=B l} Q} R|=yxawtHt u}=Q@=v@
fg0; : : : ; g2ng = f 1

2p� ;
1p
�

cosx;
1p
�

sinx; : : : ;
1p
�

cosnx;
1p
�

sinnxg
s=v C@F |t=_v xUQOt l} QO "O=O CUO R= =Q OwN u}Or=w |mOwm QO �1830�1768� Jean Baptiste Fourier �1
CUB l} TBU "O=Di= u=OvR x@ QwQD u=}v=@ Qk R= `=iO Q]=Nx@ xUv=Qi ?qkv= QO "CN}ov=Q@ C=}[=} Q |=Q@ =Q |w j=}DW= xm "OQm
xm |[=} Q |=yVwQ xaUwD Q]=N x@ x} Qwi "OQm Cvm l} w uwQ=@ l} =Q w= xm CiQo xUv=Qi w QYt QO uwrB=v u=tR QO l}D=trBO

"O}OQo QwyWt CU= xOQ@ Q=mx@ CQ=QL Q=WDv= h}YwD QO
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s}vm|t xO=iDU= f |=Q@ g C=a@ Qt u} QDtm ?} QkD uOQm =O}B |=Q@ Q} R pwtQi QO |v=m} Ot=aDt x}=B u}= R=

g(x) = projT f =< f; g0 > g0 + � � �+ < f; g2n > g2n

s} Q=O
g(x) =

�
f;

1p2�
� 1p2� +

�
f;

1p
�

cosx
� 1p

�
cosx+

�
f;

1p
�

sinx
� 1p

�
sinx

+ � � �+
� 1p

�
cosnx

� 1p
�

cosnx+
�
f;

1p
�

sinnx
� 1p

�
sinnx

s}vm|t h} QaD |Q=ov xO=U |=Q@ =Q Q} R |=yO=tv
a0 =

�
f;

1p2�
� 1p2� =

Z �

��

�
f(x):

1p2�
�
dx

1p2�
=

1
2�
Z �

��
f(x)dx

ak =
�
f;

1p
�

cos ks
� 1p

�
=
Z �

��

�
f(x):

1p
�

cos kx
�
dx

1p
�

=
1
�

Z �

��
f(x) cos kx dx

bk =
�
f;

1p
�

sin kx
� 1p

�
=
Z �

��

�
f(x):

1p
�

sin kx
�
dx

1p
�

=
1
�

Z �

��
f(x) sin kx dx

CQwYx@ f(x) `@=D |D=FrFt ?} QkD "h} QaD
g(x) = a0 +

nX
k=1

(ak cos kx+ bk sin kx)

bn w an ': : : 'b1 'a1 'a0 ?}=Q[ "Ovt=v|t f(x) s=n x@DQt x} Qwi ?} QkD =Q g(x) xm 'OwW|t xDWwv
kf � gk ?}DQD u}= x@ w OwW|t QDy@ ?} QkD |OwaY Qw]x@ 'nV}=Ri= =@ "OvwW|t xO}t=v x} Qwi ?}=Q[

|y=vDt=v ẁtHt "OwW|t QDmJwm

g(x) = a0
1X
k=1

(ak cos kx+ bk sin kx)

"OwW|t xO}t=v (��; �) xQ=@ QO f x} Qwi |QU
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"O} Qw; CUOx@ [��; �] |xR=@ QO =Q f(x) = ex `@=D sQ=yJ x@DQt x} Qwi ?} QkD %2 p=Ft
%s} Q=O <RHx@<RH |Q}op=QoDv= w f(x) = x `@=D |=Q@ x} Qwi ?}=Q[ |Q}oQ=mx@ =@ %pL
a0 =

1
2�
Z �

��
f(x)dx =

1
2�
Z �

��
xdx =

1
2�
�
x2
2
��
��

= 0

ak =
1
�

Z �

��
(f(x) cos kx)dx =

1
�

Z �

��
(x: cos kx)dx

=
1
�

�
x
k

sin kx+
1
k2 cos kx

��
��

= 0

bk =
1
�

Z �

��
(f(x) sin kx)dx =

1
�

Z �

��
(x: cos kx)dx

=
1
�

�
�x
k

cos kx+
1
k2 sin kx

��
��

=
2(�1)k+1

k

%R= CU= CQ=@a f x} Qwi ?} QkD

g(x) =
nX
k=1

2(�1)k+1
k

sin kx

"s} Qw;|t CUOx@ =Q sQ=yJ x@DQt ?} QkD k = 1; : : : ; 4 uO=O Q=Qk =@ w

g(x) = 2(sinx� 1
2 sin 2x+

1
3 sin 3x� 1

4 sin 4x)

"OvOw@ |k}kL O=Oa= =yQr=mU= u; QO xm s}=xDN=OQB |k}kL |Q=OQ@ |=y=[i x@ ?=Dm u}= QO p=L x@ =D
xm CU= K[=wQB "OvOw@ \rDNt O=Oa= =yQr=mU= xm s}OQm xQ=W= \rDNt |Q=OQ@ |=y=[i x@ R}v |y=o
|k}kL O=Oa= xv =yQr=mU= u; QO xm s}vmv xQ=W= |Q=OQ@ |=y=[i x@ Qo = Ow@ Oy=wN h]r R= |r=N EL@ u}=
QO Q=OQ@ |y=vDt O=OaD =yvD xm Ow@ Oy=wN ?r=H Q_v u}= R= p=Ft u}= xwqax@ "OvDUy \rDNt O=Oa= xv w

"OQ=O OwHw =[i u}=

|Q=ovOm x} Q_v 11�8
p=UQ= QO C=y=@DW= "OwW|t xO=DUQi =yl} w =yQiY R= |=xr=@vO pmW x@ |m}vwQDmr= CQwYx@ =ys=}B
CQwYx@ Ov=wD|t (1; 1; 0; 1; 1; 0; 1) s=}B ,qFt "OyO MQ Ov=wD|t G=Hwa= w pN=OD CQwY QO s=}B
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=Q |}=yVwQ s}y=wN|t "CU= xO=O MQ sHvB x}=QO QO x=@DW= l} xm OwW Ci=} QO (1; 1; 0; 1; 0; 0; 1)

"Ovm KqY= =Q |D=y=@DW= u}vJ xm s}vm |UQQ@
CU= |i=m "OW=@ \rDNt w K}LY O=Oa= <RH x@ |=xawtHt Ov=wD|t |Q=OQ@ u=O}t l} |=yQr=mU=
OW=@|t pta wO |=Q=O xm CU= <=}W= R= |=xawtHt u=O}t l} "OR=U@ |Q@H u=O}t l} =yQr=mU= u}=
=vW; u=O}t swyit =@ OvW=@ xOvQ=Po |UQO uQOt Q@H QO xm |v=} wHWv=O "Ovm jOY X=N |rwY= QO xm

%s} Q@|t Q=mx@ Q} R ?Q[ w `tH p=ta= =@ w[a wO R= pmWDt =Q f0; 1g u=O}t p=Ft u}= QO "OvDUy

0 + 0 = 0 0 + 1 = 1 1 + 0 = 1 1 + 1 = 0
0 � 0 = 0 0 � 1 = 0 1 � 0 = 0 1 � 1 = 1

`tH xm 's} Q}o|t Q_v QO =yQr=mU= R= u=O}t u}= |wQ 1 w 0 R= pmWDt |=y|}=D�7 |Q=OQ@ |=[i =Q V7
,qFt "OW=@ xOW h} QaD Q=wxir-wt |rwtat VwQ x@ Qr=mU= ?Q[ w

(1; 0; 0; 1; 1; 0; 1) + (0; 1; 1; 1; 0; 0; 1) = (1 + 0; 0 + 1; 0 + 1; 1 + 1; 1 + 0; 0 + 0; 1 + 1)

= (1; 1; 1; 0; 1; 0; 0)

0(1; 0; 0; 1; 1; 0; 1) = (0 � 1; 0 � 0; 0 � 0; 0 � 1; 0 � 1; 0 � 0; 0 � 1)

= (0; 0; 0; 0; 0; 0; 0)

1(1; 0; 0; 1; 1; 0; 1) = (1 � 1; 1 � 0; 1 � 0; 1 � 1; 1 � 1; 0 � 1; 1 � 1)

= (1; 0; 0; 1; 1; 0; 1)

QO Q=OQ@ 27 'CU= 1 w 0 =yxir-wt u}= R= l} Qy w 'CU= xir-wt Ciy |=Q=O V7 QO Q=OQ@ Qy xm |}=Hv; R=
x}=B |=Q=O V7 |Oa@ Q=yJ |Q=OQ@ |=[iQ} R "OQ=O OwHw =[i u}=

f(1; 0; 0; 0; 0; 1; 1); (0; 1; 0; 0; 1; 0; 1); (0; 0; 1; 0; 1; 1; 0); (0; 0; 0; 1; 1; 1; 1)g
s=}B l} u=wvax@ C7;4 |=yQ=OQ@ "OwW|t xO=O u=Wv C7;4 =@ w OwW|t xO}t=v nv}t=yOm xm OW=@|t

%OwW|t xDWwv Q} R CQwYx@ C7;4 QO Q=OQ@ Qy "OvwQ|t Q=mx@
v1 = a1(1; 0; 0; 0; 0; 1; 1) + a2(0; 1; 0; 0; 1; 0; 1)
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+ a3(0; 0; 1; 0; 1; 1; 0) + a4(0; 0; 0; 1; 1; 1; 1)

|va} �24 'OW=@ 1 =} 0 Q}O=kt R= |m} Ov=wD|t a4 w a3 'a2 'a1 Qr=mU= Q=yJ R= l} Qy xm |}=Hv; R=
R= "OwQ Q=mx@ Ov=wD|t v16 w : : : 'v1 Cw=iDt Om 16 p=UQ= |=Q@ nv}t=yOm "s} Q=O C7;4 QO Q=OQ@ �16

"O}U} wv@ =Q =yQ=OQ@ u}= 'CU= xOW xDU=wN |Oa@ |=yu} QtD QO =tW
GQ=N QO w V7 QO CUQO=v |Q=OQ@ 'OyO MQ |y=@DW= |r=UQ= |=ys=}B |=yu=mt R=|m} QO xm |t=ovy
CUQO=v Q=OQ@ u}= =@ xm OQ=O OwHw C7;4 QO Q=OQ@ l} ,=k}kO OQm C@=F u=wD|t "Ow@ Oy=wN C7;4 |=[iQ} R
Ci=} QO Q=OQ@ s}vm ZQi ,qFt "CU= KqY= w X}NWD p@=k x=@DW= u}= u}=Q@=v@ "OQ=O Cw=iD u=mt l} QO
xDWwv jwi x}=B |=yQ=OQ@ R= |]N ?}mQD CQwYx@ Ov=wD|tv Q=OQ@ u}= "OW=@ (1; 0; 1; 1; 1; 0; 1) xOW
w CU= Cw=iDt x}=QO l} QO Q=OQ@ u}= =@ xm OQ=O Q=Qk C7;4 QO Q=OQ@ l} =yvD "OQ=Ov Q=Qk C7;4 QO w 'OwW

"CU= (1; 0; 1; 0; 1; 0; 1) `k=w QO K}LY s=}B "CU= (1; 0; 1; 0; 1; 0; 1) Q=OQ@ u}=
"CU= =]N xOvvmKqY= w =]N xOvvmu}at =Q} R 'OwW|t xO}t=v =]N xOvvmKqY= Om 'nv}t=yOm
xO=O u=Wv d(u; v) =@ xm V7 R= v w u Q=OQ@ wO u}@ xrY=i "s}vm|t |UQQ@ =Q Om u}= x}=B xUOvy lv}=

,qFt "OwW|t h} QaD v w u Cw=iDt |=yxir-wt O=OaD 'OwW|t

d((1; 0; 0; 1; 0; 1; 1); (1; 1; 0; 0; 1; 1; 1)) = 3

pt=W 'V7 QO |Q=OQ@ xtwL QO 1 `=aW x@ |=xQm "OvDw=iDt =yQ=OQ@ u}= sHvB w sQ=yJ 'swO |=yxir-wt =Q} R
x@ w 1 `=aW x@ |}=yxQm xm O=O u=Wv u=wD|t "OvQ=O Q=Qk Q=OQ@ u}= R= xir-wt l} QO xm CU= |}=yQ=OQ@ s=tD

"OQ=O Q=Qk =yxQm u}= R= |m} QO V7 w[a Qy w xOw@ =RHt w R}=tDt 'C7;4 |=yQ=OQ@ RmQt
OQivt xQm l} QO 'OW=@v C7;4 R= w OwW Ci=} QO u Ovv=t |Q=OQ@ Qo = u}=Q@=v@ "O}vm x=ov 8�8 pmW x@
xmv}= pQDvm |=Q@ C}o x@ swUwt |m} QDmr= |=yQ=Ot ,qta "OQ=O Q=Qk 'CU= K}LY s=}B u=ty xm 'vi RmQt x@
u}= RmQt uOQm u}at |=Q@ 'OW=@v C7;4 QO xm |DQwY QO w OwQ|t Q=mx@ OQ=O Q=Qk C7;4 QO |Di=} QO s=}B

"OvwQ|t Q=mx@ K}LY s=}B Ci=} QO w xQm
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v K}LY s=}B w u CUQO=v s=}B 'fv1; : : : ; v16g nv}t=y Om %8�8 pmW
V23 |Oa@�12 |=[iQ} R R= Qo}O |r=Ft |qwo Om "OvQ=O OwHw R}v Qo}O |=]N xOvvmKqY= |=yOm
"OW=@|t s=}B 4096 |iQat |=Q@ 'w[a 212 |=Q=O Om |=[i "OwW|t xO=O u=Wv C23;12 =@ xm OW=@|t

"OvQ=O Q=Qk u=mt xU =} w wO 'l} QO xm Ovm KqY= w Q=mW; =Q |}=y=]N Ov=wD|t Om u}=
R=|m} QO V23 w[a Qy w xOw@ =RHt 'C23;12 |=yQ=OQ@ RmQt x@ '3 `=aW x@ |=yxQm xm O=O u=Wv u=wD|t
RmQt x@ |=xQm QO 'OW=@ u=mt xU =} wO 'l} QO |}=]N |=Q=O 'u |Di=} QO s=}B x=oQy "OvQ=O Q=Qk =yxQm u}=

"OwW xDiQo TB R=@ Ov=wD|t vi w xOw@ vi
"O}vm xaH=Qt �1� `HQt x@ QDW}@ xar=]t |=Q@

u} QtD 1�11�8
|=Q@ =Q g(x) = 0 + bx |]N C=a@ Qt u} QDtm ?} QkD 4�1 |=yu} QtD QO C=a@ Qt u} QDtm ?} QkD

"O}@=}@ xOW xO=O xR=@ QO Q} R |=y`@=D
[�1; 1] |wQ f(x) = x2 �1

[0; 1] |wQ f(x) = ex �2
[0; 1] |wQ f(x) =

p
x �3

[0; �] |wQ f(x) = cosx �4
xO=O `@=wD |=Q@ 'g(x) = a + bx + cx2 '2 xHQO C=a@ Qt u} QDtm ?} QkD 8�5 |=yu} QtD QO

"O}@=}@ =Q xOW xO=O |=yxR=@ QO xOW
[0; 1] �? w [�1; 1] �hr= |wQ f(x) = ex �5

[0; 1] |wQ f(x) =
p
x �6

[0; 1] |wQ f(x) = x2 �7
[0; �] |wQ f(x) = sinx �8

"O}@=}@ =Q xOW xO=O |=yxR=@ |wQ xOW xO=O `@=wD sQ=yJ x@DQt x} Qwi ?} QkD 11�9 |=yu} QtD QO
[0; 2�] |wQ f(x) = x �9

[��; �] |wQ f(x) = 1 + x �10
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[0; 2�] |wQ f(x) = x2 �11
wOx@ wO c[��; �] |=[i QO sinnx w cosnx ': : : 'sinx 'cosx '1 |=yQ=OQ@ O}yO u=Wv �12

"OvOt=aDt
"O}U} wv@ =Q C7;4 nv}t=y Om |=yQ=OQ@ x}rm �13

"O}U} wv@ 'OvQ=O Q=Qk Q} R RmQt w 1 `=aW x@ |=yxQm QO xm =Q V7 |=yQ=OQ@ x}rm �14
(0; 0; 1; 0; 1; 1; 0) �hr=
(1; 1; 0; 1; 0; 0; 1) �?
(1; 1; 1; 1; 1; 1; 1) �G
(0; 0; 0; 0; 0; 0; 0) �O

"O}@=}@ OQwt Qy QO =Q K}LY |=ys=}B "CU= xOW Ci=} QO nv}t=y Om |Q}oQ=mx@ =@ Q} R |=ys=}B �15
(0; 0; 0; 0; 1; 0; 0) �hr=
(0; 1; 1; 1; 0; 0; 1) �?
(1; 0; 1; 0; 1; 1; 0) �G
(1; 0; 1; 1; 0; 1; 0) �O

%O}vm C@=F ' C23;12 =}rwo Om |=[iQ} R w V23 |Q=OQ@ |=[i QO �16
"OQ=O Q=Qk V23 QO Q=OQ@ 223 �hr=

"OQ=O Q=Qk C23;12 QO Q=OQ@ 4096 �?
V23 w[a Qy |=R=x@� OQ=O Q=Qk C23;12 R= |Q=OQ@ RmQt w 3 `=aW x@ xQm Qy QO Q=OQ@ 2048 �G

#OQ=O OwHw 3 `=aW x@ xQm Qy QO 3 w 2 '1 xrY=i x@ Q=OQ@ OvJ "�OQ=O OwHw xQm l}

C=a@ Qt u} QDtm |vLvt 12�8
,=Q}N= "Ovm|t Q} wYD wLv u} QDy@ x@ =Q C=}[=} Q $CU= ?=Dm u}= CtUk u} QD?=OH ,q=tDL= VN@ u}=
uDi=} VwQ CtUk u}= QO "Ov=xO}OQo QHvt C=@U=Lt |=Q@ |wk |Q=R@= x@ pmW u} QD=@} R x@ |Q_v G}=Dv
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j}ta Qw]x@ xm |WwQ 's}yO|t x�=Q= =Q 'Ovm xOvR=Q@ wLv u} QDy@ x@ =Q xOW xO=O \=kv xm |=xrtHOvJ l}
"OwQ|t Q=mx@ |UOvyt w |a=tDH= swra '|a}@] swra QO

'CU= OQivt=v T} QD=t l} A xm 'AX = Y xQ}eDt n CqO=at�n x=oDUO xm s}=xOQm x_Lqt ,q@k
xQ}eDtmCqO=at�n x=oDUO AX = Y Qo = p=L u}= =@ "CU=X = A�1Y OQix@ QYLDt ?=wH |=Q=O
|=Q@ A "Ovt=v|t u}at jwi =Q x=oDUO u}= w OQ=Ov ?=wH x=oDUO u}= |rm Cr=L QO 'n > m xm OW=@
Twmat x@W x@ swUwt |U} QD=t |OwR@ "CU}v OwHwt A�1 w CU}v `@ Qt T} QD=t |y=oDUO u}vJ
pL C=a@ Qt u} QDtm |=Q@ T} QD=t u}= &s}vm|t |iQat =Q OwW|t xO=O u=Wv pinv(A) =@ xm A |=Q@

"OwQ|t Q=mx@ u}at jwi x=oDUO X = pinv(Y )

"CU= x=oDUO u}= |=Q@ pL u} QDl}ORv |y=oO}O R= =t= 'CU}v |ak=w pL l} u}= xD@r=
OvyO|tCUOx@ =yxO=O |=Q@ =Q |oOvR=Q@ u} QDy@ xm |}=ysN uDi=} |=Q@ =Q u}at jwi |=yx=oDUO R= |OQ@ Q=m

"s}yO|t u=Wv
=@ w OwW|t xO}t=v A Twmat x@W '(AtA)�1 At T} QD=t "OW=@ T} QD=t l} A O}vm ZQi "h} QaD

"OwW|t xO=O u=Wv pinv(A) O=tv
"OvQ=Ov Twmat x@W ,=twRr =yT} QD=t s=tD ,=y@=Wt "OvQ=Ov Twmat =yT} QD=t |t=tD xm s}O}O ,q@k

"OW=@ OwHwt (AtA)�1 x=oQy CU= Twmat x@W |=Q=O A T} QD=t

"O} Qw; CUOx@ =Q A =

2664 1 2
�1 3
2 4

3775T} QD=t Tmat x@W %1 p=Ft

s}vm|t ?=UL =Q A T} QD=t Twmat x@W xrLQt x@ xrLQt %pL

AtA =

"1 �1 2
2 3 4

#2664 1 2
�1 3
2 4

3775 =

"6 7
7 29

#

(AtA)�1 =
1
jAtAjadj(AtA) =

1
125

"29 �7
�7 6

#

pinv(A) = (AtA)�1At =
1

125
"29 �7
�7 6

#"1 �1 2
2 3 4

#
=

1
25
"3 �10 6
1 5 2

#
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|y=oDUO AX = Y O}vm ZQi "s}vm|t xO=iDU= |]N CqO=at x=oDUO QO Twmat x@W swyit R= lv}=
?Q[ At QO =Q |w=UD u}iQ] "CU= m x@DQ R= xm 'OW=@ n > m =@ Q}eDt m R= |]N |xrO=at�n R=

s} Q=O w s}vm|t
AtAx = Aty

%s} Q=O (AtA)�1 QO |w=UD u}iQ] ?Q[ =@ w xOw@ Q}PBTwmat x=oDUO u}= |=Q@ AtA T} QD=t

x = [(AtA)�1At]y

= pinv(A)y

"OwW|t xO}t=v CqO=at x=oDUO C=a@ Qt u} QDtm pL 'x xOt; CUOx@ Q=Okt

Ax = y
x=oDUO

x = pinv(A)y
C=a@ Qt u} QDtm x=oDUO

x=oDUO u}= "CU= m x@DQ R= A xm OW=@ n > m =@ xQ}eDt m xrO=at�n x=oDUO Ax = y s}vm ZQi
u} QDtm ?=wH 'OW=@ |OQix@ QYLvt ?=wH |=Q=O x=oDUO Qo = "OW=@|t C=a@ Qt u} QDtm ?=wH |=Q=O
?=wH u} QDm}ORv C=a@ Qt u} QDtm ?=wH 'OW=@ u}at jwi x=oDUO Qo = "CU= OQix@ QYLvt ?=wH C=a@ Qt

"OW=@ xDW=O |Dw=iDt |=y?=wH Ov=wD|tv x=oDUO "CU= |k}kL pL x@

"O}vm pQDvm =Q ?=wH "O} Qw; CUOx@ =Q Q} R u}at jwi x=oDUO C=a@ Qt u} QDtm pL %2 p=Ft

x+ y = 6
�x+ y = 3
2x+ 3y = 9

%R= CU= CQ=@a ?}=Q[ T} QD=t %pL

A =

2664 1 1
�1 1
2 3

3775 ; y =

26646
3
9

3775
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u} QDtm ?=wH |=Q=O x=oDUO u}= "CU= 2 T} QD=t u}= x@DQ u}=Q@=v@ "Ov=|]N pkDUt A |vwDU |=yQ=OQ@
"s}vm|t x@U=Lt =Q pinv(A) "CU= C=a@ Qt

AtA =

"1 �1 2
1 1 3

#2664 1 1
�1 1
2 3

3775 =

"6 6
6 11

#

(AtA)�1 =
1
jAtAjadj(AtA) =

1
30
"6 6
6 11

#

pinv(A) = (AtA)�1At =
1
30
"11 �6
�6 6

#"1 �1 2
1 1 3

#
=

1
30
"5 �17 4
0 12 6

#
%R= CU= CQ=@a C=a@ Qt u} QDtm ?=wH

pinv(A)y =
1
30
"5 �17 4
0 12 6

#26646
3
9

3775 =

" 12
3
#

"CU= xOW xO=O u=Wv 9�8 pmW QO xm CU= p( 12 ; 3) x]kv 'C=a@ Qt u} QDtm pL

9�8 pmW
p=ta= |}=y|vLvt uOQm =O}B |=Q@ u=wD|t xvwoJ =Q C=a@ Qt u} QDtm ?=wH xm s} R=OQB|t EL@ x@ uwvm =

"Ov=xOvR=Q@ x=wNrO |}=yxO=O |=Q@ xm OQm
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C=a@ Qt u} QDtm |=y|vLvt 13�8

pY=L |rta G}=Dv C=aq]= T=U=Q@ xm "Ovvm|t xO=iDU= |DqO=at R= CQ=HD w swra R= |Q=}U@ |=yxN=W
xOW xO=O x]kv xU R= xm |=2 xHQO OQix@ QYLvt |=xrtHOvJ uDi=} xr-=Ut 3�1 VN@ QO "CU= xOW
=yxO=O s=tD xm|=xrO=at x@ xm OQ=O OwHw |QDW}@ C=aq]= |O=} R |=yOQ@ Q=m QO "s}OQm |UQQ@ =Q OQPo|t
VR=Q@ u} QDy@ |y=oO}O R= xm OQ@ Q=mx@ |Lvt =} \N R= |=xrO=at u=wD|t "OwQ|t Q=mx@ Ovm|t VR=Q@ =Q
pmW QO xm 'OvW=@ (xnyn) w : : : '(x1; y1) \=kv =yxO=O O}vm ZQi ,qFt "OW=@ x=wNrO |=yxO=O |=Q@
|xrO=at s}y=wN|t "OvQ=O Q=Qk \N l} QO \=kv u}= |@} QkD Qw]x@ "CU= xOW xO=O u=Wv �hr=� 10�8
l}ORv |tyU l} x@ \=kv u}= |iQ] R= "s}@=}@ Ovm VR=Q@ xHw u} QDy@ x@ xm =Q \=kv u}= xm =Q |]N
"s}@=}@ =Q \=kv u}= x@ |tyU u} QDm}ORv s}y=wN|t "OwW|t xO}O �?� 10�8 pmW QO xm Qw]u=ty 'OvDUy
Q=mx@ Q=t; sra QO xm =yv; u} QDpwtat "OQ=O OwHw |OQ=wt u}vJ QO VR=Q@ u} QDy@ |=Q@ |Dw=iDt |=yxw}W
CUOx@ u}at jwi CqO=at x=oDUO pL =@ xm OwW|t xO}t=v C=a@ Qt u} QDtm \N =} |vLvt OwQ|t
QO "OOQo st}v}t '10�8 pmW QO d21 + � � �+ d2

n xm CU= u=vJ C=a@ Qt u} QDtm |vLvt w \N "O};|t
"CU= |=xr-=Ut u}vJ xDUUo p}rLD EL@t u}= "s}OQm EL@ =Q `@=wD C=a@ Qt u} QDtm ?} QkD p@k VN@
xR=@ QO xOW xO=O \=kv R= xDUw}B xDUO VR=Q@ u} QDy@ xm s}@=}@ =Q X=N |vLvt |DU}=@ '`@=wD OQwt QO
xOW xO=O \=kv R= xDUUo xOQ |=Q@ VR=Q@ u} QDy@ s}y=wN|t =Hv}= QO '�`@=D l} h=Qo � OW=@ |y=wNrO
p=L u}= =@ 'CU= Cw=iDt G}=Dv x@ uO}UQ |=Q@ xDiQ Q=mx@ |=yxw}W xJQo "s} Qw; CUOx@ =Q |=xR=@ |wQ
st}v}t =@ xH}Dv u} QDy@ C}akwt wO Qy QO "s}vm xHwD C}akwt u}= u}@ X=N |=yCy@=Wt x@ CU= QDy@

"s}vm|t xO=iDU= �C=a@ Qt u} QDtm� xS=w R= xH}Dv QO w O};|t CUOx@ X=N |=y`@ Qt uOQm

d21 + � � �+ d2
n C=a@ Qt u} QDtm |vLvt =} \N st}v}t %10�8 pmW
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uDN=U ut[Dt xw}W u}= "s}vm|t u=}@ =Q|y=wNrO |=yxO=O C=a@ Qt u} QDtm |=xrtHOvJ VR=Q@ xwLvlv}=
=Q |=xrtHOvJ ?}=Q[ CqO=at x=oDUO u}= C=a@ Qt u} QDtm ?=wH "CU= |]N CqO=at R= |y=oDUO

"OQm s}y=wN j}OYD =Q VwQ u}= G}=Dv pwYL R= TB "OyO|t CUOx@
"O}@=}@ =Q Q} R |=yxO=O C=a@ Qt u} QDtm \N %3 p=Ft

(1; 1); (2; 4); (3; 2); (4; 4)

x=oDUO '\N xrO=at QO \=kv u}= uO=O Q=Qk =@ "OW=@ y = a+ bx CQwYx@ \N xrO=at s}vm ZQi %pL
%CW=O s}y=wN =Q Q} R u}at jwi

a+ b = 1
a+ 2b = 4
a+ 3b = 2
a+ 4b = 4

CU= Q} R pmW x@ y |vwDU Q=OQ@ w A ?}=Q[ T} QD=t "s} Qw;|t CUOx@ =Q C=a@ Qt u} QDtm ?=wH

A =

2666664
1 1
1 2
1 3
1 4

3777775 ; y =

2666664
1
4
2
4

3777775
O=O u=Wv u=wD|t

pinv(A) = (AtA)�1 =
1
20
"20 10 0 �10
�6 �2 2 6

#
%R= CU= CQ=@a C=a@ Qt u} QDtm ?=wH

[(AtA)�1At]y =
1
20
"20 10 0 �10
�6 �2 2 6

#2666664
1
4
2
4

3777775 =

"1
7
#

"b = 7 w a = 1 u}=Q@=v@
%R= CU= CQ=@a =yxO=O u}= C=a@ Qt u} QDtm \N |xrO=at
y = 1 + 7x
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"O}vm x=ov 11�8 pmW x@ "CU= \=kv u}= VR=Q@ u} QDy@ xm CU= |]N u}=

11�8 pmW
"O@}=}@ =Q Q} R |=yxO=O C=a@ Qt u} QDtm |tyU %4 p=Ft

(1; 7); (2; 2); (3; 1); (4; 3)

xrO=at u}= QO xOW xO=O \=kv uO=O Q=Qk =@ OW=@ y = a + bx + cx2 |tyU xrO=at s}vm ZQi %pL
%s} Q=O

a+ b+ c = 7
a+ 2b+ 4c = 2
a+ 3b+ 9c = 1
a+ 4b+16c = 3

%R= CU= CQ=@a y |vwDU Q=OQ@ w A ?}=Q[ T} QD=t "s} Qw;|t CUOx@ =Q C=a@ Qt u} QDtm ?=wH

A =

2666664
1 1 1
1 2 4
1 3 9
1 4 16

3777775 ; y =

2666664
7
2
1
3

3777775
O=O u=Wv u=wD|t

pinv(A) = (AtA)�1At =
1
20

2664 45 �15 �25 15
�31 23 27 �19
5 �5 �5 5

3775
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%R= CU= CQ=@a C=a@ Qt u} QDtm ?=wH

[(AtA)�1At]y =
1
20

2664 45 �15 �25 15
�31 25 27 �19
5 �5 �5 5

3775
2666664
7
2
1
3

3777775 =

2664 15 25
�10 05
1 75

3775
xOW xO=O \=kv u}= C=a@ Qt u} QDtm |tyU xrO=at c = 1 75 w b = �10 05 'a = 15 25 u}=Q@=v@

%R= CU= CQ=@a
y = 15 25� 10 05x+ 1 75x2

"s}=xOQm sUQ =Q |tyU u}= 12�8 pmW QO

12�8 pmW
"s}yO|t x�=Q= 's}OQ@ Q=mx@ C=a@ Qt u} QDtm |=xrtHOvJ uDi=} |=Q@ q=@ p=Ft QO xm =Q |WwQ u=yQ@ lv}=
OQm s}y=wN x_Lqt =Q |=xUOvy =Hv}= QO "OQ@|t xQy@ T} QD=t l} OQ@ |wQ |Q=OQ@ swyit R= u=yQ@ u}=

$CU= VRQ= =@ w syt |Wr=J u=yQ@ u}= "OQ=OQ@ QO =Q syt |xH}Dv u}= xm

"OvW=@ xOW xO=O x]kv n xawtHt (xn; yn) w : : : '(x1; y1) s}vm ZQi "x}[k 1�13�8
xOvR=Q@ \=kv u}= x@ xm OW=@ (n � m) m xHQO |=xrtHOvJ l} y = a0 + � � �+ amxm s}vm ZQi
l} xm O};|t CUOx@ Ax = y |]N CqO=at x=oDUO |=xrtHOvJ u}= QO \=kv |Q=Po}=H =@ "OW=@

xm xOw@ am w : : : 'a0 Q}eDt m R= x=oDUO

A =

26641 x1 � � � xm1
...

...
...

...

1 xn � � � xmn

3775 ; y =

2664y1
...

yn

3775
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CUOx@ =Q xOW xO=O \=kv u}= C=a@ Qt u} QDtm |=xrtHOvJ ?}=Q[ x=oDUO u}= C=a@ Qt u} QDtm ?=wH
"OyO|t

u}at jwi |rm Cr=L QO (n > m) Q}eDt m =@ |]N |xrO=at n R= pmWDt Ax = y x=oDUO "C=@F=
�OvQ=Ov Q=Qk |Owta \N l} QO s=tD xm ODi=|t j=iD= |Dr=L QO u}= ,qFt� "OQ=Ov ?=wH x=oDUO u}= "CU=

"OQ=Ov Q=Qk A OQ@ QO y u}=Q@=v@
ZQi "OvQ=O Q=Qk C=a@ Qt u} QDtm |vLvt QO xm OvW=@ |]=kv (xn; y0n) w : : : '(x1; y01) O}vm ZQi

xm OW=@ Ax = y0 Q_=vDt CqO=at x=oDUO O}vm

y0 =

2664y
01
...

y0n

3775
OQix@ QYLvt ?=wH |=Q=O Qw@Pt xQ}eDt m xrO=at n x=oDUO 'OQPo|t \=kv u}= R= |vLvt xm |}=Hv; R=
"OvQ=O Q=Qk A OQ@ QO y0 u}=Q@=v@ "OvDUy C=a@ Qt u} QDtm |=xrtHOvJ ?}=Q[ x0 |=yxir-wt xm 'CU= x0
u}=Q@=v@ "CU= ky0 � yk uO}OQo st}v}t =@ pO=at 'OOQo st}v}t d21 + � � �+ d2

n xm C=a@ Qt u} QDtm \QW
OQ@ Q@ y � y0 Ovm|t ?=H}= ẁ[wt u}= "O}vm x=ov 13�8 pmW x@ "CU= A OQ@ |wQx@ y Q} wYD y0
R= l} Qy Q@ y � y0 |=x]kv ?Q[ "OW=@ Ot=aDt A |vwDU |=yQ=OQ@ Q@ y � y0 |va} 'OW=@ Ot=aDt A
\QW 'At |Q]U |=yQ=OQ@ u=wvax@ A |vwDU |=yQ=OQ@ uDiQo Q_v QO =@ "CU= QiY 'A |vwDU |=yQ=OQ@

%s} Q=O 'Ax0 = y0 xm |}=Hv; R= "O};|t QO At(y � y0) = 0 |U} QD=t ?Q[ CQwYx@ Q}N= Ot=aD

At(y �Ax0) = 0 =) �AtAx0 = �Aty
=) x0 = (AtA)�1Aty

=) x0 = pinv(A)y

"OwW|t C=@F= x}[k ?}DQD u}= x@ w
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CU= A OQ@ |wQ y Q} wYD y0 %13�8 pmW
|wQ}v R= |]N `@=D l} Qvi pw] 'OwW|t p=ta= Qvi Q@ |} wQ}v |Dkw xm O} wo|t lwy uwv=k %5 p=Ft
u=vJ b w a �Qvi� |=yC@=F xm CU=vat u}= x@ u}= 'OW=@ L 'F |wQ}v p=ta= =@ Qvi pw] x=oQy "CU= xOQ=w

xm OvQ=O OwHw
L = a+ bF

|@ QHD G}=Dv R= Qvi Q@ xOQ=w |wQ}v w pw] u}@ x]@=Q u}=Q@=v@ w Qvi C@=F ?}=Q[ xm OQm s}y=wN x_Lqt
pw] w 'OvwW u=R} w; Qvi R= |Dw=iDt |=yxvRw O}vm ZQi "O};|t CUOx@ C=a@ Qt u} QDtm VwQ |Q}oQ=mx@

OW=@ Q} R KQW x@ G}=Dv O}vm ZQi "OwW |Q}oxR=Ov= Cr=L Qy QO Qvi

8 6 4 2 �Iv}= ?ULQ@� Qvi |wQ}v
17 5 14 3 11 6 8 2 �Iv}= ?ULQ@� Qvi pw]

%s} Q=O "CU= L swO xir-wt w F pw= xir-wt xm s}vm|t GQO \=kv CQwYx@ =Q jwi |Q=t; C=aq]=

(2; 8 2); (4; 11; 6); (6; 14 3); (8; 17 5)

QQmt |=y|Q}oxR=Ov= x@ xHwD =@ 'xS} wx@ "OvQ}o Q=Qk CU=Q \N QO O}=@|t |oty \=kv u}= |Q_v Qw]x@
u}= |=Q@ xrO=at u} QDQ=oR=U \=kv u}= C=a@ Qt u} QDtm \N "OvDU}v j}kO ,qt=m |rta G}=Dv 'xDi=} s=Hv=

"CU= \N

a+ 2b = 8 2
a+ 4b = 11 6
a+ 6b = 14 3
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a+ 8b = 17 5

CU= Q} R pmW x@ y C@=F |vwDU T} QD=t w A ?}=Q[ T} QD=t

A =

2666664
1 2
1 4
1 6
1 8

3777775 ; y =

2666664
8 2
11 6
14 3
17 5

3777775
%s} Q=O

pinv(A) = (AtA)�1At =

" 1 0 5 0 �0 05
�0 15 �0 05 0 05 0 15

#
%R= CU= CQ=@a C=a@ Qt u} QDtm ?=wH

[(AtA)�1At]y =

" 1 0 5 0 �0 05
�0 15 �0 05 0 05 0 15

#2666664
8 2
11 6
14 3
17 5

3777775 =

"5 25
1 53

#

"b = 1 53 w a = 5 25 %R= OvDQ=@a Qvi ?}=Q[ u}=Q@=v@
%R= CU= CQ=@a R}v Qvi |xrO=at

L = 5 25 + 1 53F

|@ } Q k D Qw]x @ Q vi pw] s } Q=O Q=_ D v= 'OwW x DN } w; Q vi R= |U vw= 20 |=x vRw Q o = ,qFt xH} D v QO
"OOQo Iv}= 35 85 |va} '5 25 + (1 53� 20)

"OwQ|t Q=mx@ C=a@ Qt u} QDtm VR=Q@ pt=W p}rLD QO |y=o xm Ovm|t u=}@ =Q |D}akwt Q} R OQ@ Q=m
"s}vm xU}=kt OvDUy u=Um} ?}=Q[ T} QD=t |=Q=O xm =Q xOW xO=O \=kv R= xDUO wO G}=Dv s}y=wN|t

"O}=tv|t O}it """ 'OvDUy u=Um} ?}=Q[ T} QD=t |=Q=O xm 'x=oDUO u}OvJ p=taDU= |=yVwQ
|=m} Qt; QO C}atH x@ C@Uv =m} Qt; QqO ?ULQ@ =Q |twta VRwt; xv} Ry Q} R |Q=t; C=aq]= %6 p=Ft

"1OyO|t u=Wv =B wQ= w |r=tW
"s}vm PN= =Q G}=Dv |NQ@ w xDN=U =Q C=a@ Qt u} QDtm \w]N |Q=t; C=aq]= u}= |=Q@

OwW x_Lqt �6� `HQt �1
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1970 1975 1980 1985
Europe 90 197 335 394

North America 317 474 816 1101
x@ w 5�1975 p=U QO 'QiY�1970 QO |va} 's}vm ẁQW 1970 R= =Q p=U xR=Ov= CrwyU |=Q@ %pL

"OyO|t CUOx@ =Q Q} R \=kv jwi |Q=t; G}=Dv "?}DQD u}ty
(15; 394) '(10; 335) '(5; 197) '(0; 90) =B wQ=
(15; 1101) '(10; 816) (5; 474) '(0; 317) |r=tW =m} Qt;

pmW x@ =Q y2 w y1 C@=F |=yQ=OQ@ w A ?}=Q[ T} QD=t =@ CqO=at x=oDUO wO 'xOW xO=O \=kv xDUO wO
"OyO|t CUOx@ Q} R

A =

2666664
1 0
1 5
1 10
1 15

3777775 ; y1 =

2666664
90
197
335
394

3777775 ; y2 =

2666664
317
474
816
1101

3777775
O=O u=Wv u=wD|t

pinv(A) = (AtA)�1 =
1
50
"35 20 5 �10
�3 �1 1 3

#
%R= CU= CQ=@a C=a@ Qt u} QDtm ?=wH

[(AtA)�1At][y1y2] =
1
50
"35 20 5 �10
�3 �1 1 3

#2666664
90 317
197 474
335 816
394 1101

3777775 =

"96 5 272 9
21 53 88

#

%R= OvDQ=@a C=a@ Qt u} QDtm \w]N

y = 96 5 + 21x =B wQ=
y = 272 9 + 53 88x |r=tW |=m} Qt=

?=wH (x = 30) 2000 p=U |=Q@ ,qFt "CU= xDiQ Q=mx@ Oa@ |=yp=U GQ=Nt |v}@V}B |=Q@ \w]N u}=
CU= u}= ?r=H xDmv p=L u}= =@ "CU= xOt; CUOx@ �|r=tW |=m} Qt; |=Q@� 1889 3 w �=B wQ=� 726 5
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u}= w "CU= 21 |va} |}=B wQ= \N ?}W Q@=Q@ wO R= V}@ 53 88 |va} |r=tW |=m} Qt; \N ?}W xm
"CU= V}=Ri= p=L QO GQ=Nt u}@ h=mW xm OyO|t u=Wv

x@W T} QD=t xm O}O s}y=wN "s} Q@|t u=}=B x@ jwi x}[k u=yQ@ R= |UOvy |WNQJ =@ =Q VN@ u}=
"OwQ|t Q=mx@ xvwoJ =[iQ} R l} |wQ Q=OQ@ l} Q} wYD uDi=} |=Q@ Twmat

'u1 |]N pkDUt |=yQ=OQ@ xr}Uwx@ xOW O}rwD Rn |=[iQ} RW s}vm ZQi "x}[k 2�13�8
CUOx@ Q} R |x]@=Q R= w |wQ y Q=OQ@ Q} wYD "A = [u1; : : : ; um] s}vm|t ZQi "OW=@ un w : : :

O};|t
projw y = Apinv(A)y

"OwW|t xO}t=v |Q}wYD T} QD=t 'Apinv(A)y xm
s}kDUt Qw]x@ ?wr]t xH}Dv "CU= OwHwt pinv(A) 'OvDUy |]N pkDUt =yQ=OQ@ xm |}=Hv; R= "C=@F=
CQwYu}= QO "OW=@ Ax = y C=a@ Qt u} QDtm ?=wH x0 O}vm ZQi "OwW|t pY=L |r@k x}[k C=@F= R=

x0 = pinv(A)y

s} Q=O A QO |w=UD u}iQ] ?Q[ =@
Ax0 = Apinv(A)y

u}=Q@=v@ "CU= (A) OQ@ |wQ y Q} wYD 'Ax0 =t=
projw y = Apinv(A)y

uDi=} |=Q@ T} QD=t u}= R= "R3 |wQ x� 2y� z = 0 xLiY |Q} wYD T} QD=t CU= ?wr]t %7 p=Ft
"O}vm xO=iDU= xLiY u}= |wQ (1; 2; 3) Q=OQ@ Q} wYD

x@ |}=yQ=OQ@ pt=W W "OvQ=O Q=Qk xLiY u}= QO xm O} Q}o@ Q_v QO |}=yQ=OQ@ |=[iQ} R =Q W %pL
pmW x@ =Q W s}v=wD|t "W = f(2y + z; y; z)g u}=Q@=v@ "x = 2y + z xm CU= (x; y; z) pmW
(2; 1; 0) |=yQ=OQ@ xr}Uwx@ xOW O}rwD |=[iW "s}yO V}=tv R}vW = fy(2; 1; 0) + z(1; 0; 1)g

"OW=@ T} QD=t u; |=yuwDU u=wvax@ =yQ=OQ@ u}= pt=W |U} QD=t A O}vm ZQi "CU= (1; 0; 1) w

A =

26642 1
1 0
0 1

3775
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O=O u=Wv u=wD|t
pinv(A) =

1
6
"2 2 �2
1 �2 5

#
%R= CU= CQ=@a |Q} wYD T} QD=t

Apinv(A) =
1
6

26645 2 1
2 2 �2
1 �2 5

3775
%s} Q=O xm O};|t CUOx@ pinv(A) QO |vwDU CQwYx@ Q=OQ@ u}= ?Q[ =@ W |wQ (1; 2; 3) Q} wYD

1
6

26645 2 1
2 2 �2
1 �2 5

3775
26641
2
3

3775 =

26642
0
2

3775
"CU= (2; 0; 2) 'x� 2y � z = 0 xLiY|wQ (1; 2; 3) Q} wYD u}=Q@=v@

"O}@=}@ 'OwHw CQwY QO =Q 4�1 =yu} QtD |=yT} QD=t Twmat x@W u} QtD 3�13�82664 1 3
0 1
�1 2

3775 �1

26641 1
2 3
0 1

3775 �2

26641 2
2 4
3 6

3775 �3

26641 2
3 4
5 6

3775 �4

"O}@=}@ 'OwHw CQwY QO =Q 8�5 |=yu} QtD |=yT} QD=t Twmat x@W26641 3
2 0
1 �1

3775 �5

www.iedoc.ir



C=a@ Qt u} QDtm |=y|vLvt 13�8 497

"4 1 0
2 3 1

#
�6" 1 2 3

�2 4 6
#

�7" 1 2
�3 5

#
�8

O}W=@ xDW=O xHwD %|}=tvy=Q� O}@=}@ =Q 14�9 |=yu} QtD QO xOW xO=O \=kv C=a@ Qt u} QDtm \N
"�OQ=O OwHw =yxO=O R= l} Qy |=Q@ u=Um} |=yT} QD=t x@W xm

(1; 0); (2; 4); (3; 7) �9
(1; 1); (2; 3); (3; 7) �10
(1; 1); (2; 5); (3; 9) �11
(1; 1); (2; 6); (3; 9) �12
(1 7); (2; 2); (3; 0) �13

(1; 12); (2; 5); (3; 1) �14
%|}=tvy=Q� "O} Qw;CUOx@ =Q C=a@ Qt u} QDtm\N '18�15 |=yu} QtD xOW xO=O \=kv R=l} Qy |=Q@

"�OQ=O OwHw =yxO=O R= l} Qy |=Q@ u=Um} |=yT} QD=t x@W xm O}W=@ xDW=O xHwD
(1; 0); (2; 3); (3; 5); (4; 6) �15
(1; 1); (2; 3); (3; 5); (4; 9) �16
(1; 9); (2; 7); (3; 3); (4; 2) �17

(1; 21); (2; 17); (3; 12); (4; 7) �18
"O} Qw; CUOx@ 20�19 =yu} QtD xOW xO=O \=kv |=Q@ =Q C=a@ Qt u} QDtm \N

(1; 0); (2; 1); (3; 4); (4; 7); (5; 9) �19
(1; 1); (2; 3); (3; 4); (4; 8); (5; 11) �20

"O} Qw; CUOx@ 24�21 C=v} QtD xOW xO=O \=kv |=Q@ =Q C=a@ Qt u} QDtm |tyU
(1; 5); (2; 2); (3; 3); (4; 8) �21
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(1; 4); (2; 0); (3; 3); (4; 5) �22
(1; 2); (2; 5); (3; 7); (4; 1) �23

(1; 23); (2; 4); (3; 7); (4; 17) �24
CUOx@ �Iv}= ?ULQ@� pY=L pw] w CU= xOW u=R} w; Qvi l} R= �Tvw= ?ULQ@� Q} R |=yxvRw �25
15 xvRw xm |t=ovy =Q Qvi pw] "O}U} wv@ =Q Qvi |xrO=at w xOQw; CUOx@ =Q Qvi C@=F "CU= xOt;

"O}vm|v}@V}B 'OwW|t u=R} w; |Uvw=

2 4 6 8 F |wQ}v �hr=
5 9 8 10 3 12 2 L pw]

2 4 6 8 F |wQ}v �?
7 4 10 3 13 7 16 7 L pw]

CNwU hQYt Q@ CaQU QF= u}}aD |=Q@ "OQ=O |oDU@ u; CaQU x@ p@}twD= l} u} Rv@ hQYt �26
"Ovm|t V}=tR; Cw=iDt |=yCaQU QO Cw=iDt |=yuRw =@ =Q |irDNt |=yp}@twD= 'u=@ wD= C} Q}Ot
=Q C=aq]= u}= Q_=vDt C=a@ Qt u} QDtm \N "CU= Q} R G}=Dv |=Q=O OvwB 398 uRw x@ |r}@twD=
QO p}@twD= u}= |=Q=O ur=o l} xr}Uwx@ xOW |] Ci=Ut u}tND |=Q@ xrO=at u}= R= "O} Qw; CUOx@
p}=t ?ULQ@ |iQYt u} Rv@ w Ca=U QO p}=t ?ULQ@ CaQU� "O} Qw; CUOx@mph 55 CaQU

"�CU= ur=o Q@

70 60 50 40 30 CaQU
13 61 15 77 16 32 20 00 18 25 |iQYt u} Rv@
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u}vU u}@� CU= xOQm x@U=Lt Ovvm|t Cwi Cw=iDt u}vU QO xm =Q |O=Qi= OYQO xt}@ CmQW l} �27
"O}vR@ u}tND |or=U 23 QO =Q nQt OYQO �50 =D 25

50 45 40 35 30 25 20 p=U ?ULQ@ uU
83 54 35 25 21 19 18 nQt OYQO

T} QD=t "O} Q}o@ Q_v QO =Q (2; 1; 0) w (1; 1; 1) |=yQ=OQ@ xr}Uwx@ xOW O}rwD W |=[iQ} R �28
W|wQ (3; 0; 10) Q=OQ@ Q} wYD uDi=} |=Q@ T} QD=t u}= R= "O} Qw; CUOx@ W |=Q@ =Q |Q} wYD

"CU=vat xJ x@ u}= "CU= (6; 3; 0) Q=OQ@ W |wQ (6; 3; 0) Q} wYD O}yO u=Wv "O}vm O=iDU=
"pinv(A) = A�1 O}vm C@=F "OW=@ Q}PBTwmat T} QD=t l} A O}vm ZQi �29

"OW=@ OwHwt AB ?Q[pY=L xm OvW=@ T} QD=t wO B w A O}vm ZQi �30
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"Ovvm|t h} QaD R2 |wQ |rN=O
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< f; g >=
Z 1
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"O} Qw; CUOx@
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|rN=O ?Q[ =@ =Q R2 �4
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26641 2
3 1
4 2
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